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PREFACE 


In the present volume on “Applied Aero- and Hydro- 
mechanics” an attempt has been made to present the more 
important subjects of the wide field of fluid mechanics in a 
strictly scientific manner, avoiding a maze of pure mathematical 
formulas by emphasizing the technical rather than the mathe- 
matical treatment. The physical meaning of the various 
problems has always been brought to the fore, and, whenever 
possible, experience has been correlated with the fundamental 
laws and the underlying theories. 

As in the case of the “Fundamentals of Aero- and Hydrome- 
chanics ” (McGraw-Hill, 1934) this volume has been remewed by 
Dr. Prandtl and he has added many valuable remarks. It may 
be mentioned here that Arts. 79 to 81 were written by Dr. 
Prandtl himself. 

The first and the second chapters containing the elements of 
hydrodynamics and the laws of mechanical similarity are written 
in rather close agreement with the lectures of Dr. Prandtl. In 
the third chapter, dealing with the flow through pipes and 
channels, the author has incorporated considerable material of 
his own and has represented the subject in quite an extensive 
manner by making free use of contemporary literature. The 
fourth chapter on boundary layers again is written in closer 
agreement with Dr. Prandtl’s lectures; whereas the fifth chapter, 
on the drag of bodies moving through fluids, goes in many 
respects beyond the discussion given by Dr. Prandtl. This is 
also true for the sixth chapter dealing with the airfoil theory. 
The last chapter, in which the author gives a survey of experi- 
mental methods and apparatus, is not based on Dr. Prandtl’s 
lectures. However, it was strongly felt that in a treatise on 
aero- and hydrodynamics at least the more important experi- 
mental features should be presented. 

The references to contemporary literature by no means claim 
completeness but are given rather to facilitate a more extensive 
study of each particular subject. In the “Fundamentals” the 
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number of references was intentionally limited since good books 
on classical hydrodynamics are available in which complete 
bibliographies are given. In this respect one may refer to 
Lamb’s “Hydrodynamics.” 

The author wishes to acknowledge his indebtedness to Dr. J. P . 
Den Hartog for translating the German edition and for his 
kindness in undertaking the reading of the proofs. 

0. G. Tietjens. 

SWABTHMOKE, Pa., 

Janmnj, 1934 . 
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INTRODUCTION 

I 

The Pioblem of Flow Resistance. — A completely frictionless 
fluid, as was discussed in Chap. Ill, of “Fundamentals,” repre- 
sents only an idealized mental picture of an a,ctuai fluid. The 
results obtained when completely neglecting the internal friction 
can therefore be considered in the most favorable case only as 
approximations of actual fluid motions. In general, the agree- 
ment between the theoretical and experimental results becomes 
better when the viscosity becomes smaller. 

This statement, however, is true only with one important 
exception (see Art. 55, “Fundamentals”). Only in the cases 
where the “boundary layer” formed under the influence of the 
viscosity remains in contact with the body can an approximation 
of the actual fluid motion by means of a theory in terms of the 
ideal frictionless fluid be attempted, whereas in all cases where 
the boundary layer leaves the body, a theoretical treatment 
leads to results which do not coincide at all with experiment. 
And it has to be confessed that the latter case occurs most 
frequently. 

A classical' example is the problem of the resistance of a body 
(for instance, a sphere) moving through a liquid with uniform 
velocity. The theory on the basis of a frictionless fluid discussed 
in Art. 68 leads to the paradoxical result that the resistance 
or drag of such a sphere is zero. The reason for the discrepancy 
is that in the actual case the boundary layer leaves the sphere, 
so that the picture of the flow is entirely different from the one 
examined in the theoretical calculation. 

Since the hydrodynamics of the frictionless fluid leads to com- 
pletely useless results regarding the resistance problem, and a 
consideration of viscosity in the equations of motion until now 
has offered unsurmountable mathematical difficulties, there 
remains only the experimental procedure for determining the 
laws of drag. For this purpose, extensive series of tests have 
been carried through, especially for air and water. Such experi- 
menting was greatly accelerated since the beginning of this cen- 
tury by the enormous development in aeronautics, which created 
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great interest in the knowledge of the forces exerted by the air 
on the airplane or airship. Because such experiments in general 
are made by suspending models of airplanes or airships in 
artificially produced air currents, it became important to know 
the laws governing the mechanical similarity of the phenomena 
in the model as compared with the full-size airplane. 

Before starting the discussion of the laws of similarity, the 
elements of the theory of flow and the principles of internal 
friction of a fluid will be considered briefly, especially for those 
readers who have not read the ^'Fundamentals.^^ 
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CHAPTER I 

ELEMENTS OF HYDRODYNAMICS 

1. The Equation of Euler for One -dimensional Flow. — When 
dealing with fluid motions one of the most useful conceptions is 
that of a streamline, which is a curve whose direction in each 
point coincides with the direction of the velocity of the fluid. 
In the usual case of continuous velocity distribution, all stream- 
lines passing through a small closed curve form a so-eaUed 
“stream tube.” 

A special case of fluid motion is the one in which at any point 
of space the velocity, pressure, density, etc., remain constant 
with time. This evidently makes the picture of streamlines 
also invariable and such a flow is called “steady.” 

Since the streamlines always have the direction of the velocity, 
the stream tubes in the steady-state case behave like solid tubes 
through which the fluid passes. From the law of conservation 
of matter, it follows that the amount of fluid flowing through 
each section of such a stream tube 
per unit of time must be a constant. 

When A denotes the cross section of the 
stream tube, p the density (which is 
not necessarily constant), and w the 
velocity, the so-called equation of continuity for a stream tube 
becomes (Fig. 1) 

pAw = const. (1) 

Now we shall derive an important dynamical relation for the 
case of a frictionless fluid. To this end we consider an element 
of the fluid having the shape of an infinitesimally small cylinder 
(Fig. 2) inside a stream tube. The fundamental law of mechan- 
ics, stating that the product of mass and acceleration equals the 



Fig. 1. — Stream tube. 
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sum of the forces, is valid for each particle of* the fluid. By 
applying this law to the cylinder of Fig. 2, we obtain 


pdAds 


Div 

dt 


= pgdAds cos a + dA\p 


os 


, X acceleratioa = gravity force + 


pressure force 



Fig. 2. — Forces on an element of 
ideal fluid. 


In this formula p is the density and g the acceleration of gravity. 
The ^'substantial” or total acceleration Dw/dt in the longitu- 
dinal direction of a particle of fluid 
is generally composed of two terms : 

1. The change in velocity per 
second caused by the fact that 
the velocities at the various points 
vary with the time, dw/dt. This 
may be called the "local” differen- 
tial coefficient. 

2. The change in velocity per 
unit of time caused by the fact 

that each particle owing to its motion gets into a region where 
the velocity is different ("differential coefficient of convection”). 
The expression of the change in velocity with the location is 
dw/ds so that the differential coefficient of convection becomes 
wdw/dSj the change in location per unit of time being represented 
by the velocity w of the particle. 

Therefore, the substantial differential coefficient becomes 

Div dw , dw , 

Substituting this expression for the acceleration of a particle 
in the above equation and dividing by pdA, we obtain 

p ds 


dw j , dw, , 

—as + ^~^ds ~ gds cos^« 


But for the factor ds this is the equation of Euler for one-dimen- 
sional motion. 

^ Mathematically this can be derived also by considering w = /(/, .s), and 
writing for the total differential 


Dw = —dt + —ds, 
()t ds ’ 


Dw 

~dt 


div 

Yt 


+ £l£.r = 

^ Bs 


dw . div 

a7 + ^- 
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2, The Equation of Bernoulli for One -dimensional Flow; 
Three-dimensional Equation of Euler. — Assuming further that, 
first, the flow is steady, i.e., dw/dt = 0, and, second, the fluid is 
homogeneous and incompressible, i.e.j p is constant, we obtain by 
integration with respect to s, 

^ + gh const. (2a) 

This integration has been performed along a streamline. Fur- 
ther, we have set ds cos a = ~dh (Fig. 2). The equation (2a.), 
which is of fundamental importance for frictionless fluids, gives 
the relation between velocity, location, and pressure of those 
particles of the fluid which are on the same streamline. It is 
known as the equation of Bernoulli.’V For the case that no 
free surfaces occur and that p is constant in the entire fluid, the 
equation can be simplified somewhat when we denote by p not 
the absolute pressure but rather the difference between the actual 
pressure and the pressure which would exist if the fluid were at 
rest. In that case, the equation of Bernoulli takes the form 

H = const. (26) 

It is noted especially that the constant is not necessarily the 
same for different streamlines. 

In the previous discussions, the internal friction or viscosity 
(which any real fluid possesses to some degree) has been neglected, 
but even for fluids which have very small viscosity and which can 
practically be considered as frictionless, there are regions in the 
field of flow where the friction forces assume such magnitudes 
that the assumption of no friction is not even approximately 
true. Such regions occur always in the direct proximity of the 
bodies along which the fluid flows. There the friction forces 
assume importance the same as or even greater- than the inertia 
forces (mass times acceleration) which we have considered 
exclusively until now. 

In the case of general three-dimensional fluid motions the 
equation of Euler is a vector equation, which can be decomposed 
into three equations for the .r-, y-, and ^-directions respectively, 
as shown in Art. 56, ^^Fundamentals.’' ^ 

^ Tietjens, 0. G., ‘‘Fuiidiimentals of Hydro- and Aeroinechaiiics,” Based 
on Lectures of L. Prandtl, New York, 1934. 
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du , du 
— + U— 
dt dx 


, du , du 




dv 

m 

dw 


dv 


I I 

+ “s +” 

+»? + 


dv 

'dv 

dw 


dv 

+ ^z = 


Y-± 


1 dp 
p dx 
1 dp 

1 dp 


( 3 ) 


■where u, v, and w are the velocity components in the x-, y-^ and 
;s-directions, and X, F, and Z are the body forces per unit volume 
in these three directions. 

3. Definition of Viscosity; Equation of Navier-Stokes. — In 
order to obtain a physical picture of the friction in fluids, we 
consider first the motion of a fluid between two flat parallel plates 
of which the one moves relatively to the other (Fig. 3). Assum- 
ing the lower plate to be at rest and the upper plate to be moving 
with a velocity u\ from left to right, the experiment leads to the 
following observations: ( 1 ) the fluid sticks to the surfaces of the 

plate; ( 2 ) the change of the 
velocity between the plates is 
linear (in our case the velocity at 
any point between the plates is 
proportional to the distance of 
this point from the lower plate) ; 
(3) the internal friction of the 
fluid causes a resistance to the 
motion of the upper plate which 
is proportional to the gradient of 
the velocity; there is a force per unit area or a shear stress r of 
the magnitude 



Ul 
















Fig. 3. — Velocity distribution in 
a viscous fluid between two plates of 
which one moves relatively to the 
other. 


du 

r = /I— ; 

dy 

where is a factor of proportionality which indicates the amount 
of viscosity. It is a constant for each fluid depending very much 
upon the temperature and is known by the name of ‘'coefficient 
of viscosity. In an elastic medium, the shear stress is propor- 
tional to the angular deformation 7 : 

T = (?7, 


7 = 


by 


with 
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where G is the modulus of elasticity in shear, and ^ is the displace- 
ment of a point in the a:-direction. On the other hand, in a fluid 
medium the shear stress is proportional to the rate of change of 
angle d^/dt, i.e., 



therefore 


This leads to the relation 




dt 


u. 



(4) 


which has been verified by experiment, as will be discussed in 
Art. 12. 

The general differential equations of fluid motion including the 
effect of viscosity are known as ^'the equations of Navier-Stokes.’^ 
A derivation of them can be found in Chap. XV, ^^Fundamentals. 
For the a:-direction the equation is 


, du , du , du ^ \ Bp . }x f 

+ = X - - - I ■ 

Bx By Bz p Bx p 


Bu , Bu , Bu 

It 


Bhi B‘^u 


B^u\ 


Two corresponding equations hold for the y- and ^-directions. 
It is seen that for no viscosity (y = 0), the equation of Navier- 
Stokes (5) reduces to Euler’s equation (3). 


^ See footnote, p. 3. 
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4. The Law of Similarity under the Action of Inertia and 
Viscosity. — In the study of mechanical similarity the question 
comes up: Under what conditions will a geometrically similar 
flow of a liquid or gas occur around geometrically similar bodies? 
For instance, considering the flow of two different fluids (of 
which one may be a gas) round two spheres of different size, 
the question is: What conditions have to be fulfilled in order to 
make the streamline picture in both cases geometrically similar? 
(Fig. 4.) The answer evidently is that in similar points 
of the two fields of flow, the forces acting on an element 
must bear the same ratio to each other at any instant. Depend- 
ing on the nature of the various forces acting in the fluid, this 
condition gives us the various laws of mechanical similarity. 
The first and most important case is that all forces except inertia 
and frictional forces can be neglected. This case includes 



Fig. 4. — Streamlines round two spheres 
of different size. 


sary, as stated above, that the 


the assumption that the liquid 
or the gas can be considered 
incompressible; further, that 
no free surfaces exist and that, 
hence, the action of gravity is 
eliminated by statical buoy- 
ancy. When it is desired that 
the flow around the two spheres 
of Fig. 4 be similar, it is neces- 
ratio between the inertia force 


and the frictional force at any instant acting on the two 


corresponding fluid particles be the same. 


Now we proceed to derive the expressions for the inertia force 
and the frictional force acting on an elementary volume. 

An expression for the frictional force per unit volume can be 
obtained by considering an element of fluid (Fig. 5) whose .r-direc- 
tion coincides with the direction of motion. The difference 
between the shear forces acting on the element then becomes 


6 
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dxdz — rdxdz 


dr 

dy 


dxdydz, 


or the viscosity force per unit volume is equal to 

dr _ dhi 
dy ^dy- 


The corresponding expression for the inertia force per unit 
volume is equal to the product of mass and acceleration per 
unit volume. When ii denotes the velocity com- 
ponent of the fluid particle in the .r-direction, the 
a:-component of the acceleration for a steady motion 

can be represented by the expression and 


1 

■ + 


dy 


dx 


therefore the inertia force per unit volume becomes 
(to be exact, the terms and should 

du 

be added, and for non-steady motions the term p-^; 


» dx 

Fig. 5 . — 
Shear stresses 
on an ele- 
ment. 


however, for geometrically similar flows, these terms behave 
exactly like the term chosen above). The criterion for mechan- 
ical similarity therefore is that the ratio of the inertia force and 
the frictional force 


Inertia force 
Frictional force 


dll 


is equal for points similarly situated with respect to the bodies. 
How do these forces change with a change in the characteristic 
quantities: the velocity V of the fluid at a great distance from 
the sphere, the radius a, the density p, and the viscosity p? 
Evidently the velocity u at any point of the field of flow is pro- 
portional to the velocity V of the undisturbed flow (the change 
from one system of flow to another entails only a change in the 
unit of time employed). Denoting by proportionality of the 
two quantities on either side of the sign, we can write 

w ~ F. 

For the same reason the differences between velocities at 
corresponding points are proportional to the velocity F, z.e., 

du ^ F. 
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The distances between two points in naechanically similar flows 
are evidently proportional to the dimensions of the bodies about 
which the flow takes place (for instance, to the radii in the case 
of spheres). Therefore the expression dufdx is proportional to 

Qul 

V I a, and the inertia force itself being represented by pii-^ is 
proportional to 

72 
P— * 


For the same reasons 


‘U ^ d / ^ V 

/2 dy\dy) 


so that the frictional force is proportional to 

a2‘ 

The ratio of the inertia force and the frictional force then becomes 


Inertia force 
Frictional force 


= ^Va. 


Therefore, if in two different flows around geometrically 

similar bodies the quantity -Va is the same, it is to be expected 

that the streamlines themselves are also geometrically similar. 
This is the statement of the law of mechanical similarity. For 
instance, if we compare two flows of the same fluid of the same 
temperature and density (ju/p = constant) around two spheres of 
which the one is twice as large as the other, the pattern of the 
flow is geometrically similar in the two cases if the velocity about 
the larger sphere is half as great as the velocity about the smaller 

sphere, because in that case ~Va has the same value. 

Since the quantity ^Fa represents the ratio of two forces, it is 

a dimensionless number and therefore independent of the units 
used. This can be seen immediately by considering the dimen- 
sions of the quantities in question. In the so-called engineering 
system of units we have 
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W 



FT^ 





FT 

[a] = L and [m] = jj’ 


where L is length, T is time, F is force. It follows that 




III K. k T 

' ft' T 


1 . 


Since the quantities p and p. often appear as the ratio p/p, this 
ratio has been given the symbol v, called the ‘^kinematic viscos- 
ity/’ The dimension of v therefore is L^/T. This law of 
similarity was first found by Osborne Reynolds during his 
investigation of fluid motions through tubes, which will be 
discussed in Art. 22. Therefore, the quantity 



p V 


has been called the Reynolds’ number,” usually denoted by 
R. The fundamental importance of the introduction of this 
dimensionless quantity for the further development of modern 
hydrodynamics will be discussed later. For a great number of 
flow phenomena, the Reynolds’ number was the key to finding 
unknown relations between the experimental results obtained. 

6. The Law of Similarity under the Action of Inertia and 
Gravity. — While in Art. 4 it was assumed that gravity does not 
act (no free surfaces), now a corresponding law of similarity 
will be derived considering only inertia and gravity forces and 
neglecting friction and compressibility. Again it is only neces- 
sary to express the fact that for mechanically similar flows 
at similar points the ratio of the forces acting on these points 
per unit volume is the same. In other words, the ratio between 
the inertia force and the gravity force acting on points of similar 
location with respect to the bodies is the same. The gravity 
force per unit volume is equal to the weight per unit volume 
J = pg (g being the acceleration of gravity). Therefore the 
necessary condition for mechanical similarity (neglecting vis- 
cosity and compressibility) is 


Inertia force 
Gravity force 


du 


pu 


dx 


pg 


= const. 
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Since u-^ changes like — ; as was seen in Art. 4, the last equa- 

OjO cl 

tion can be written 

Inertia force 

>5 rr 7. = — = const. 

Gravity force ag 

Here F is an entirely arbitrary but characteristic velocity for the 
flow phenomenon under consideration, and a is an arbitrary 
characteristic length. This law of similarity was first found by 
William Froude and is known as Fronde’s law.^ The ratio 
V^/ag again is a dimensionless number usually denoted by F. 
This law is extensively used where free surfaces occur, thus 
calling in the influence of gravity, principally in investigations 
with ship models. For instance, if the size of the model is one 
one-hundredth of the size of the ship, Froude’s law requires that' 
the velocity of the model be one-tenth of the velocity of the ship, 
in order to make F a constant. Only then are the pattern of the 
flow and the shape of the waves similar in the model and in the 
ship. 

In the case of Reynolds’ law, considering viscosity and inertia 
(neglecting gravity), mechanical similarity is possible only when 
with a small model the model velocity is correspondingly larger. 
Froude’s law, however, requires a decrease in velocity with a 
decrease in model dimensions. It is evident, therefore, that a 
simultaneous fulfillment of the two laws of similarity with the 
same fluid is impossible, i.e., for the same fluid there cannot exist 
a law of similarity considering inertia forces, frictional forces, 
and gravity forces all at the same time. Using two fluids of 
different kinematic viscosity, it is possible to make both laws of 
similarity valid. Practically, however, this is hardly of impor- 
tance, since no fluids of sufficiently different v exist. Denoting 
by the suffix (1) the actual body and by the suffix (2) the corre- 
spondingly small model, it follows from 

F lUi F 2fl2 

Vi Vi 

and 

FU _ 

1 Froude, Trans. Inst. Naval Arch., vol. 11, p. 80, 1870. 
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that the kinematic viscosities of the two fluids must bear the 
ratio 



In ship-model tests, the resultant of all viscosity forces, i,e., 
the ^^skin friction,” is in general of the same order of magnitude 
as the inertia and gravity forces (pressure resistance and wave 
resistance). According to Froude’s procedure, the frictional 
resistance of the model, as determined by separate tests, is sub- 
tracted from the total resistance measured on the model. The 
rest of the model resistance (the residuary resistance”) is then 
transformed by means of Froude’s rule to the full-size ship. 
Finally the skin friction of the ship is added to it. This pro- 
cedure, however, is fairly inaccurate, since even the residuary 
model resistance mentioned above is not entirely independent 
of the viscosity, the inaccuracies being greater for smaller models. 
For this reason, ship builders use relatively large models (15 ft 
and more) . 

In both laws of similarity, Reynolds^ and Froude^s, it was 
supposed that the effects of compressibility are so small that they 
can be neglected. In Chap. XIII, ^^Fundamentals, it was shown 
under which conditions gases can be treated as incompressible 
fluids. In case the effects of compressibility are so large that they 
are of definite importance (very large velocities or differences in 
height), it is possible to derive a law of similarity considering only 
inertia and compressibility. However, in this case also, it 
appears that the consideration of a third factor (for instance, 
gravity or viscosity) makes it impossible to fit all conditions. 

Since for most meteorological applications a combination of 
inertia, gravity, and compressibility occurs, it is not possible to 
study these phenomena by means of model tests. 

6. Relation between Considerations of Similarity and Dimen- 
sional Analysis. — Since all physical laws can be expressed in a 
form in which only pure numbers appear which are independent 
of the units of measurement used, any consideration of similarity 
can be replaced by a dimensional analysis. Of the quantities 


^See footnote, p. 3. 
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appearing in the equation of Navier-Stokes, Eq, (5), the unit of 
time is determined by the choice of the unit of velocity V and by 
the unit of length a. On the other hand, the pressure is of no 
importance for the geometrical similarity of the flow. The only 
quantities which determine the streamline picture are therefore 
the velocity F, the length a, the mass per unit volume p, and the 
viscosity p. We consider the technical system of units with the 
unit of force E, the unit of length L, and the unit of time T. 
The question of dimensional analysis is whether there exists a 
combination 


which is a pure number. This requires a determination of a, 
/?, 7 , and 5 such that^ 

[F"uVp'] - = 1. 


Since, however, a dimensionless number raised to an arbitrary 
power remains a pure number, one of the quantities a, /3, 7 , 5 is 
arbitrary. Putting therefore a — 1 we get, substituting for the 
various physical quantities their dimensions, 


[FaVM^] 


= ^ ^ — /?or 07^0 

T L25 ^ ^ ^ • 


Equating the exponents of E, L, and T right and left, equations 
for I3j 7 , and 8 are obtained, namely, 

7 5 = 0. 

1 + - 47 - 25 = 0. 

27 + 5 - 1 = 0. 


This leads to the solution 

/3 = 1, 7 = 1, 5 = -1, 

i.e.j the only -possible dimensionless combination of F, a, p, and 
p is 

Va-^ = R. 

If it had been known in advance that p and p only appear in the 
combination p/p, i,e., 5 = — 7 , the derivation would have been 
still simpler. Since, therefore, 

1 A quantity in square brackets means the ‘‘dimension” of that quantity. 



LAWS OF SIMILARITY 


13 


and 



= [>'] 


T 


[Va] = 


it follows that Va/v is the only possible combination giving a 
pure number. 

Although this dimensional analysis physically is not so instruc- 
tive as the similarity consideration, it has the advantage of being 
still applicable when the exact equation of motion is unknown 
and we know only which physical quantities are of importance 
for the phenomenon. 



CHAPTER III 


FLOW IN PIPES AND CHANNELS 

A. LAMINAR FLOW 

8. General. — Investigations of the flow phenomena in pipes 
and channels were performed early; in fact this is the most 
important subject of hydraulics. Since the laws of internal 
friction of fluids were unknown, it was necessary to be contented 
with experimental results pertaining to each individual case. 
These individual experiments, however, could not be coordinated 
into a law. 

In the middle of the nineteenth century, an exact solution of 
the hydrodynamical equations was found for the flow of a fluid 
through straight tubes of circular cross section, taking into 
account the influence of viscosity. This is one of the very few 
cases in which a complete integration of the general differential 
equations of viscous fluids has been accomplished. However, it 
appeared that this solution hardly solved the difficulties of prac- 
tical hydraulics any better, since the conditions under which it is 
valid do not occur often. In the large majority of cases of flow 
through pipes or channels, especially in technical applications, 
the solution found does not apply. This is due to the fact that 
there exist two radically different kinds of flow. Considering, 
for instance, the flow through a glass tube, using water in which 
small particles are suspended, it is seen that most often the 
particles of fluid do not move in paths parallel to the walls of 
the tube but flow through in a very irregular manner. Besides 
the principal motion in the direction of the axis of the tube, 
secondary motions perpendicular to the axis can be observed. 
This kind of flow is called “turbulent flow.” The majority of 
cases of fluid flow including those occurring in technical applica- 
tions are of this kind. When in our experiment with the glass 
tube the flow of water is throttled down more and more, there will 
be a certain small velocity at which the individual particles of 
fluid start moving regularly in paths parallel to the walls of the 
tube. This is the second kind of flow referred to. It is com- 

14 
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monly called ^'laminar flow/’ and to it applies the solution of 
the hydrodynamical equations mentioned before. 

9, The Fundamental Investigation of Hagen. — Though the 
existence of the two forms of flow, turbulent and laminar, was 
known for a long time, the first systematic tests to discover the 
laws of these two phenomena were not made until the middle of 
the last century. Very accurate experiments were carried out by 
G. Hagen, who deserves great credit for his work though it did 
not become widely known. This is probably due to the fact that 
he published his results in terms of ^'Prussian ounces,” ^^Parisian 
inches,” etc., which require a considerable amount of calculation 
before they can be compared with the results of more modern 
investigators. The first of his two publications (1839) is limited 
to laminar flow only.^ Hagen used for his tests three brass tubes 
of various diameters^ and expressed the measured pressure heads 
h of his supply tank as a function of the weight of the water flowing 
out per second TV. He made the assumption 

+ ;i2 = aW -h hW^- 

and showed that a and h are constants for each tube; a was 
found to be very much dependent on the temperature, while h 
is independent of it. Showing a good understanding of the 
physical phenomenon, Hagen observed that the part == hW- of 
the total head is used for imparting kinetic energy to the fluid 
while the part hi = aW is necessary for overcoming the friction 
resistance. 

Therefore, when only friction comes into consideration, the 
pressure head is proportional to the rate of flow where the factor 
of proportionality depends very much on the temperature. 
Using the method of least squares, the relation between the 
quantity a and the temperature was determined from the experi- 
mental data and the value a for the various tubes reduced to a 
definite temperature (10®C). Dividing the expression for h 
by the lengths of the tubes, the factors of proportionality a and h 
thus transformed were found to be inversely proportional to the 
fourth power of the tube diameter. When r denotes the radius 

^ Hagen, G., On the Motion of Water in Narrow Cylindrical Tubes 
(German), Pogg. Ann., vol. 46, p. 423, 1839, 

- Diametens, 0.255 cm, 0.401 cm, 0.591 cm; lengths, 47.4 cm, 109 cm, 
105 cm., respectively. 
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of the tube, he found (in terms of Parisian inch, Prussian ounce 
seconds) that 

IW 

- /ii + A 2 = 0.000009117=^ + 0.0002056—. 


Considering only the term proportional to the first power of W, 
which is taken up by friction, it is seen that the weight of water 
delivered per second is proportional to the pressure head hi 
and to the fourth power of the radius, and inversely proportional 
to the length of the tube. Introducing into the above relation 
the mean velocity u instead of the weight delivered per second 
{W — Trr^uy), and, instead of the pressure head h, the pressure 
difference ^.p = hy = hpg, we get (in c g s units) 

111 

Ap = Api + Ap2 “ 0.103^ + 1.35pu^. 

The numerical factors in this result have been obtained with 
one Parisian inch equal to 2.707 cm and the specific gravity of 
water as 1.355 Prussian ounces per cubic Parisian inch. Intro- 
ducing in place of the coefficient 0.103, the viscosity p, which for 
the temperature 10°C is^ 0.013 g/cmsec., the above formula 
transforms to 


Ap = Ap, + Ap, = + 2.7^. (1) 

For the relation between the viscosity and the temperature 
(between 0° and 20°C), Hagen gives 

P = 0.01800 - 0.000655^ + 0.0000144^^ 

expressed in c g s units and in degrees centigrade. In Fig. 6 
some of the values calculated by means of this formula are com- 
pared with the best and most up-to-date results of Thorpe and 
Rodger, as well as with those of Bingham and White,- showing 
the remarkable accuracy of Hagen’s tests. 

10, The Investigation of Poiseuille. — Approximately simulta- 
neous with Hagen’s publication in Poggendorfs Annalen, the 
Parisian physician and physicist Poiseuille experimentally found 
the same law for the laminar flow of water through very narrow 

^ Thorpe and Rodger, Phil. Trans. Roy. Soc.j vol. 185, Plate 8, 1894. 

- Bingham and White, Z. physik. Chem. (German), vol. 80, p. 670, 1912. 
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capillar tubes of glass. With the object of studying the move- 
ment of the blood through capillary veins Poiseuille investigated 
the rate of flow as influenced by the pressure drop, the length of 
the capillary, its diameter, and the temperature of the fluid. In 
three preliminary publications in 1840 and 1841 (i.e., two years 
after Hagen), as well as more detailed in 1846, Poiseuille derived 
from his very careful experiments the law that the rate of flow is 
proportional to the pressure drop, to the fourth power of the 
radius, and inversely proportional to the length of the tube. With 
this result, Poiseuille had shown that the law found by Hagen for 
laminar motion in tubes is also valid for capillary tubes. How- 



Fig. 6. — Viscosity of water as a functiou of the temperature. The upper 
curve after Bingham and White; the lower one after Thorpe and Rodger. The 
4- points by Hagen (1839); the ® by Poiseuille (1841). 

ever, the knowledge that a part of the pressure is used to impart 
kinetic energy to the fluid was lacking with Poiseuille, whereas 
Hagen expressed this thought very clearly. Poiseuille observed 
only that his law ceases to be valid when the length of the tube 
is less than a certain multiple of the diameter. For instance, he 
published the statement that for a capillary of 0.29-mm diameter 
(about three times the dimension of a capillary vein) his law 
ceases to hold for a length shorter than 2 mm. For such short 
tubes (measured in diameters) the pressure head necessary for 
overcoming internal friction becomes so small that it is not 
possible to neglect the second part of the pressure head necessary 
for creating kinetic energy. 

11- The Law of Hagen -Poiseuille. — In view of the fact that 
Hagen published the law of laminar flow two years in advance 
of Poiseuille and moreover that Hagen calculated from his experi- 
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merits a correction term for the kinetic energy, this law is called 
the law of Hagen-Poiseuille since it was derived by both inde- 
pendently. 

Neglecting the correction term for kinetic energy, the experi- 
ments on laminar flow have led to 


Ap = 



Fig. 7. — The resistance coefficient as a function of the Reynolds’ number after 

Hagen’s tests. 


The pressure drop in tubes with turbulent flow had been investi- 

l li- 
gated even earlier and was found to be proportional to • p-^' 

Though for laminar flow the pressure is proportional only to the 

I u- 

first power of the velocity, the proportionality with - • of the 

T u 

turbulent flow has been applied also to the laminar flow. With 
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this procedure, the proportionality factor X naturally cannot be 
constant any more. We have 

Ap = \-L (2) 


and, using the above formula for Ap, 

ru p ru R 


(2a) 


where R again is the Reynolds’ number. 

Plotting X as a function of R on double logarithmic paper, the 
relation gives a straight line of 45-deg. slope passing through 
X = 0.16, for R = 100. Logarithmic paper is used in order to 
prevent too great a crowding of the smaller Reynolds’ numbers. 



Fig. S. 

In Fig. 7 the values of X calculated from Hagen’s experiments 
corrected for kinetic energy have been plotted against R. It is 
seen that the various values conform very well to the straight 
line X = 16/72, although the measurements have been carried out 
with tubes of greatly differing diameters and lengths and over 
a wide range of temperatures. 

12. Derivation of Hagen -Poiseuille’s Law from Newton’s 
Viscosity Law. — In order to derive the law of Hagen-Poiseuille 
from Newton’s differential expression for viscosity (page 4), 
we shall consider a cylindrical piece of fluid inside the tube 
(Fig. 8). The pressure difference pi — between the two faces 
of the cylinder causes a longitudinal force excess (pi — P2)7r^", 
which leads to a certain shear stress r on the curved surface 
of the cylinder. For the case of steady, non-accelerated flow, 
we have 

(pi — = 27rylT 

or 

_ pi - P2 . y 
I 2 
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Considering that du/dy is negative, and substituting Newton's 


^ , du 

friction law r ~ 


or 




we have 

^ = Pi ~ P2 
dy yl 


y 

2 



Pi -- P2 
2ixl 



Considering further that the fluid adheres to the sides of the tube, 
i.e., u(r) = 0, it follows that 




Pi — P2 
4/zZ 


(^‘2 _ 2 / 2 ), 


Therefore, it is seen that in the case of laminar flow through cylin- 
drical tubes of circular cross section the velocity distribution has 
the shape of a paraboloid of rotation. The maximum velocity 
for ^ = 0 will be denoted by uq. Since the volume Q of such a 
paraboloid equals Trr^UQ/2j we have 


or 




Pi 


'P2 — Ap = 8/x- 


I 


A. 


Introducing finally the mean velocity u = Q/irr^ we obtain 

Ap = (3) 

which coincides completely with the viscosity term Api of Eq. (1) 
on page 16. 

The coincidence of the tests for tubes of various diameters 
with the theoretical Eq. (3) can be considered as an experimental 
verification of Newton's friction law, stating that the shear stress 
is proportional to the rate of deformation and also that the fluid 
sticks to the walls and thus does not flow past them with a finite 
velocity. Since these experiments can be carried out with great 
accuracy they are well suited for an experimental determination 
of the viscosity ixA However, in greatly rarefied gases, where 
the molecular free path cannot be neglected with respect to the 

^ Erk, S., Viscosity Measurements on Fluids and Investigations on Vis- 
cosimeters (German), Forschungsarheiten V. D. I., vol. 288, 1927. 
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radius of the tube, discrepancies are found which can be inter- 
preted as slipping along the walls. This fact is in accordance 
with the theory. 

13. Limits of the Validity of the Hagen-Poiseuille Law. — 

Eecently experiments have been made to test the validity of the 
law for fluids of extremely high viscosity as well as for fluids under 
very high pressures. The results of Reiger, Ladenburg, and 
Glaser^ show that even for fluids of ^ = 10® (rosin in turpentine) 
the law holds with great accuracy. However, Glaser’s experi- 
ments indicate that the law does not hold when the radius of the 
tube is smaller than a certain limit depending on the viscosity. 
This limit in c g s units was found to be 

}JL r 

10^ 0.1 

10" 0.5 

10 » 1.0 

For radii smaller than these, an important increase in the value 
for was found. 

Recently colloidal fluids have also been 
investigated as to their behavior with 
respect to the law of Hagen-Poiseuille.- 

14. Phenomena Near the Entrance 
of the Tube. — Equation (3), Art. 12, 
applies to the laminar flow’’ in a tube at 
a suflScient distance from its entrance. 

At the entrance itself, which for sim- 
plicity’s sake we assume to be rounded as 
shown in Fig. 9, it is clear that no para- 
bolic velocity distribution can exist. 

The fluid rather enters the tube with 
a velocity which is constant across the 
section, and only directly at the w^all is the velocity zero; 

1 Reiger, R., On the Validity of Poiseuille’s Law for Fluids of High 
Viscosity and for Solids (German), Ann. Physik, vol. 19, p. 9S5, 1906. 

Ladenburg, R., On the Internal Friction of Viscous Fluids and Its Rela- 
tion with the Pressure (German), A?m. Phyaik, vol. 22, p. 287, 1907. 

Glaser, II., On the Internal Friction of Viscous and Plastic Bodies and 
the Validity of Poiseuille’s Law (German), Ann. Physik, vol. 22, p. 694, 
1907. 

2 Reiner, M., The Hydrodynamics of Colloids (German), Z. angew. Math. 
Mech., vol. 10, p. 400, 1930. 



entrance for avoiding en- 
trance eddies- 
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hence a very sudden increase in the velocity from zero takes place 
in an extremely thin layer near the wall. Due to the influence of 
the internal friction, the layers of fluid lying farther away from 
the surface are retarded, i,e., the boundary layer which was very 
thin at the entrance of the tube becomes thicker and thicker at 
larger distances from the entrance. 

On the other hand, the volume transported remains the same 
for each section so that due to the fact that the layers near the 
wall are retarded, the inner parts near the center of the tube must 
be accelerated until finally the equilibrium relation between pres- 
sure drop and friction resistance (as discussed in the previous arti- 
cle) has adjusted itself. As was seen before, the theory gives for 
this condition a parabolic velocity distribution and since a parab- 
oloid of rotation of the same volume as a cylinder on the same 
base has twice its height, it follows that the velocity in the middle 
^6o is accelerated to double the value of the mean velocity a. 
Expressing the velocity u by means of the ratio u/u, it can be 
stated that at the entrance of the tube, z.e., for x = 0^ the condi- 
tion is expressed hy u/u = while with increasing x, the para- 


bolic distribution^ = 2 


1 - 


is approached asymptotically. 


Although this distribution is theoretically never reached, it is 
of interest to know for which value of x the actual velocity dis- 
tribution differs so little from the parabolic distribution that the 
velocities in the middle are not more than 1 per cent apart. This 
length of tube will be called the ''length of transition.'' 


15. The Length of Transition. — Boussinesq^ was the first to 
make a theoretical investigation of these phenomena. His 
calculated results are in good agreement with the experiment for 
velocity distributions at some distance away from the entrance 
of the tube. However, for sections near to that entrance, his 
calculated distributions do not check with the experimental 
ones. For the length of transition he also finds a value which is in 
good agreement with the experiments, namely. 


S = (4) 

where xi is the length of transition and R = (u.r)/v is the 
Reynolds’ number. For instance, in a tube of 0.5-in. diameter, a 

^ Boxjssixesq, J., Compt. rend., vol. 113, pp. 9 and 49, 1891. 
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Reynolds’ number of about R = 4,000^ and water of 20°C, the 
above equation requires a length of at least 22 ft in order to have 
a difference of less than 1 per cent between the actual velocity in 
the middle and the theoretical one according to Hagen-Poiseuille. 
Therefore Hagen-Poiseuille ’s law as expressed hy Eq. (3) holds 
only in sections farther than 22 ft away from the entrance to the 
tube. 

16. The Pressure Distribution in the Region Hear the Entrance. 

In sections of the tube near the entrance, it is necessary to have a 
larger pressure drop per unit length than is required by Eq. (3), 
since a part of this drop is utilized for accelerating the inside 
layers and consequently for increasing the kinetic energy of the 
flow. Disregard of this fact has often been the reason that 
experimental results were understood incompletely or found to be 



Fig. 10. — Pressure diagram in a pipe flow with constant head in tank. 

in disagreement with those of others. In order to explain these 
phenomena better, we shall consider in Fig. 10 the flow from a 
large reservoir through a tube with a well-rounded entrance. 
The reservoir is assumed to be so large that the velocities inside 
it can be neglected. Denoting by po — hy the pressure in the 
reservoir at the elevation of the center line of the tube, the pres- 
sure at the entrance x = 0 will be Pi = Po — 

equivalent of this loss in pressure energy is found in the gain in 
kinetic energy of the floTv in the tube. As we know, the practi- 
call}^ constant velocity distribution at a; = 0 is gradually trans- 
formed to a parabolic distribution in the region of transition. 
This, however, is equivalent to a further increase in the kinetic 
energy to the amount (pu-/2>) (the flow of kinetic energy through 

pr plC 

the section tt?’-, being • 2x?/d?/, is twice as large for the para- 

^ As will be seen in Art. 24, it is possible to obtain a regular laminar flow 
with Reynolds’ numbers of this magnitude when the entrance to the tube is 
rounded off well. 
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bolic distribution as for a constant distribution). The total 
pressure drop used for creating the kinetic energy of the parabolic 

velocity distribution therefore is pa — Vi = 

To this has to be added the pressure drop for overcoming the 
friction in the tube, determined by the formula of Hagen- 
Poiseuille [Eq. (3)], so that finally 

Ap = Pa — p2 = (5) 

in which p 2 is the pressure in a section with parabolic distribution. 
17. The Correction Term for Kinetic Energy. — The term 

2^ is often referred to as the correction of Hagenbach, which, 

however, is not entirely justified. In the first place, Neumann^ 
gave the complete Eq. (5) in his lectures (published by Jacobson‘S 
prior to Hagenbach^s paper^). Further there is an error in 
Hagenbach^s publication,^ owing to which he does not obtain the 

correction term of Eq. (5) but rather 2^^ which is too small. 

From his experimental investigations Hagen had already recog- 
nized the importance of a correction term for the kinetic energy 

and had found it to be 2.7 This value is considerably too 

large, which is due to the fact that Hagen did not use a rounded 
entrance but one which was squarely cut off. This caused a con- 
traction of the jet, with subsequent spreading out again, leading 
to an additional pressure drop. 

In Eq. (5), it was assumed that Hagen-Poiseuille’s law is valid 
in the region near the entrance in spite of the fact that the 
velocity distribution in this part is considerably different from 
the theoretical parabola. A justification, however, for this 
assumption cannot be given. It is rather probable that the pres- 
sure drop for overcoming the friction in the entrance region is 
larger than the corresponding pressure drop for the final parabolic 

1 Neumann, F., '‘Introduction to Theoretical Physics” (German); lec- 
tures given in 1859-1860, Leipzig, 1883. 

2 Jacobson, H., Contributions to Haemodynamics (German), A rch . 
Anat. Physiol, p. 80, 1860. 

® Hagenbach, E,, On the Determination of the Viscosity of a Fluid l)y 
Flow Experiments through Tubes (German), Pogg. Ann., vol. 109, p. 385, 
1860. 
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distribution. However, the accuracy of the experiments made so 
far is not yet sufficient to decide this question. 

18. The Velocity Distribution in the Region Near the Entrance. 
In order to make a theoretical investigation of the phenomena 
near the entrance of the tube, L. Prandtl suggested studying 
the equilibrium equation between the change in momentum, the 
pressure drop, and the friction force acting on an elemental slice 
perpendicular to the direction of flow, assuming a certain velocity 
distribution. The assumption made for this distribution con- 
sisted of a constant middle part bounded by two parabolic ares, 
as shown in Fig, 11. At the entrance of the tube, the width of 
the parabolic arcs was zero. This width increased with the 
distance from the entrance until, at a certain point, the arcs were 
united into a single parabola. The con- 
stant velocity in the middle had to 
increase at such a rate that the same 
volume of water was flowing through all 
sections. The constant velocity core 
was made to satisfy the equation of 
Bernoulli, while the momentum theorem 
was satisfied for the total cross section. 

The calculation, as carried out by L. 

Schiller,^ gave an excellent agreement of ii.— Appro.xima- 

the various velocity-distribution curves distribution by a straight 
with subsequent experimental measure- parabolic 

ments, at least for the first third of the 

length of the transition region, which is its most important part. 

At larger distances from the entrance, the velocity in the core 
increases slower than indicated by the calculation of Schiller. 
Moreover, measurements have shown that the flow in the core 
is constant in cross sections only near to the entrance (where 
the boundary layer has not yet become too thick), while for 
sections farther away from it, the flow in the core has first a slight 
and later a more pronounced curvature. Figure 12 show^s the 
development of the laminar velocity distribution for a rounded 
entrance, according to experiments by J. Nikuradse. It is seen 
that until (about) x/rR = 0.04, the assumption of a central flow 
independent of the friction and of a parabolic drop in velocity 

^ Schiller, L., Investigations on Laminar and Turbulent Flow (Ger- 
man), Forschungarheiten V. D. vol. 248, 1922; Z. angew. Math. Mech. 
(German), vol 2, p. 96, 1922; or Physik. Z. (German), vol. 23, p. 14, 1922. 
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toward the walls is justified; however, from 
there on a definite core flow, where the fric- 
tion has not made itself felt yet, does not 
exist. Figure 13 shows a number of curves 
for which the dimensionless velocity u/R is 
plotted against x/tR^ for various distances 
yfr from the axis. For yfr = 0, z.e., for the 
velocity in the axis of the tube, the theoretical 
values obtained by Boussinesq and Schiller 
are drawn in as dotted lines. It is seen that 
Schiller’s curve agrees fairly well with the 
experiments until (about) x/tR = 0.05; how- 
ever, his result for the length of the transition 
region x/rR = 0.115 is considerably too 
small. On the other hand, the values of 
Boussinesq do not check near the entrance 
but give better agreement from x/rR = 0.1 
on, where the velocity curves show a more 
parabolic shape. Also Boussinesq’s value for 
the length of the transition region x/rR = 
0.26 seems to be in agreement with the avail- 
able experimental results. 

19. The Pressure Drop in the Entrance 
Region in the Case of Laminar Flow. — For the 
kinetic-energy correction in the total pressure 
drop in the region of transition at the 
entrance, the theories of both Schiller and 
Boussinesq give values that are too large. 



Fig. 12. — Laminar 


Schiller gives the value 2.16p"2 while Boussin- 

esq finds 2.24p-2* Since both theories are 

approximate, it is for the experiment to decide 
the correct value. A very good agreement 
was obtained between the calculated pressure 
drop of Schiller and experiments made by him- 
self. In one of those a tube was used of 
2.399-cni inside diameter; the first pressure 
measurement pi was made at a distance of 


velocity distribution 104.15 cm and the sccond, p 2 , at a distance 


XrTesTsTy°N?kr- xouaded entrance, 

radse. Figure 14 shows the theoretical straight line 
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of Hagen-Poiseuille and also the curve passing through the exper- 
imental points, showing that in the region near the entrance there 
are important discrepancies with the Hagen-Poiseuille law. The 



X 

rR 


-0:2 


= 0,4 


• 0.6 

= 0,7 
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-> 


Fig. 13. — Laminar velocity distribution after tests by Nikuradse. 


calculated values of Schiller shown in the figure by small open 
circles are in very good agreement with the experiments. Denot- 
ing by Pq the pressure in the reservoir and by p the pressure at a 



u-r 

V 

Fig. 14. — Pressure-drop coefficient of laminar flow in entrance region. 


distance x from the rounded mouth, Schiller's calculation gives 
as a function of shown graphically in Fig. 15. 

pu^ 7'K 

If the dimensionless pressure drop per unit length \ be defined 
by 
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X = > 

X2 — 

^2 

this quantity can be determined from Fig. 15 by means of the 
relation 

X = ^ ~ pA _ " P^ \ 

\ I I l X2 — 

20. The Importance of the Pressure Drop in the Entrance 
Region for Viscosity Measurements. — A knowledge of the pres- 



sure drop in the entrance region is especially important for vis- 
cosity determinations by means of the usual Saybolt method. 
Although in most cases relatively short tubes (small x/rE) are 
employed, the validity of Hagen-Poiseuille’s law is assumed. In 
case the tubes used are so long that at the end the parabolic 
velocity distribution is nearly reached, it is generally sufficient 
to apply the correction for kinetic energy in one of the forms 
discussed. However, if the tube is so short that x/rR is smaller 
than about 0.1, Schiller has shown that from the measured 
pressure drop po — pi the corresponding 

X Xpi 

tR r^up 
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can be found from Fig. 15. With this chart the value of ji can be 
calculated, as soon as experimental determinations have 
been made of the volume flowing through per second, the length 
of the tube, its radius, and the density of the fluid. 

B. THE TRANSITION BETWEEN LAMINAR AND TURBULENT FLOW 

21. The First Investigations by Hagen. — Already in his first 
publication on the flow of water through cylindrical tubes (1839) 
Hagen called attention to the fact that the mode of flow discussed 
by him ceased to exist when the velocity increased beyond a 



the temperature (expressed in degrees Reaumur) for various pipe diameters and 

heads h (in Rhineland inch) after tests by G. Hagen. 0.2S1 cm. diameter; 

— 0.405 cm diameter; 0.596 cm diameter. 

certain limit. He observed that the outflowing jet below this 
velocity looked like a solid bar of glass; above it the jet commenced 
to oscillate and the flow ceased to be uniform but came in spurts. 

In 1854 Hagen published a second article^ in which he showed 
that the transition of the laminar into the turbulent state does 
not only depend on the velocity but also on the viscosity of the 
fluid. Using the same tubes as with his first tests, he determined 
the relation between the volume delivered and the temperature 
with a constant pressure head for each series of experiments. 
Figure 16 shows the results of Hagen's tests as given by himself. 

1 Hagen, G., On the Influence of Temperature on the Movement of 
Water through Pipes (German), Abhandl. Akad. Wiiijs., p. 17, Berlin, 1854. 
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Each curve corresponds to a definite pressure head. The curves 
for the narrow tube (diameter 2.8 mm) are drawn in full ; those 
for the medium tube (diameter 4 mm) are broken, while for the 
wide tube (diameter 6 mm) dotted lines are shown. In the 
upper curve it is seen, for instance, that for a constant pressure 
head the mean velocity first increases with increasing temperature 
(^.e., decreasing viscosity), then decreases again, reaches a mini- 
mum, and increases for the second time. The first increasing 
branch of the curve corresponds to the laminar flow. The part 
of the curve between the maximum and the minimum corre- 
sponds to the transition between laminar and turbulent flow, 
while the last slowly increasing branch corresponds to the tur- 
bulent mode of flow. Hagen ascertained this by adding sawdust 
to the water and observing that for small velocities the wood 
particles moved in straight lines through the tube, while for 
larger velocities they were thrown from one side to another and 
moved quite irregularly. He considered this irregular motion 
to be caused by the irregularities of the tube wall or possibly by 
the entrance of the water through the squarely cut end of the 
pipe. 

In a third publication,^ Hagen observed several times that the 
transition from the turbulent flow to the laminar one depends 
on the radius of the tube, on the velocity, and on the temperature 
of the water. The turbulent flow will become laminar as soon 
as any one of the three quantities mentioned, or all three of them 
together, decrease below a certain limit. 

22. The Fundamental Investigation by Reynolds. — Consider- 
ing the early date of his investigations, Hagen had a very good 
conception of the phenomena of laminar and turbulent flow. 
However he did not succeed in finding a unifying principle for 
plotting the results of his experiments shown in Fig. 16. The 
credit for having found such a principle belongs to Osborne Rey- 
nolds.^ In his paper of 1883 he showed by means of dimensional 
analysis that the transition between laminar and turbulent flow 
can depend only on the dimensionless expression 

ur 

V 

^ Hagen, G., Ahhandl. Akad. lyiss. (German), Berlin, 1869. 

2 Reynolds, Osborne, An Experimental Investigation of the Circum- 
stances Which Determine whether the Motion of Water Will Be Direct or 
Sinuous, and of the Law of Resistance in Parallel Channels, Phil. Trans. 
Roy. Soc. London^ 1883, or Sci. Papers vol. 2, p. 51. 
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The law of similarity which later was named after him (Art. 4) 
expresses the fact that two different motions taking place in 
two geometrically similar vessels are also mechanically similar 
when they have the same value of ur/v^ the Reynolds^ number.^ 
The great simplification obtained in plotting the test results by 
means of this Reynolds’ number can be seen in Fig, 17, which 



Fig. 17. — Pressure-drop coeflGtcieut m. Reynolds’ number, being Hagen’s tests of 
Fig. 16 replotted (squarely cut off entrance). 

represents the curves of Fig. 16, now plotted on the Reynolds’ 
number as abscissa. The ordinates are also represented by a 
dimensionless quantity, namely, 

_ Ap r _ hg r 
I ^ ‘ Z ‘ 

2 


In the plotting from Fig. 16 to Fig. 17, the amounts 2.7^ for 

the laminar fiow and 1,4^ for turbulent flow have been sub- 

^9 

tracted from the ordinates. This is to take care of the correc- 
tion for kinetic energy, as discussed on page 24. It is seen 
in Fig. 17 that the replotted curves of Fig. 16 show all the same 
characteristics: For Reynolds’ numbers below about 1,100 to 
1,400, the pressure-drop coefficients X lie on the straight line of 
Hagen-Poiseuille for laminar motion (Fig. 7). After this, there 

1 This is true for motions where only inertia forces and viscosity forces 
play a part. It is not true for motions where gravity has to be taken into 
account, as for instance when free surfaces occur. 
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is a comparatively sudden increase in the values of X until a 
certain maximum is reached. From there on, X diminishes again 
with increasing Reynolds' number, however, slower than at first. 
The region of increasing X corresponds to the transition between 
laminar and turbulent flow. For larger Reynolds’ numbers the 
flow is purely turbulent. It is seen that the experimental results 
lie on a straight line with an inclination of 1 : 4 so that, owing to 
the logarithmic coordinate system used, it follows that the coeffi- 
cient X of turbulent flow is proportional to the fourth root of 
the Reynolds' number. In Art. 30 this relation will be discussed 
in detail. 

Figure 17 shows, moreover, that for a determination of the 
so-called “critical Reynolds' number" (i.e., the Reynolds' number 
where the transition between laminar and turbulent flow occurs) 
pressure-drop measurements are most appropriate. This method 
was used by Reynolds. Unlike Hagen, who measured the pres- 
sure drop between the reservoir and the end of the tube, Reynolds 
measured the pressure drop in a certain length of tube, having 
a long stretch between the tank and the location of his measure- 
ments. He used tubes of and in. diameter, both about 16 ft 
long. In either tube the length between the reservoir and the 
measuring spot was 11 ft, i.e., 528 and 264 diameters respectively. 

23. The Critical Reynolds' Number. — From experiments 
conducted on these two tubes, Reynolds found a complete 
verification of his theorem that the transition between laminar 
and turbulent flow takes place at a definite value oi ur/v even 
for tubes of different diameters. Expressing his test results in 
terms of the dimensionless quantities X and ur/vj^ it is seen that 
the first deviation of the pressure-drop coefficient X from the 
Hagen-Poiseuille law takes place at urjv = 1000-1100 
approximately. 2 

The value of R where turbulence just starts is known as the 
''critical Reynolds’ number” and the mean velocity u corre- 
sponding to this number is known as the "critical velocity." 

What conclusion can now be drawn from the experimental 
results of Flagen (Fig. 17) and of Reynolds? The common 
interpretation is that laminar flow or even flow with parabolic 

^ Reynolds himself gave his results as log Ap in terms of log u. 

- It is noted in passing that the pressure drop per unit length in the tur- 
bulent region measured by Reynolds is appreciably smaller than that found 
by other more recent investigators. 
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velocity distribution passes into turbulent flow at a Reynolds’ 
number of about 1,000. This statement, however, is incorrect 
for the following reason: In the first part of the tube adjacent 
to the reservoir, laminar flow, ^.e., flow parallel to the sides of the 
tube, does not occur. A flow with a parabolic velocity distribu- 
tion is even less probable since it was shown in Art. 15 that for 
its generation a fairly long piece of tube is required. Actually 
the fluid gets into the tube with some initial turbulence, which 
in Hagen^s experiments is due to the sharp entrance and in 
Reynolds' experiments due to the fact that he connected his 
test tube to the water faucet. Therefore the actual conditions 
are such that below the critical Reynolds' number these initial 
disturbances are damped out, while for larger Reynolds' numbers 
they develop into the irregular motions vrhich are typical of 
turbulent flow. 

24. Influence of the Initial Disturbance on the Critical Rey- 
nolds’ Number. — The question presents itself whether this 
critical number is the same for all tubes and for all experimental 
set-ups. Some doubt as to this comes up in comparing the results 
of Hagen with those of Reynolds. Recent experiments, espe- 
cially those of Schiller, have shown that very small disturbances 
can be damped out even for values of R, which are appreciably 
greater. Quite high critical Reynolds' numbers can be obtained 
by letting the water fl.owing out of the faucet first come to rest in 
a large tank and then using a well-rounded entrance to the tube 
so that no contraction of the jet takes place. In such cases, it 
can be stated that the laminar flow which is formed close to the 
entrance of the tube is unstable and becomes turbulent owing 
to very small unavoidable disturbances. The first experiments 
of this kind were made by Reynolds on tubes of various diameters 
and with water of various temperatures. He found critical 
values of ur/v = 6,000-7,000. His method, later also used by 
other investigators, consisted of letting a fine line of colored water 
flow into the test tube (Fig. 18). In the case of purely laminar 
flow, this thin colored line remains well defined, whereas in a 
turbulent flow it is disturbed and after some distance the water 
in the tube appears uniformly colored. Reynolds' expectation 
that the critical number could be made much larger by mini- 
mizing the disturbances has been found to be true by subsequent 
experiments of Barnes and Coker. ^ Their tests, conducted with 

^ Barnes, H. T., and E. G. Coker, The Flow of Water through Pipes, 
Proc. Roy. Soc. {London), vol. 74, p. 341, 1905. 
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great precaution on a tube, led to a critical Reynolds’ 

number of 10,000. An increase in temperature of the water 
of the storage tank causes convection currents and a consequent 
disturbance near the entrance of the test tube. This results in a 
considerable decrease in the critical Reynolds’ number (at 75°C 
is about 5000).^ Experiments by Ekman^ conducted on 
Reynolds’ original apparatus with the definite purpose of obtain- 
ing a high critical Reynolds’ number led to values of ur/v = 
20,000 and in some isolated instances even up to 25,000. It 
seems, therefore, that the critical Reynolds’ number does not tend 



to a definite limit when the disturbances are made smaller and 
smaller, but that it can be made to exceed any value by increasing 
the precautions of the test. 

At any rate, the experiments show that the critical Reynolds’ 
number is a monotonous function of the initial disturbance, ^.c., 
the critical number always increases with a decrease in the dis- 
turbance. Whether there is an upper limit to the critical number 
with disturbances converging to zero is not yet known, but it 
does not seem to be very probable. On the other hand, there is a 
definite lower limit to the critical Reynolds’ number at about 
urf V == 1,000 or somewhat above it. Below this, even very large 
initial disturbances are damped down, i.e., below R = 1,000 a 

^ Other experiments by Barnes and Coker conducted on a 2}^iAn. tube 
have not much meaning for the determination of the critical Reynolds' num- 
ber, since the tube, being only 28 diameters long, was too short for the 
purpose (see Art. 25). 

2 EKMA^^, V. \V., On the Change from Steady to Turbulent Motion of 
Liquids (English), Arkiv Mat. Astron. Fysik, vol. 6, 1910. 
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turbulent flow with its typical irregular mixing motion and the 
consequent velocity distribution (Art. 34) cannot be maintained 
indefinitely. 

With respect to the nature of the initial disturbances occurring 
in the tube, two questions have come up, namely: Which types 
of disturbance in the motion and which parts of the tube are of 
greatest importance for the creation of turbulence? The first 
of these questions has not been answered yet. As to the second, 
the entrance to the tube seems to be most sensitive to irregulari- 
ties. Having taken care that the water in the tank has come to 
rest, which generally requires a few hours, it is found that in 
order to obtain a high critical Reynolds^ number, it is especially 
important to round ofi the entrance of the tube. Yery small 
irregularities in the shape of this first piece, where the boundary 
layer is as yet very thin, immediately cause a large drop in the 
critical Reynolds’ number, while much larger irregularities at 
the wall of the tube far from its entrance hardly affect the critical 
Reynolds’ number. For instance, Schiller^ succeeded in obtain- 
ing the value = 10,000. with a tube of about %Aii, diameter 
in which a screw thread of about J-^ 4 -in. depth had been cut, using - 
however, a very well-polished, rounded-off entrance piece. 

25, The Conditions at the Transition between Laminar and 
Turbulent Flow. — Now the phenomena in the range between 
the laminar and turbulent modes of flow will be discussed. Rey- 
nolds’ original supposition was that when exceeding the critical 
velocity slightly, a weak turbulence would take place at first, 
which would become more violent with larger speeds. However, 
his experiments showed that no such gradual change occurs, but 
that the transition takes place very abruptly. Having a very 
definite colored line throughout the entire length of his tube just 
under the critical number, the slightest touch to the faucet would 
suddenly make it disappear. However in all cases laminar flow 
would persist in the first 20 or 30 diameters from the entrance of 
the tube, even when at greater distances the color wmuld be 
completely mixed with the rest of the water. It has been 
supposed that the critical Reynolds’ number might depend on 
the length of the tube. The fact that a complete turbulence 
takes place at such short distances from the entrance shows 
this supposition to be incorrect. 

^ Schiller, L., Roughness and Critical Reynolds’ Number (German), 
Z. Phy^rlk, vol. 3, p. 412, 1920. 
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26. latermittent Occurrence of Turbulence. — Reynolds made 
the observation that in many cases, especially with narrow tubes, 
the sudden destruction of the colored line did not occur over the 
total length of the tube but only in a part of it. Opening the 
faucet very carefully so as to reach the critical velocity gradually, 
the laminar flow would suddenly change into a turbulent one in 
a certain part of the tube, starting at about 30 diameters from 
the entrance, while still farther downstream the colored line 
remained visible. As soon as the turbulent mass of fluid, which 
was moving through the tube like a plug, had flowed out, a new 
turbulent region was formed at the same location. 

The resistance to the flow for the total length of the tube 
increases when a part of the tube becomes turbulent; con- 
sequently, the mean velocity decreases, which brings it below the 
critical Reynolds’ number. This phenomenon, which had 
already been observed by Hagen, ^ was studied in great detail by 
Couette.^ He observed water flowing out of a large tank through 
the tube. The jet which came out of the end of the tube at first 
had a slightly rough surface and looked like a curved rod of 
frosted glass (turbulent flow). As the level of the tank went 
down, the jet became intermittently crystal clear and frosted, 
with a frequency which became faster and faster as the level came 
down. The clear jet would jump up, whereas the frosted jet 
would fall down so that a very regular oscillation took place. 
With the level of the tank sinking down still farther, the jet was 
clear most of the time and became frosted only once in a while. 
When Couette poured water into the tank, raising its level 
gradually, the same phenomena would take place in a reversed 
sequence. The surprising regularity of the oscillation of the jet 
in the region of the critical Reynolds’ number can be judged from 
Fig. 19, where the mean velocity is plotted as a function of the 
time. This diagram was obtained by the author by means of 
moving pictures. In each individual picture the velocity was 
determined from the shape of the parabola of the jet. The 
maximum velocities correspond to those instants when turbulence 
suddenly starts in a part of the tube. Owing to the increased 
resistance in the tube caused thereby, the velocity decreases while 
turbulent flow exists. As soon as this turbulent “plug” starts 

^ See footnote on p. 29. 

2 Couette, M., Investigations on the Friction of Fluitls (French), Ann. 
chim. phys., vol. 21, p. 433, 1890. 
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to flow out of the tube, the resistance decreases again, which 
causes an increase in the velocity until the next maximum is 
reached and the phenomenon repeats itself. 



Pig. 19. — Variation of spouting velocity (m/sec) with the time (sec) in the 

critical region. 


The phenomenon of intermittent turbulence can be explained 
somewhat differently by means of Fig. 20.^ When starting 
with a condition below the critical Reynolds’ number, determined 
by the point A, for instance, there will be a permanent laminar 
flow in the tube. When the 
velocity is slightly increased by 
opening the valve at the end of 
the tube until the critical value 
is exceeded (point B), turbulence 
will suddenly appear at a dis- 
tance of about 30 diameters from 
the entrance. This turbulent 
plug of water is then pushed 
through the tube. The down- 
stream end of this plug will 
move with the mean velocity u, 
whereas the upstream end of it 
will move with a smaller velocity. 

This is due to the fact that at Fig. 20 ,— Variations of resistance 
, 1 • r coefficient in critical region. 

the upstream end new regions 01 

turbulence grow continuously so that the length of the turbulent 
plug becomes gradually greater. The resistance coefficient 

1 The location, of the starting of turbulence is rather close to the entrance, 
so that the points a and b do not lie on the straight line of Hagen-Poiseuille 
but slightly higher. This effect will not be considered here. 
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\ at any time depends on the ratio between the turbulent part 
and the laminar part of the tube. Its gradual increase causes 
a decrease in the mean velocity u and consequently in the Rey- 
nolds^ number {B to C in the curve). When the turbulent plug 
of water flows out of the tube, X becomes smaller again and the 
velocity increases (C to A in the curve), the point A in the curve 
corresponding to the instant when the turbulent part of the water 
has just left the tube. However, this condition cannot be steady 
since the pressure head in the reservoir is too high, which causes 
an acceleration of the water until point B is reached and the 
phenomenon repeats itself. 

27. Measurements of Pressure Drop at the Transition between 
Laminar and Turbulent Flow. — In the .investigation of the 
transition between laminar and turbulent flow by means of 
pressure-drop measurements, it is found that upon reaching the 
critical Reynolds’ number the meniscus of the manometer, which 
had been completely quiet up to that time, begins to show 
irregularities. Having the faucet in a definite position, the 
meniscus moves irregularly up and down so that a reading of the 
pressure is hardly possible. If the precaution has been taken 
to make the measurement at a distance of at least 50 diameters 
away from the tank, it might be supposed that these irregularities 
are due to vortices in the tube which have not developed far 
enough to become a complete turbulence. This, however, is not 
so. Experiments have shown that the irregular condition of the 
meniscus is due to intermittent turbulence. On account of 
the large damping which usually exists in the manometer, it 
cannot follow the rapid oscillations between the laminar and 
turbulent states. Using a manometer with a very high damping 
(showing only mean values of the pressure over periods as large 
as min), the meniscus varies gradually and not with jumps 
when passing from the laminar flow through the oscillating con- 
dition into the permanently turbulent flow. For this it is neces- 
sary to use a type of valve which allows very fine changes in the 
velocity instead of a common faucet. 

28. Independence of the Critical Reynolds’ Number of the 
Length of the Tube. — Schiller^ has made the statement that the 
critical Reynolds’ number depends on the length of the tube. 
Against his experiments, however, others can be brought up 

1 Schiller, L., Recent Experiments on the Problem of Turbulence (Ger- 
man),* Z., vol. 25, p. 541, 1924. 
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which prove the converse. Couette concluded from his experi- 
ments that the critical velocity above which intermittent tur- 
bulence takes place is independent of the length of the tube. 
Likewise, Barnes and Coker obtained the same critical Reynolds’ 
number R — 10,000 with two tubes of the lengths 180 and 360 
diameters respectively. Ekman, in his paper, defends himself 
against a possible objection that the very high critical Reynolds’ 
numbers obtained by him might be due to the fact that the tubes 
used by him were so short that the small disturbances did not 
have a chance to grow into a complete turbulence. He reasons 
that if that objection were valid, the turbulence wmuld have to 
start always at the end of the tube, coming nearer to the entrance 
with increasing velocity. This, however, is against experimental 
evidence. We mention again Reynolds’ original experiments, 
who obtained the same critical number, 6,000, although the tubes 
being of the same length had diameters in the ratio 1:1.75:3.4. 

In this connection, a statement by Heisenberg^ regarding the 
stability of fluid flow is of interest. He investigated the condi- 
tions under which a disturbance of the form increases 

or decreases with the time, i.e,, whether the imaginary part of 
I3f representing the negative damping, is positive or negative. 
From theoretical considerations he found that the negative 
damping is of the order of (aR)^y- and concluded from this that 
for very large Reynolds’ numbers the negative damping becomes 
very small, so that the fluid under consideration has already left 
the tube when its instability would become serious. In this 
connection, it has to be considered that all quantities used in his 
paper have been made dimensionless, among others /3. This, 
however, entails that the unit of time, with which the negative 
damping is measured, itself depends on the Reynolds’ number, 
since the dimensionless is connected with the actual time t by 
u 

the equation t — -t\ When, therefore, the time t is measured 

in seconds and the length x in inches, it is found that the increase 
in the disturbance per second is of the order of 

(arR) = (ar) ^ - 

^ Heisenberg, W., On Stability and Turbulence in Fluid Flow (German), 
Ann. phys., IV, voL 74, p. 597, 1924. 

“ X is the coordinate in the direction of flow, y is perpendicular to it, and 
t is the time. 
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because 

u 

T_ 

The increase in the disturbance per second therefore becomes 
larger for a tube of a given diameter when the velocity, and 
consequently the Reynolds’ number, becomes larger. 

C. TURBULENT FLOW 

29, Historical Formulas for the Pressure Drop. — The pressure 
drop and the velocity distribution for the laminar flow through 
tubes of circular cross section can be derived from the differential 
equations. This, however, is not possible for turbulent flow. 
Figures 39 and 40, Plate 16, showing turbulent flow through long 
tubes make it plain that the motions are extremely complex. 
Therefore it seems hopeless to try to understand the mechanism 
of turbulence from the differential equations of Navier-Stokes. 
Figures 39 and 40 have been obtained by the author by photo- 
graphing the surface of the water in a tank after having scattered 
aluminum powder on it. In Fig. 39 the velocity of the camera 
is very small so that the particles of aluminum near the walls of 
the channel appear as points. In Fig. 40, however, the velocity 
of the camera is about equal to the maximum velocity of the 
particles in the middle of the channel. 

On the other hand, our interest in turbulent flow is much 
greater than that in laminar flow since the turbulent mode occurs 
much more frequently in nature and in technical applications. 
Therefore a great number of experiments have been carried out 
in order to determine the important relation between pressure 
drop and volume transported through tubes and channels. 
Comparing the results of these many experiments with the laws 
connecting pressure drop and mean velocity deduced from 
them, a very unsatisfactory picture is obtained. Nearly every 
investigator constructed his own pressure-drop formula from his 
experiments, largely owing to the fact that the similarity law of 
Reynolds was not known or at least was not used. Further no 
consideration was given to the roughness of the walls of the pipes 
or channels. This roughness, however, is of fundamental impor- 
tance for the resistance of turbulent flow, as will be discussed 
later. For laminar flow it was seen before that the resistance is 
independent of the condition of the walls of the tube. The first 


[Imag.^] = — = 
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formulas on resistance or pressure drop can be divided into three 
distinct classes, which have been discussed in detail by Hagen in 
1869, namely: 

^ = [Ch^zy (1775), Eytelwein (1822)]; 

^ [Prony (1804)]; 

AT) njl .75 

~T “ [Woltmann (1804), Flamant (1892)]. 


In none of these formulas is the viscosity considered. This 
was done first by Reynolds, who plotted the pressure drop against 

Hf ' T 

the dimensionless number The resistance law deduced by 

V 

Reynolds from his tests is 

^ = const, — [Reynolds (1883)], 


where P is a measure for the viscosity taken froni Poiseuille’s 
formula. The relation of P to the kinematic viscosity is expressed 
by the formula (c g s units) : 


P 


0.01779 

1 + 0.03368T + 0.000221 


- 0.01779P, 


where T is the temperature. The constant of Reynolds’ formula, 
however, does not check with subsequent experiments; the pres- 
sure drop calculated by him comes out considerably too small. 

According to this formula, the pressure drop is proportional 
to the 1.723 power of the velocity. However, the older measure- 
ments of Darcy which were plotted by Reynolds on a logarithmic 
scale showed that the exponent varies between the limits 1.79 
to 2.00, depending on the material of the tube, i.e,, on the con- 
dition of the walls. 

30. The Resistance Formula of Blasius for Smooth Tubes. — 

Based on Reynolds’ law of similarity and a great number of tests 
up to ur/v = 50,000 (especially those of Saph and Schoder^), 


Saph and Schoder, Trans. Am. Soc. Civil Eng., vol. 47, p. 312, 1920. 
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Blasius^ arrived at the following formula for the pressure drop 
in smooth tubes: 


where 


Ap 1 pu^ 

T = 


X - 


0.133 


R - 


u • r 


( 6 ) 

( 7 ) 


The main advantage of the pressure-drop law (1), as compared 
with the older formulas, is the fact that for smooth tubes of the 
same Reynolds' number (having different diameters, velocities, 
and temperatures) the pressure drop expressed in units of 
stagnation pressure per radius length is the same. Therefore 
the complete resistance relation for smooth tubes can be expressed 
by a single curve X = f{R). The fact that the points found from 
experiments with different tube radii, velocities, and for different 
fluids (water and air) lie on a smooth curve is to be interpreted 
as an experimental verification of the law of similarity. The 
agreement is so good that the scattering of the points is ± 2 per 
cent at most. 

Further measurements for higher Reynolds’ numbers, espe- 
cially those by Stanton and PannelP and those by Jacob and 
ErlP (up to about R = 230,000) show that the relation between 
the resistance coefficient X and R cannot be expressed by a simple 
power for such a wide region of R, These experiments can be 
better expressed by the formula 


X = 0.00357 + 


0.3052 

(2i^)0-35 


which was also found by LeesP According to measurements by 

1 Blasius, H. The Law of Similarity Applied to Friction Phenomena (Ger- 
man) Physik. Z., vol. 12, p. 1175, 1911. Or more in detail (German) For- 
achungsarbeiten V. D. vol. 131. The formula is also found in the book 
by R. von Mises, “Elements of Technical Hydromechanics^’ (German), 
Leipzig, 1914. 

2 Stanton, T. E., and J. R. Pannell, Similarity of Motion in Relation 
to Surface Friction of Fluids, Phil. Trails. Roy. Soc. London^ (A), vol. 214, 
p. 199, 1914. 

® Jacob, M., and S. Erk, The Pressure Drop in Smooth Tubes and in 
Standard Orifices (German), Forschimgsarheiten V. D. vol. 267, 1924. 

'‘Lees, Proc. Roy. Soc. (London) (A), vol. 91, p. 46, 1915. 
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Nikuradse^ (up to about = 1.6 ♦ 10®) a systematic deviation 
from the curve of Lefes is found for Reynolds’ numbers greater 
than 200,000. 

In the case of tubes of non-circular cross section or of open 
channels, it is not clear what is meant by the characteristic length 
in Reynolds’ number. Considering that the most important 
property for the resistance of the tube is the ratio between the 
cross-sectional area A and the wetted periphery U, it is logical to 
take for the characteristic length the quantity 



The reason for taking twice the area in the numerator is that in 
this way the quantity r becomes equal to the radius for a circular 
cross section. This quantity, which is in common use in hydrau- 
lics for open channels, is called the hydraulic radius.” In 
technical literature half this length d = A /I/ can be often found 
referred to as the hydraulic radius. For very wide rivers, d 
is the mean depth. However in a non-circular cross section all 
parts of the periphery will not be equally important in creating 
resistance. Therefore it is necessary to get an experimental 
verification for the use of this hydraulic radius in the formulas. 
Experiments by Schiller,^ Fromm, ^ and by Nikuradse^ have 
shown that the influence of the shape of cross section is unim- 
portant if the section is not too elongated. For laminar flow 
through rectangular and elliptical cross sections of various ratios 
of the axes, Boussinesq^ has determined the influence of the shape 
of the cross section. For instance, he calculates X = 14.225/E 
for the square cross section, as compared with X = 16/E for the 
circular one. 

31. The Resistance Law for Rough Tubes. — It was seen that 
the resistance relation up to relatively large values of E for smooth 

^'’KTikuradse, J., On Turbulent Flow of Water through Straight Tubes 
at Very Large Reynolds’ Numbers (German), Vor/rage aus dem Gebiet der 
Aerodyriamik, edited by A. Gilles, L. Hopf, Th. von Karman, Berlin, 1930. 

2 ScHiLUER, L., On the Resistance to Flow in Tul)es of Various Sections 
and Roughness (German), Z. angew. Math. Mech., vol. 3, p. 2, 1923. 

3 Fromm, K., Flow Resistance in Rough Tubes (German), Z. angew. Math. 
Mech., vol. 3, p. 339, 1923. 

^Nikuradse, J., Investigations on Turbulent Flow in Pipes of Various 
Cross Sections (German), Ingenieur Archiv. vol. 1, p. 306, 1930. 

^ Boussixesq, j., Aleinoir on the Influence of Friction in Regular Fluid 
Motions (French), J. math, pure et nppL, vol. 13, p. 377, 1S68. 
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tubes is completely given by the curves of Blasius and Lees. 
This is not the case for tubes with rough walls. The influence of 
wall roughness is always in the direction of increasing the resist- 
ance to turbulent flow; moreover, the various curves X = /(i?) 
for different roughnesses do not coincide. This is due to the 
fact that Eeynolds’ law of similarity is not satisfied since for 
tubes of the same radius and different roughness or for tubes of 
different radius but the same roughness there is no geometrical 
similarity. 

Blasius and von Mises^ introduce a new quantity e, proportional 
to the heights of the various roughness irregularities, and conse- 
quently make the resistance coefficient a function of e/r, i.e., 
the ^'relative roughness.^' Therefore 

X -/(«,;)• 


Blasius goes even farther than this. He does not consider 
the influence of roughness to be determined by the quantity e, 
but he defines that two tubes of different radii have the same 

roughness in case these tubes for 
^ some Reynolds^ number give the 
same value of X. If two tubes have 
the same roughness in this sense, the 
X-values of both tubes can be rep- 


^ resented by the same curve for all 
Reynolds’ numbers. Therefore the 


Fig. 21. 


“roughness” of walls. 


Fig. 22. 

Figs. 21 and 22. — Examples of resistance relation Can be completely 

expressed by a family of curves 

. b H depending on one parameter of which 

the curve of Blasius or Lees for 
smooth tubes forms a lower limit. 

32. Roughness and Waviness of 
the Walls. — Measurements by Fromm 
and Schiller as discussed by Hopf^ have shown that the 
resistance relations for rough tubes are more complicated. The 
law of resistance is affected not only by the relative magni- 
tude of the various roughness irregularities but also by their form. 



^ See footnote on p. 42. 

Hopf, L., The Measurement of Hydraulic Roughness (German), Z. 
angew. Math. Mech., vol. 3, p. 329, 1923. 
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According to Hopf and Fromm^ there are two principally different 
types of roughness: 

1. Roughness irregularities of short' wave length and relatively 
high amplitude, as shown in Figs. 21 and 22. Examples of 
this are, for instance, cement walls, rusted steel, cast iron, corru- 
gated steel. This type will be referred to as wall ''roughness.” 

2. Very gradual irregularities of long wave length; for instance, 
planed wood, asphalted steel walls, as shown in Fig. 23. This 
type will be called wall "waviness.” 

For the first type of roughness the resistance coefficient X is 
found to be nearly independent of the Reynolds' number but 
very much dependent on the '^relative roughness” (Fig. 24). 



Fig. 24. — Pressure-drop coefficient Reynolds' number for pipes •v\dth various 

kinds of walls. 


This means that the resistance is proportional to the square of 
the velocity. 

For the second type of roughness (waviness) larger values for 
the pressure-drop coefficient are obtained as compared with the 
smooth tube; however, the [X = /(E)]-curve is parallel to the 
corresponding curve for the smooth tube while practically 
independent of the radius, especially for small ratios a/h of Fig. 
23. 

Measurements on drawn metal tubes with halfway smooth 
surfaces, being somewhere in the middle between roughness and 
waviness, show a gradual transition to the velocity-squared 
law with an increasing Reynolds' number. This can be inter- 
preted as a confirmation of the remark by Schiller^ that even for 
very smooth tubes the velocity-squared law will become true 

^ Schiller, L., The Problem of Turbulence and Connected Problems 
(German), Physik. Z., vol. 26, p. 566, 1925. 
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for sufficiently large Reynolds’ numbers. Since the phenomenon 
depends on the relative roughness/^ it is to be expected that 
the velocity-squared law will be reached at smaller Reynolds’ 
numbers for narrow tubes than for wide ones. 

33. Measurement of the Mean Velocity of a Turbulent Flow 
by Means of a Pitot Tube. — The fact that the resistance coeffi- 
cient for turbulent flow is materially greater than that for laminar 
flow is connected with the characteristic turbulent velocity 
distributioUj which consists of a steep rise near the wall and a 
practically constant velocity over the rest of the cross section. 
In Art. 46 it will be seen that with certain assumptions it is 
possible to derive the turbulent velocity distribution from the law 
of turbulent pressure drop. 

The velocity at a point of a turbulent how is defined as the 
mean value of the velocity at this point with respect to time. If 
we denote by U, F, W the three rectangular components of the 
velocity in a point of a turbulent flow^ it is possible to decompose 
these quantities into a part independent of the time v, w and a 
part giving the fluctuations with respect to time, u', v' , w\ i.e, : 

U = u + u', V = V -i- v', W = w + w' . 

The fact that such a procedure is possible, in other words, that 
experiments have shown that the mean values with respect to 
time of u' , N , w' vanish for very short time intervals, shows that 
a turbulent flow is not quite without regularity. There are 
apparently laws determining this flow, although it seems that 
they can be approached only statistically. 

The ordinary method of measuring velocity distributions 
by means of a Pitot tube and a fluid manometer gives mean 
values on account of the large damping usually existing in such 
instruments. Bazin has been the first to measure the turbulent 
velocity distribution across the circular section in this manner 
and has found for it the shape of a semi-ellipse with an axis 
ratio of 3.5:1. In the ^Tmmediate vicinity^’ of the wall, he 
found u/ii = 0.741, where u denotes the mean velocity with 
respect to the cross section. Stanton^ made experiments on cir- 
cular tubes, paying special attention to the steep velocity increase 
near the wall. To this end, the Pitot tube was sunk somewhat 

^ Sta-Nton, T. E., The Mechanical Viscosity of Fluids, Proc. Roy. Soc. 
(London) (A), vol. 85, p. 366, 1911. 
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into the wall, which enabled him to determine the velocity at- a 
distance of 0.001 in. from it. 

It has to be considered that a damped manometer does not 
exactly indicate the mean value of ii with respect to time but 
rather the mean value of the pressure difference which is propor- 
tional to Now in 


== (u + u'y = 11^ -h 2im' + 


the mean value of 2 uu^ is zero; however, the mean of does not 
vanish. Since is a positive quantity, the Pitot-tube indication 
of a pulsating velocity is always too high. For instance, if the 
variations in the velocity in short time intervals are of the order 
of ±20 per cent, the reading of the manometer in terms of is 
equal to 


+ 


202 \ 
1002 / 


Extracting the root out of this expression, we get 




400 

10,000 


1.02 m, 


or, in other words, our reading is 2 per cent high. Variations of 
±20 per cent in the velocity are rather large. In tubes or chan- 
nels which are sharply divergent, such variations may occur 
with ordinary turbulence, howcA^er, the variations are con- 
siderably smaller. According to Burgers, 2 who measured the 
fluctuations of a turbulent stream of air by means of a hot-wure 
method, the fluctuations are less than ±5 per cent. In that 
case, the error of the Pitot reading would be about 0.15 per cent. 

34. The Turbulent Velocity Distribution. — Stanton also inves- 
tigated whether the shape of the velocity-distribution curve 
depends on the Reynolds’ number (the distribution being meas- 
ured naturally at a sufficiently large distance away from the 
entrance of the tube). He found on smooth tubes that for the 
same Reynolds’ number with differing diameters or velocities^ 

^ Kroener, R., Experiments on Flow through Sharply Diverging Chan- 
nels (German), Forschungsarheiten V. D. vol. 222. 

2 Burgers, J. M., Experiments on the Fluctuations of the Velocity in a 
Current of Air (English), Proc. Kon. Akad. W ctenschap'pen^ Amsterdam, vol. 
29, No. 4. 
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the velocity distribution is always exactly the same. How- 
ever, with varying Reynolds’ numbers, the distribution curve 
changes, so that for larger Reynolds’ numbers the velocity gradient 
at the wall becomes slightly steeper. This change in gradient 
becomes less and less with larger Reynolds’ numbers, so that it 
may be concluded with reasonable assurance that the velocity dis- 
tribution asymptotically reaches a certain limit for large Reynolds’ 
numbers in smooth tubes. Tor tubes of considerable roughness 
(screw thread having been cut in), Stanton’s measurements 
give independence of the velocity distribution from the Reynolds’ 
number. This is tied up with the fact that for rough tubes 
the pressure-drop coefficient X is a constant. Measurements of 
Fritsch^ show that the influence of roughness of the walls on the 
velocity distribution is limited to the immediate neighborhood of 
the walls. He found that in comparing tubes of the same pres- 
sure drop with different roughness, the velocity distribution 
curve was the same in the center part of the section up to about 
0.1 radius from the wall. In other words, the velocity-distribu- 
tion curve depends only on the shear stress and not on the par- 
ticular geometrical shape of the wall. 

The change of the velocity-distribution curve with the Rey- 
nolds’ number has some practical significance. In case such a 
change did not exist {u^Ju independent of i2), it would be 
possible to determine the average velocity across the section by 
means of one single measurement of the velocity in the axis of 
the tube. This would mean a considerable simplification of the 
experimental procedure. Stanton and Pannell- have investigated 
the relation between and R up to Reynolds’ numbers of 

42,000 with the result that u^^Ju diminishes slowly with increas- 
ing R, Comparing the results of the various investigators, 
it is found that u^^Ju asymptotically reaches the value 1.22 to 
1.25 with increasing R. 

35. The Turbulent Velocity Distribution in the Region of 
Transition near the Entrance of the Tube. — Just as in the case 
of laminar flow, there is a region of transition behind the 
entrance of the tube in which the final velocity distribution 
is formed. Experiments by Kirsten and Nikuradse show that 

1 Fritsch, W., The Influence of Roughness on the Turbulent Velocity 
Distribution in Channels (German), Z, angew. Math, Mech.y vol. 8, p. 199, 
1928. 

- See footnote, on p. 42. 
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the length of tube in which this occurs is materially shorter 
than in the case of laminar flow and, moreover, is less 
dependent on the Reynolds' number. Kirsten states that the 
transition takes place in a length of about 100 to 200 radii while 
Nikuradse's experiments show the final distribution at about 
50 to 80 radii distance from the entrance. A still shorter transi- 
tion length (probably too short) is given by the theory of Latzko.^ 
According to him, with a Reynolds' number of 20,000 the final 
velocity distribution has been formed after about 20 radii. 



1,0 0,8 0,6 0,4 . 0,2 0 0,2 0,4 0,6 0,8 1.0 

r r 


Fig. 25. — Generation of turbulent velocity distribution in entrance region after 

tests by Nikuradse. 


Figure 25 shows the distribution at various distances from the 
rounded entrance as found experimentally by Nikuradse 

= - — - = 25,000j. In Fig. 26 the ordinates of the curves of 

Fig. 25 have been plotted as a function of the distance from the 
entrance of the tube. For comparison the values as calculated by 
the theory of Latzko have been drawn in as dotted lines. It is 
seen that the curves even at a small distance from the entrance 
are radically different from those in the laminar case. In Fig. 27 
the velocity distributions for the turbulent and laminar cases 
have been plotted at a distance of 5 radii from the entrance. It 
is seen that the turbulent curve shows an extraordinary rapid 
velocity rise near the wall of the tube. Therefore it is impos- 

1 Latzko, H., Heat Transmission to a Turbulent Flow of Liquid or Gas 
(German), Z. angew. Math. Mech.., vol. 1, p. 268, 1921. 
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sible to talk about a laminar flow even at such a short distance 
from the entrance as 5 radii. However, the experiments of Rey- 
nolds with a colored line in the center of the tube show that 



Fig. 26.'it~Turbulent velocity distributions according to tests by Nikuradse. 



Fig. 27. — I, velocity distribution in turbulent flow, 5 radii from entrance; 
II, the same curve calculated by the method of Latzko; III, velocity distribution 
for laminar flow at same distance from entrance. 

this line disappears only at a considerably greater distance from 
the entrance. It is possible to explain this by assuming that the 
first turbulence does not appear in the middle of the tube but 
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rather at its walls. Figure 28 shows the final velocity distribu- 
tion of turbulent flow in a circular tube at large distances from 
its entrance. 

36. The Pressure Drop in the Turbulent Region of Transition. 

In the case of laminar flow, there is a considerable extra pressure 
drop in the entrance region. This is not the case in a turbulent 
flow, if the entrance has been rounded off sufficiently. 

At the entrance of the tube, both kinds of flow experience a 
pressure drop of v}/2g due to the conversion of the static head 



0.1 0.2 0.3 0.4 0.5 0,6 0,7 0,9 1,0 


Fig. 28. — Turbulent velocity distribution in pipe far from entrance. 

into velocity head. In the cuvse of laminar flow, there is an 
additional pressure drop equal to that same amount since the 
kinetic energy of the par^olic velocity distribution is twice as 
large as the kinetic energy of the constant velocity distribution at 
the entrance. For the turbulent flow the additional pressure 
drop due to this effect is only 0.09tzV2^. 

If the pipe has a sharp-edged entrance, a vena contracta takes 
place. The contracted jet expands to the full pipe radius in a 
comparatively short distance causing an additional pressure drop. 
On page 243 of ''Fundamentals, it was shown that the pres- 


^See footnote, p. 3. 
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sure drop caused by a sudden widening of the cross section is 
equal to 

where Ui is the mean velocity at the smallest cross section Ai 
and u is the mean velocity in the large cross section A. Intro- 
ducing the contraction coefficient ol, 

ui __ A _ 1 
u Ai a 

This becomes 

k - f(i - 1 


Taking a = 0.64, the pressure drop due to contraction becomes 

h = 0.31^* 

The total additional pressure drop therefore is made up of three 
parts, the entrance drop hi, the acceleration drop h 2 , and the 
jet contraction drop h^: 

h = hi + h2 + hs = ^(1 + 0.09 + 0.31) = 1.40|- 
2? 2g 

In Fig. 17 this amount lA0u^/2g has been subtracted from the 
experimentally determined pressure drop, and the fact that such 
a smooth curve is obtained shows that this expression h is not 
far from the truth. 

37. Convergent and Divergent Flow. — A very slight conver- 
gence or divergence of the walls of the tube or channel has a 
definite influence on the shape of the laminar flow. In the first 
place, the critical Reynolds^ number determining the transition 
between the laminar and turbulent states is influenced consider- 
ably by a small deviation from parallelism of the walls. Secondly, 
the velocity distribution across the section and consequently 
the pressure drop vary considerably even with extremely small 
amounts of convergence or divergence. 

A slight convergence has the tendency to stabilize the laminar 
mode of flow, i.e., other conditions (shape of entrance, initial 
turbulence of water) being equal, the critical Reynolds’ number 
increases considerably when the tube becomes slightly narrower 
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in the direction of the flow. For slight divergence the conditions 
are opposite. Other things being equal, the turbulent mode of 
flow appears at considerably smaller Reynolds^ numbers. Ho'w- 
ever, exact numerical data for these phenomena are not available 
yet. Blasius^ has calculated the change in the velocity distribu- 
tion in the case of laminar flow through channels and tubes of 
varying width on the assumption that the divergence, i.e., 
the angle between the wall and the axis, is small. Owing to the 
decrease in velocity, an increase in pressure appears which is 
superposed on the pressure drop due to friction. In case the 
resultant pressure drop in the direction of flow becomes negative, 
the possibility exists that the particles of the fluid in the neighbor- 
hood of the walls start moving backward. Denoting by y{x) 
the shape of the divergent wall in the two-dimensional case and 
by R the Reynolds’ number, the condition for beginning back- 
ward flow as found by Blasius is 


R 


dx 4 


A comparison, however, of this approximate result with the 
exact solution by Hamel, ^ leading to elliptic integrals, shows 

du 

that only until about i? • ^ = 3 are the results of Blasius in 

satisfactory agreement with the exact solution. For diverging 
channels with straight walls (two dimensional) Pohlhausen^ 
obtains the result that, even with vanishing divergence, a back- 
ward flow in the laminar boundary layer will occur as soon as the 
cross section has become about 22 per cent larger than the original 
section. However, the objection can be made that in the actual 
case laminar velocity distributions, with points of inflection as 
Pohlhausen finds them, can hardly occur. Among others, 
Rayleigh^ has shown that motions with such points of inflection 


1 Blasius, H., Laminar Flow in Channels of Varying Width (German), 
Z. Math. Physikj vol. 58, p. 225, 1910. 

2 Hamel, G., Spiral Motions of Viscous Fluids (German), Jahresber, 
deutsch. math. Ver., vol. 25, p. 34, 1916. 

^ Pohlhausen, K., Approximate Integrations of the Differential Equa- 
tion of the Laminar Boundary Layer (German), Z. angew. Math. Mech., vol. 
1, p. 252, 1921. 

^ Rayleigh, Lord, On the Stability or Unstability of Certain Fluid 
Motions, Proc. London Math. Soc.j vol. 19, p. 67, 1887, or Sci. Paptrts^ vol. 3, 
p. 17. 
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in the velocity distribution are very unstable. The great influ- 
ence of a very small convergence or divergence on the velocity 
distribution of the laminar flow is shown in Tig. 29. At a Rey- 
nolds' number R = 1,000, the velocity distribution II occurs 
when the convergence of the tube is as little as y === 1 mm change 


1 m 


uf 

dx 


in radius on a length of x 

It is seen that the velocity distribution in the convergent tube 
is somewhat flatter than the parabola in the middle of the tube, 



while the velocity gradient at the wall has become somewhat 
greater. On the other hand, in the case of a divergent flow, 
there is a decrease in the velocity gradient at the wall while the 
velocity in the middle of the tube becomes somewhat steeper. 
The following consideration will make this plausible. In the 
case of a convergent flow, the mean velocity increases in the 
direction of the flow which causes an additional pressure drop 
besides the pressure drop due to friction. Considering two 
cross sections, 1 and 2, with the pressures pi and po where 
Pi > P 2 , and denoting the velocity in some point of the first 
cross section by Ui and the velocity of that point of the second 




FLOW IN PIPES AND CHANNELS 


55 


cross section lying on the same streamline by U 2 , Bernoulli's 
equation, neglecting friction, gives 

Pi - P2 = - 

or 


In Fig. 30, Ui and 


4 


(pi — Pi) 
p/2 


p/2 

have been plotted as the sides 


of a right triangle. The hypotenuse of the triangle then repre- 
sents the new veloeity ws, and, since . • is constant across 



Fig. 30. — Graphical representation of the influence of convergence of the pipe 
on the velocity distribution diagram. 

the entire section, it is seen that the velocity-distribution curve 
has become flatter. For divergent flows an analogous reasoning 
can be applied whereby it is only necessary to interchange ui and 
U 2 in Fig. 30. 

Of the two possible modes of flow, the turbulent one is of 
greater practical importance, especially for divergent channels. 
For technical applications it is of great interest to know in which 
manner the energy loss due to a change from velocity head to 
pressure head depends on the angle of divergence of the tube, 
at which angle of divergence a back flow at the wall of the tube 
starts, in which location of a divergent flow the energy loss 
takes place, etc. However, these questions have not yet been 
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answered satisfactorily. Beginnings of an answer can be found 
in the work by Gibson, ^ Andres, ^ Hochschild,^ Kroner,^ Donch,^ 
and Nikuradse.® 

The experiments have been carried out partly with water and 
partly with air. In one of the investigations® an experimental 
proof of the mechanical similarity between air and water flow 
has been given. 



Fig. 31. — Turbulent velocity distribution in rectangular channel after 
F. Donch. I, diverging channel (6 deg,); II, constant section channel; III, con- 
verging channel (5.8 deg.). 

The cross sections of the tubes or channels used were mostly 
rectangular, the distance between the two small sides of the 
rectangle being kept constant. The influence of the conver- 

^ Gibson, A. H., Proc. Roy. Soc. {London) (A), vol. 83, 1910. 

“ Andres, Experiments on the Transformation of Velocity into Pressure 
with Water, Forschungsarbeiten V. D. vol. 76. a 

^ Hochschild, Experiments on the Flow in Divergent and Convergent 
Channels (German), Forschungsarbeiten V. D. vol. 114. 

^ Kroner, R., Experiments on Flow in Sharply Diverging Channels 
(German), Forschungsarbeiten V. D. vol. 222. 

“ Donch, F., Turbulent Flow in Slightly Divergent and Convergent 
Channels (German), F orschungsarbeiten V. D. vol. 282. 

® Kikuradse, J., Experiments on the Flow of Water in Convergent and 
Divergent Channels (German), Forschungsarbeiten V, D. /., vol. 289. 
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gence or divergence of the walls on the velocity distribution is 
principally the same as with the laminar flow; in this case also 
the distribution becomes flatter in the middle for converging 
walls and steeper in the middle for diverging ones. Figure 31 
shows three such distributions as measured by Donch. 

When the angle of divergence becomes greater, backward 
flow at the walls takes place and the stream breaks away. This, 
however, does not take place symmetrically but always on one 
side only. The stream follows one of the walls but can be made to 
follow the other wall by very slight changes in the configuration, 
A disagreeable phenomenon in this connection (first observed 
by Kroner and later more extensively by Nikuradse) is that the 
two-dimensionality of the flow is destroyed. Even when the 
ratio of the sides of the entrance rectangle is as small as 1 : 8, 
the flow ceases to be two-dimensional before it breaks aw^ay from 
the wall at a diverging angle of 8 to 10 deg. 



CHAPTER IV 


BOUNDARY LAYERS 

38. The Region in Which Viscosity Is Effective for Large 
Reynolds Numbers. — A consideration of the influence of inertia 
forces simultaneously with viscosity forces as in Oseen’s theory 
(see page 264, “Fundamentals”^) is possible only for very viscous 
fluids or for very small Reynolds’ numbers. In those cases, the 
“convection” terms of the acceleration become of importance 
only at very great distances from the body, where the velocity 
is hardly different from the velocity at infinity. Then Oseen’s 
hypothesis can be used as a good approximation. In the immedi- 
ate neighborhood of the body, however, where the velocity is very 
much different from the velocity at infinity, the flow is deter- 
mined practically entirely by the action of viscosity, and the error 
made in the calculation of the inertia forces there is of little 
importance. 

For large Reynolds’ numbers (i.e., large velocities or dimen- 
sions, small kinematic viscosity) the situation becomes entirely 
different. The inertia forces are then of much greater impor- 
tance than the viscosity forces, at least at a sufficient distance 
from the walls or other obstacles, i.e., with the exception of the 
layer of fluid near to the obstacle. However, if the influence of 
viscosity is completely neglected in the differential equation, 
erroneous results are obtained, as is discussed on page 104. This 
is due to the fact that the equations of Navier-Stokes in that 
case reduce to those of Euler where the boundary condition that 
the fluid does not slide along a solid wall cannot be satisfied (see 
page 260, “Fundamentals”^). 

An important improvement in the treatment of fluid motions 
at great Reynolds’ numbers, i.e., for fluids of small viscosity, 
has been made by Prandtl.^ His method will now be discussed. 

^See footnote, p. 3. 

2 See footnote, p. 3. 

^ Phandtl, L., On Fluid Motions with very Small Friction (German), 
Proc, 3d Intern. Math. Cong.., Heidelberg, 1904. 
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Experience has shown that the motion of a fluid of small 
viscosity (water or air) around a body has velocities of the 
same order of magnitude as the velocity at infinity in practically 
the whole region with the exception of a thin layer surrounding 
the body. In the case of a streamlined body, as shown, for 
instance, in Fig. 32, the experimental streamlines and velocities 
coincide practically with those calculated on the basis of potential 
flow. More accurate experimental investigations of the velocity 
field have shown that right at the body, however, the fluid does 
not move relative to it. The transition from zero velocity to 
the velocity which can be observed near the body takes place in a 
very thin layer. 

Therefore the field splits up into two regions: 

1. Surrounding the surface of the solid body there is a thin 
layer where the velocity gradient dw/dn generally becomes very 
large, so that even with very small values of the velocity w the 


Fig. 32. — Cross section of streamlined body (strut). 


shear stresses r = assume values which cannot be neglected. 

on 

2. The region outside of this layer, where the velocity gradient 
does not become so large, so that the influence of viscosity is 
negligible. Here the streamline picture is entirely determined 
by the action of pressure, i.e., it is the picture of a potential flow. 

In general, it can be stated that the layer in which the velocity 
is reduced to zero owing to the action of viscosity is thin for small 
viscosities or, to be more general, is thinner the greater the Rey- 
nolds’ number. Owing to this circumstance it is possible so to 
simplify the equations of Navier-Stokes for the thin boundary 
layer that an approximate solution becomes possible. The 
simplifications in this differential equation of the boundary layer 
are the more in agreement with experimental facts the thinner the 
layer is; or in other words, the solutions of the boundary-layer 
differential equation have an asymptotic character for Rej/ nolds 
numbers tending to infinity. 

39. The Order of Magnitude of the Various Terms m the 
Equation of Navier-Stokes for Large Reynolds’ Numbers.— 
Before proceeding to the simplifications in the equation of Navier- 
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Stokes (see page 258, “ Fundamentals'' 0 ‘the boundary layer, 
we shall first discuss the order of magnitude of the various quan- 
tities appearing in the equation. For this purpose we shall 
consider conveniently a two-dimensional flow along a very thin 
flat plate as shown in Fig. 33. It will be found useful to employ 
dimensionless variables. The velocities will be expressed in 
terms of the velocity at infinity as a unit; the lengths, in terms 




^ X 

Fig. 33. — Flow along a flat sharpened plate. 


of a characteristic length of the body, etc. The kinematic 
viscosity then is replaced by the reciprocal of Reynolds' number 

JL = i 

. VI R 

The a-component of the velocity u is supposed to be known 
outside the boundary layer and to be of the order 1. Assuming 
that the thickness 8 of the boundary layer is small of the first 
order, we deduce from the identity 



that the velocity • gradient perpendicular to the plate du/dy is 
of the order 1/ 8. This also can be seen by introducing the vari- 
able r] — y/8 in the boundary layer, where v is of the same order 
as X. By this artifice, the coordinates are measured, as it were, 
with two different measuring sticks. We then have 

du _ 1 du 
dy 8 Otj 

and 

d^u _ 1 d^u 

Since du/drj and d‘^u/dr]^ are of the order 1, it is seen that duldy 
is of the order 1/6 and d-u/dy^ is of the order 1/5^ 

^ See footnote, p. 3. 
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Since, furthermore, du/dx is of the order 1, the continuit 3 " 
equation 


du 

dx 




shows that dv/dy is also of the order 1. With the aid of the 
identity 



it is seen that v must be of the order 8 ; the same must be true of 
the quantities dv/dx and d-v/dx^, while d^v/dy^ is of the order 
8 / 8 ^ = 1 / 8 . 

Therefore the orders of magnitude of the various dimensionless 
terms in the two-dimensional equation of Navier-Stokes for the 
flow along a flat plate are as follows: 


and 


du du du 1 dp l / dhi d“u\ 

1 1 ■ 1 5 • 1 jr, 

dt ^dx '^dy p dy Rydz^ dy^/ 

5' 1-y 5'-l 8 ' ^ 


(la) 


( 16 ) 


In these equations 8' is the “dimensionless thickness of the 
boundary layer,” i.e.j the thickness of boundary layer 8 measured 
in terms of the characteristic length Tor 6' = 8/1. 

On the right side of Eq. (la) d“u/dxr is small with respect to 
d‘^u/dy‘^ so that it can be neglected. For the same reason dh'/dx'^ 
in Eq. (16) can be neglected with respect to d-v/dy-. 

Inside the boundary layer the effects of the friction forces are 
of the same order as those of the inertia forces. The convective 
terms giving the effect of inertia on the left side of Eq. (la) are 
of the order 1. Therefore it follows that 1/R is of the order 
Conversely, it follows that in a flow phenomenon where the 
viscosity is so small that in the fluid at large its action can be 
neglected with respect to that of inertia, a boundary la^^er is 
formed with a thickness 8' — 8/1 of the order 
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In order to get a quantitative picture of this,, the following 
problem is presented: What is approximately the thickness of 
the boundary layer in the flow of Fig. 33 at a distance I = 100 cm 
from the sharp edge of the plate when the velocity at infinity is 
100 cm/sec and the fluid is water of 20°C? {v is 0.01 cm^/sec). 
The Reynolds’ number then becomes R = ul/v = 10^, and 
therefore 5' is of the order 10~^. The thickness of the boundary 
layer d = d'l is of the order 10“^ X 10^ cm, i.e., of the order of 
1 mm. In a layer of about this thickness the transition between 
the outside velocity and the velocity zero at the body is taking 
place. 

40. The Differential Equation of the Boundary Layer. — Since 
in Eq. (16) the various terms are of the order 5', dpidy must be of 
the same order. It is seen, therefore, that the influence of the 
^/“dimension on the pressure inside the boundary layer can be 
neglected at least in the case of a thin boundary layer. In 
other words, in the layer the pressure is approximately equal to 
that in the outside flow so that in a sense the outside flow forces 
its pressure upon it. This result obtained from Eq. (16) exhausts 
the information that can be had from that equation and hence it 
will not be considered any further. 

Since inside the boundary layer p is a function of x only and 
independent of y, and since further d'^u/dx‘^ is negligible with 
respect to d^u/dy^, the equation of Navier-Stokes for the bound- 
ary layer becomes 


dt ^dx ^dy p dx R dy^ 
Besides this equation, there is the continuity equation 


dz; _ 


( 2 ) 


which can be satisfied by introducing the stream function ^ 


u = — , V = - — • 
dy dx 

Then Eq. (2) becomes 

^ ^ d^'^ _ 1 dp 1 d'^^ 

dtdy dy dxdy dx dy^ ~ ~p’da^ H 


(2a) 
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This differential equation of the boundary layer thus derived 
for the flow along a straight wall can also be written for curved 
boundaries; however, then it assumes a somewhat more com- 
plicated form.^ 

The boundary conditions to be imposed on Eq. (2a) are as 
follows: First, for ?/ = 0, i.e., at the boundary, we have 


Second, when y becomes of the order 5', the velocity in the 
boundary layer must asymptotically become equal to that of the 
outside flow or, since v in the boundary layer is neglected, u 
must become equal to u, where u denotes the velocity parallel to 
the wall at a distance equal to the thickness of the boundary 
layer. 

For instance, if the pressure distribution along the boundary 
of the body has been determined experimentally (see Art. 85), 
the velocity u can be calculated from Bernoulli’s equation 

p 

— = —const. -• 

2 p 

Therefore the total flow phenomenon of a fluid of small vis- 
cosity round the solid body is decomposed into a flow in a very 
thin layer where the internal friction has a definite influence 
and an outside flow where the viscosity has practically no effect. 
The pressure inside the boundary layer is determined by the flow 
outside it. 

These statements are true only in case the boundary layer 
is actually sufficiently thin to warrant the simplifications made. 
This, however, is not always the case. Considering, for instance, 
the potential flow round a circular cylinder, we know that this 
solution gives a maximum pressure at the front stagnation point 
and a decreasing pressure from there along the sides of the cylin- 
der extending to 90 deg. on either side of the stagnation point. 
The velocity along the wall rises to double the value of the 
velocity at infinity at the two points 90 deg. away from the stagna- 
tion point. From there on, a retardation of the fluid particles 
takes place until the rear stagnation point is reached. This is 

^ Hiemenz, K., The Boundary Layer of a Straight Circular Cylinder in a 
Homogeneous Fluid (German), Dissertation, Gottingen, 1911; Dinglers 
polytech, J. (German), vol. 326, p. 321, 1911. 
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accompanied by a corresponding increase in the pressure. Inside 
the boundary layer the individual fluid particles are always 
decelerated owing to the action of friction. This retardation 
does not influence the outside flow very much as long as the par- 
ticles are in the region of decreasing pressure. However, in the 
part of the boundary layer where the pressure is mcreasing, it 
may happen that the fluid particles, which have lost kinetic 
energy due to the action of friction, do not find it possible to over- 
come the pressure increase. In the case of a potential flow, the 
kinetic energy accumulated is just sufficient to reach the rear 
stagnation point. In the actual case, the particles in the bound- 
ary layer will come to rest in the region of increasing pressure and 



Fig. 34. — Flow in boundary layer with increasing pressure in the direction of 

flow. 

from then on they will experience an acceleration in the opposite 
direction owing to the pressure gradient. The point of the 
boundary layer where this reversal in the motion takes place can 
be calculated only by an integration of the equation of the 
boundary layer as was done by Blasius^ for the case of a circular 
cylinder. The criterion determining the point where this back 
flow starts is 


du _ 0^4^ 
dy *“ dy^ 


(for 2 / = 0), 


since at the wall apparently u = 0 (see Fig. 34). 

41. Definition of Thickness of the Boundary Layer. — The 
definition of the thickness of a boundary layer is arbitrary to a 
certain degree, since theoretically the transition of the velocity 
from zero to the potential velocity takes place asymptotically. 
In Fig. 35 the velocity distribution in the boundary layer is shown 
schematically for the case of two-dimensional flow past a plate, 
as discussed in Art. 39, the y-coordinate being exaggerated 1,000 

^Blasixjs, H., Boundary Layers in Fluids of Small Viscosity (German), 
Dissertation, Gottingen, 1907, or Z. Math. Physik, vol. 56, p. 1, 1908. 
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times with respect to the a:-coordinate. The thickness of the 
boundary layer may be defined arbitrarily as the distance from 
the plate where the velocity differs 
by 1 per cent from the velocity of 
the outer flow. 

Another definition of the thickness 
of the boundary layer is obtained by 
taking the intersection of the asymptote 
and a straight line through the origin 
of the velocity-distribution diagram 
(Fig. 35) such that the shaded areas 
are equal. This thickness is somewhat 
smaller than the one defined first. A 
third possibility is the point of intersec- 
tion of the asymptote with the tangent 
at the origin of the velocity-distribution 
diagram. This leads to a thickness which is only little smaller 
than that due to the previous definition. 

An entirely different manner of defining the thickness of the 
boundary layer is shown in Fig. 36 and expressed by the formula 



— Definition of thick- 
ness of boundary layer. 


ub*" = “ u)dy. 

This thickness b* therefore represents the amount by which the 
streamlines of the corresponding poten- 
tial flow are shifted away from the 
boundary. 

42. Estimate of the Order of Mag- 
nitude of the Thickness of the Boundary 
Layer for the Flow along a Flat Plate. — 

An estimate of the order of magnitude 
of the thickness of the boundary layer 
cf* as was deduced in Art. 39 from the 
-L- differential equation can be found for the 

Fig. 36.-Definitiof of plate also by means of a momentum 

thickness 5 * of boundary analysis. The dotted line in Fig. 3 / 
will be the boundary of the region to 
which we shall apply this analysis. It consists of a piece / 
starting at the front end of the plate, two straight pieces 
perpendicular to the points = 0 and .r = ?■, and finally a 
streamline which at the point x — I has the distance b 
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from the plate. The momentum theorem, as discussed in Art. 
100, “Fundamentals'"^ states that the flow of momentum through 
the bounding surface is equal to the sum of the pressure integral 
and the viscous force along the piece I of the plate. Since for 
the upper part of the bounding surface a streamline was chosen, 
no fluid passes through it. Consequently, the amount of momen- 
tum flowing through the two vertical parts of the boundary is the 
same. The mass of the fluid flowing through per second is 

where h is the width in the 0 -direc- 
tion. This amount entering the left vertical part of the bound- 



Fig. 37. — Application of momentum theorem for finding the order of magnitude 
of boundary layer thickness. 

ary with a velocity u loses some of its velocity while flowing 
to the right so that a decrease in momentum takes place. The 
amount of this decrease is not known since in order to calculate 
it we have to know the velocity distribution at the point x = I and 
consequently we have to know the thickness of the boundary 
layer, which is just what we want to find. However, it is pos- 
sible to state that the change in momentum is proportional to 
pdhu^. Since in a flow along a flat plate dp/dx = 0, the pressure 
integral taken on the entire boundary becomes zero. Therefore 
the decrease in momentum must be equal to the frictional force 
acting on the piece I of the plate. On page 4 it was shown that 
this force is proportional to plbu/b. We have thus found that 

p8hu^ — Cplb^ 

0 

or 



^See footnote, p. 3. 
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where (7 is a numerical factor which cannot be found from this 
momentum consideration. The expression here derived for the 
flat plate is also valid for curved boundary layers in the steady 
state-, which can be understood from the derivation given in 
Art. 39. For motions starting from rest (non-steady state), the 
relation valid for the first instant is 


The factor of proportionality C for the steady state can be cal- 
culated from the exact solution of Blasius.^ Taking as a defini- 
tion of the thickness of the boundary layer the intersection 
between the tangent at the origin and the asymptote, C was 
found to be 3.4, so that the thickness of the boundary layer along 
a flat plate becomes 

” = 111 

43. Skin Friction Due to a Laminar Boundary Layer. — By 
integrating the differential equation of the boundary layer, 
Blasius found for the shear stress ro = }i{du/dy)y^o the expression 

TO = 0.332^^. 

The frictional force along one side of a flat plate having the length 
I and the width h then becomes 

Df = bj^^rdx = 0.3326\/jup^J^ = 0.6646\/ fipuH 


or, introducing the drag coefficient c/, defined by 


where 

this can be written 


or 


Df Cf S 



S — hi = surface, 


Df 


1.328 pu'^ 
2 


1.328 

Vr 


a value which agrees very well with experiments on smooth 
surfaces. 

^ See footnote, p. 64. 
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Figure 38 shows the velocity distribution in the boundary 
layer along a fiat plate as calculated by Blasius. The points 

indicated by little crosses in this figure 
were found experimentally by Hansen^ 
by means of a very fine Pitot tube. It 
is seen that the agreement is very 
good. 

Based on some plausible assump- 
tions regarding the velocity distribution 
in the boundary layer, von Karman^ 
gave an approximate procedure for cal- 
culating the thickness 5 as a function 
of X and t for bodies of arbitrary shape 
Fig. 38.— Velocity distribu- by means of the momentum theorem. 

The procedure is valid only for very 
thin boundary layers. Having found 
the value of 8, the drag coefficient for any arbitrary body 
can also be calculated. In the analysis the pressure along 
the boundary of the body is supposed to be known. The 
calculations are started either by assuming the pressure 
distribution of the corresponding potential solution or by taking 
the pressures as found by experiment. The latter procedure 
gives a somewhat better agreement with the observed facts, as 
was shown by Hiemenz.^ This method of von Karmd.n was 
carried through to numerical results for a few examples by 
Pohlhausen.^ A very good agreement with the calculated values 
by Blasius was found. This is a distinct step forward since the 
results are found with very much simpler mathematical methods 
than the exact solution of Blasius, which involves complicated 
series developments. 

44. Back Flow in the Boundary Layer as the Cause of Forma- 
tion of Vortices. — The most important characteristic of the 
boundary layer is that under certain conditions a back flow takes 
place in it which leads to the creation of vortices and to a complete 
change in the flow pattern. This phenomenon will be illus- 
trated later by photographs. 

1 Hansen, M., The Velocity Distribution in the Boundary Layer of a Sub- 
merged Plate (German), Z. aJigeio, Math. Mech.^ voL 8, p. 185, 1928. 

“Von Karman, Th., On Laminar and Turbulent Friction (German), 
Z. angew. Math. Mech., vol. 1, p. 233, 1921. 

3 See p. 63. 

4 See p, 53. 
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An experiment on the two-dimensional flow through a diverg- 
ing channel (Fig. 39) shows that in the first instant after starting 
a pure potential flow takes place, having a decreasing velocity 
in the direction of the flow owing to the increase in cross section. 
This decreasing velocity is accompanied by an increase in pres- 
sure, as follows from Bernoulli’s equation, which means that some 
kinetic energy is transformed into pressure energy. A very 
short time after starting, however, the particles of the fluid in the 
thin boundary layer lose all their kinetic energy since they are 
slowed down, not only by the pressure gradient, but also by the 
friction forces. The particles 
thus coming to rest still experience 
the effect of the pressure gradi- . 
ent of the existing potential flow 
so that they now start to move 
backward. The flow in the — — i 
boundary layer corresponding 
to this is shown in Fig. 39, in 
which for the sake of clearness 
the vertical y-ordinate has been 
very much exaggerated. The -n^ on -d ^ i 

Fig. 39. — Boundary layers m a 
photographs of Figs. 24 to 33, diffuser flow. The ^/-component per- 

Plates 12 to 14, show a corre- 
spending phenomenon for the flow 
past the tail end of a blunt body, 
from left to right. Figure 24 shows the potential flow pattern, but 
in Fig. 25 it is seen that some fluid particles at the wall have come 
to rest. This fact is demonstrated by the particles appearing as 
sharp white points. The velocity diagram is approximately that 
of Fig. 39c. The next picture, Fig. 26 on plate 12 (being the 
third in a succession of exposures of a movie film), shows how these 
particles have taken a backward velocity from right to left and 
how at a certain distance from the body there is a line of fluid 
particles at rest relative to the body. Outside this line the 
original flow from left to right persists. This condition is illus- 
trated approximately by the velocity distribution of Fig. 39d. 
In the following pictures of Plates 13 and 14, it is then seen how 
this dividing line of the forward and backward flows is unstable 
and breaks up into separate vortices. This finally causes a 
complete change in the flow” pattern and consequently in the 
pressure distribution at the body. 


exaggerated. 

In these pictures the flow is 
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45. Turbulent Boundary Layers. — It will be shown later that 
at a very high Reynolds’ number the laminar boundary layer at 
the front part of the flow around a sphere becomes turbulent. 

In the flow through a circular 




J 


tube the jump from laminar to 
turbulent flow can also be con- 
sidered as the transition of a 
laminar boundary layer into a 
turbulent one ; in this case, the 
flow at the center of the tube 
-Laminar velodty distribution folloWS the change also. On 

page 35 it was seen that the 
transition from laminar to turbulent flow in a tube always 
takes place with velocity distributions of the shape of 
Fig. 40. Here we have a laminar boundary layer at the wall of a 
cylinder which becomes turbulent when the critical Reynolds^ 
number is reached. Experiments have shown that this turbulent 
boundary layer differs from the laminar one mainly in having a 
very much higher velocity gradient at the wall (Fig. 41). 


Fig. 40. 

near entrance {x/rR — 0.02). 



Fig. 41. — Turbulent velocity distribution. 


46. The Seventh-root Law of the Turbulent Velocity Dis- 
tribution. — PrandtF has succeeded in finding an expression for 
the turbulent velocity distribution using only the resistance law 
for turbulent flow through smooth tubes as found by experiment. 
The assumptions on which his result is based are: (1) that the 
velocity distribution in the immediate neighborhood of the wall 
cannot depend on the radius of the tube but is determined com- 
pletely by the quantities n and p, as well as by the shear stress 
tq at the wall; (2) that the velocity distribution curves remain 
similar with increasing velocity, i.e.j when the maximum velocity 

^ Prandtl, L., Investigations on Turbulent Flow (German), Z. angew. 
Math. Mech., vol. 5, p. 136, 1925. See also von Kdrm^n, footnote, p. 68. 
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in the center of the tube is doubled, 
doubled also, so that 



all other velocities are 


( 3 ) 


where y is the distance from the wall of the tube and r is its 
radius. 

For a piece I of the tube, the relation between the pressure drop 
Pi — P 2 and the shear stress tq at the wall is 


so that 


(pi P2)xr2 = 27rrZTo 


21 

Pi - P2 = y • ro. 

On the other hand, Blasius^ law for the pressure drop in smooth 
tubes (see page 42) is 


0.133 I p.^ 

Pi — P2 = —77=' ‘ - * • 

r 2 

Therefore the shear stress at the wall becomes 


To 


0.033 

^R 




( 4 ) 


Now we specialize the general relation expressed by Eq. (3) in so 
far as we assume u to vary proportional to an unknown power 
q of the distance from the wall : 



Writing = const. X u and eliminating u from Eq. (4), we 
get 

To = const, pvyr~~yuy 



or 


To 


const, pv^u^ 


* 0. ~ > 


'4 


( 6 ) 


The first assumption discussed above, stating that the shear 
stress at the wall is independent of the radius of the tube, requires 
that the exponent of r be zero, so that the following relation for 
q is obtained: 
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leading to 

1 

« = 7 

Therefore, based only on Blasius^ experimental law of pressure 
drop and on the two assumptions discussed above, it is found 
that in a turbulent flow through smooth tubes the velocity 
increases as the seventh root of the distance from the wall : 

'll W'max 



In Tig. 42 the seventh power of the velocity as obtained experi- 

p-- — mentally is plotted against 

^ distance from the wall. 

The fact that this curve 
comes out to be nearly a 
perfect straight line shows that 
the validity of the seventh- 
> 1 ‘oot law is not restricted to 

^ the immediate vicinity of the 

B'ig. 42.— The seventh power of the i-r i n + extends nenrlv 
velocity in a turbulent flow. exienus nearly 

to the center line of the tube. 
This could not have been anticipated. 

In Art. 30 it was seen that Blasius^ J-^th-power law breaks 
down for Reynolds’ numbers above about 50,000, so that there 
the derivation of the seventh-root law has to be correspondingly 
changed. For instance, it has been found that for Reynolds’ 
numbers of about 200,000, the velocity distribution near the wall 
is represented more nearly by an eighth-root law. For a Rey- 
nolds’ number ten times as high again, we reach the tenth-root 
law. PrandtT has shown that the above derivation can be 
generalized so as to find a velocity-distribution law for any experi- 
mental pressure-drop law that may come up. 

Quite recently von Kd,rm^n2 has shown that for theoretical reasons at 

very large Reynolds' numbers the expression can depend only on 

Vr(/p 

ylf with the exception of a narrow region near the walls wliore the viscosity 
has a decided influence. The quantity \/ro/p appearing in the doiioininator 
is a velocity of the same order of magnitude as the turl)iilent vcdocities u' 


^ See footnote, p. 70. 

2 Vox KXrman, Th., Mechanical Similarity and Turbulence (German), 
Nachr. Ges. Gottingen, p. 58, 1930. 
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and y' discussed in Art. 33. Karman’s fundamental assumption is that the 
mechanism of turbulence at all locations in the fluid is of the same nature 
and differs only in the units of length and time employed. From this 
assumption he finds for the shear stress at any point outside the region near 
the wall, 

/ d ^ 

r = k^fS^L. 

/(Puy 

Vd2/V 

In this formula k is an empirical constant of a universal character. Since 
r = ro^l — the formula for r leads to a differential equation for du/dy 

which can be easily integrated twice and then gives an expression for 
Von Kd,rm^n finds 


4 


log 




^ll 


For small values of ylr this becomes 

The agreement of this formula with the velocity distributions found at very 
great Reynolds’ numbers is fairly good. The constant h turns out to be 
approximately 0.36. 

The botindary between this region and the region near the wall in which 
the viscosity becomes important is determined by a definite value Ri of the 
Reynolds^ number iji's/tq/pIv. The corresponding distance from the w^all 
therefore becomes 


yi = 


4 


Denoting by Ui the velocity corresponding to yij the above formula allows 
a calculation of Umax — Ui. ' Since the mechanism of the flow in the region 
of viscosity is also the same all over, Ui must be a multiple of VVo/p,* 


Finally, therefore, 


= ^/■ 


Ui 






log 


9 


R I V 


The relation between the shear stress to and the pressure-drop coefficient, 
X, expressed in terms of the maximum velocity, is 

4ro 


X = 


pU max 
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Using also a Reynolds’ number in terms of Wmas, 

V 

‘±nj- 

(log R\/\ — log Ri + kii3 — 1)}2 

x = 

{logBVx +CV 

This formula gives a means for the calculation of X for a given value of R 
by means of successive approximations, which converge very well. The 
mean velocity can also be calculated so that a comparison with the tests is 
possible. The agreement with the recent measurements of Nikuradse,^ 
Schiller® and Hermann, ^ has been found to be very good in the region of 
large Reynolds’ numbers. The value found for k was 0.44, and C = 2.83. 
Expressing the formula by means of u instead of Wmax (with Rm — Hr jv)^ the 
equation still holds as an approximation formula : 

X ^ 

|i“Iog(2e„Vx:) +BP 

According to Nikuradse the values of the constants in this formula are 
A - 0.133 and B = 0.18. 


we get 

or shorter 


47. Shear Stress at the Wall in the Case of a Turbulent 
Boundary Layer and the Thickness of This Layer. — The constant 
in Eq. (5) can be calculated numerically when it is taken into 
account that the maximum velocity in the center of the tube is 
between 1.22 and 1.25 times as great as the mean velocity u. 
This is an experimental fact. Taking the average, i.e,, 

^xaax == 1.235W, 


the expression for the shear stress at the wall, using Eq. (4), 
becomes 


ro 


0.033 

1 . 235 ^^^ 




^ Nikuradse, J., Turbulent Flow of Water through Straight Tubes at 
very Large Reynolds’ Numbers (German), Vortrdge Aachen^ 1929, p. 63, 
Berlin, 1930. 

® Schiller, L., Pressure Drop in Tubes at High Reynolds’ Numbers (Ger- 
man), Vortrdge Aachen, p, 69, Berlin, 1929. 

® Hermann, R., “Experimental Investigation on the Resistance Law in 
Circular Tubes at Great Reynolds' Numbers” (German), Leipzig, 1930; Her- 
mann AND Burbach, “Flow Resistance and Heat Transmission in Tubes” 
(German), Leipzig, 1930. 
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or introducing the seventh-root law, namely, u = this 

is 

To = (6) 

With the introduction of the dimensionless number uy/ Vj the 

formula becomes 

TO = 0.022Spu^(jl\"^ (6a) 

\t^y/ 

As is evident from its derivation, this result is only true where the 
law of Blasius holds. 

This formula, which is independent of the radius of the tube, 
can be applied also to other cases of turbulent flow along smooth 
walls, for instance, along a flat plate where there is a relatively 
thin turbulent boundary layer. In this case, the pressure along 
the plate can be considered constant as a first approximation 
(the same is true with the corresponding laminar flow). The 
influence of the viscous resistance is felt in an increase of the 
thickness of the boundary layer along the plate. 

Prandtl^ and von K^rmdn,^ who invented this method of 
calculation independently of each other, assume a velocity 
distribution in the boundary layer expressed by 



where u is the undisturbed velocity and 8 is the thickness of the 
boundary layer. This assumption was made as an analogy to the 
flow through tubes. The shear stress at the wail can then be 
calculated : 

TO = 0.022Spu-^(^^^^'- (66) 

The total frictional resistance of one side of the plate of a length 
I and a width b then becomes 

Df — bj^^rodx. 

This drag must be equal to the loss in momentum of the flow. 
In front of the plate each fluid particle has the velocity i2; 

1 Prandtl, L., On the Frictional Resistance of Air (German), Gottinger 
Ergehnisse, vol. 3, p. 1-, 1927. 

2 Von K arm an, see footnote, p. 68. 
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at the end of it this velocity has diminished to u. The corre- 
sponding mass flowing by per second is pubdy, so that the loss in 

momentum becomes bp Ju(u — u)dy. Substituting the above 

velocity distribution and performing the integration, this 
becomes 

7 

j^pu^bd. 


Equating this expression to the drag where tq assumes the 
value of Eq. (66), we get a relation from which 8 can be imme- 
diately deduced. For convenience, we first calculate 


which leads to 


or 


^ 1 dPf 
b dx 



By integration, we obtain 



( 7 ) 


Comparing this result with the corresponding expression for the 
laminar boundary layer on page 67, it is seen that the turbulent 
boundary layer increases with while the laminar layer 
increases with x^''\ Therefore the turbulent boundary layer 
increases faster than the laminar one. 

48. Friction Drag Due to a Turbulent Boundary Layer. — 
Continuing the calculations for turbulent flow, the relation 
between the shear stress and the length x along the plate becomes 

TO = 0 . 0288 pM 2 f' 

VV -^x 

Consequently the drag for one side of a flat plate of length I 
and width b is 
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D, - - o.o2S8ps=(|)"i,j;‘|-_ 

or 

D, - 0.036p«>lt(^iy‘ . 5^6 . p«, 

where jK = w/I/ v. Introducing the familiar symbol X for the 
drag coefficient, w^e obtain finally 


Df = \S • 

with S = hi. 

Figure 78 shows the curve 


0.072 

</R 



2 


. _ 0.072 

w 

It has to be noted that the boundary layer at the front end of a 
well-sharpened plate is laminar at first and becomes turbulent 
at a certain critical Reynolds^ number. According to the 
measurements of Van der Hegge-Zijnen, this happens at 
Rcr = {u ' d/ v)cr == 3,000. 

The deviations from Blasius' law mentioned in Arts. 30 and 46 
are noticed in this case also for large Reynolds’ numbers, from 
ul/v = 5,000,000 on. The derivations of Arts. 47 and 48 
have been extended to this more complicated case by Schiller and 
Hermann.^ Further, von Karman^ has extended his resistance 
theory of Art. 46 to the case of the flat plate. Both procedures 
lead to good agreement with the experiments. 

The friction resistance of a rotating disk can be calculated 
in the same manner as the resistance of the flow along a plate at 
rest, as was shown by von Karman in the paper cited on page 68. 
Let M be the moment or torque acting on the central circular 
part of an infinitely large rotating disk whetted on one side only. 
Further let r be the radius of this central part and U its circum- 
ferential speed; then we have Tor laminar boundary layers: 

M = 1.84r=^7/"-V 

2 Vr 

^ Schiller, L, and Hermann, Resistance of Plates and Tubes with Large 
Reynolds’ Numbers (German), Ing. Arch., vol. 1, p. 391, 1930. 

“Von Karman, Th., Mechanical Similarity and Turbulence (German), 
Proc. 3rfZ Intern. Cong., Stockholm, 1930, vol. 1, p. 85. 
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and for turbulent boundary layers 


where 


M 


0.146r3|f/2 



R = 


El. 


49. Laminar Boundary Layer inside a Turbulent One. — 

Where in the previous discussions the terms 'Velocity’’ or 
'Velocity distribution were used in connection with turbulent 
flow, the mean value with respect to time was understood (see 
page 46). The actual velocity is found by superposing on this 
mean value the fluctuating flow which is characteristic of tur- 
bulence, amounting to approximately ±5 per cent of the mean 
velocity. The magnitude of these fluctuations must decrease 
rapidly when approaching the walls. This is particularly true 
for the component v perpendicular to the wall; the variations 
in the velocity u along the wall decrease much less rapidly; but 
in any case right at the wall the relation 



is true for the mean values both of r and of u. Assuming that 
the seventh-root law of the turbulent boundary layer is valid up 
to the wall itself, it follows that the shear stress becomes infinitely 
large since du/dy increases beyond all limits for y = 0. On 
account of this paradoxical conclusion the assumption is seen 
to be false. In fact the seventh-root law of the turbulent flow 
is valid up to' a very small distance from the wall but ceases to 
be true exactly at it since there the transportation of momentum 
due to the turbulent fluctuations becomes zero. Therefore 
between the turbulent boundary layer with its seventh-root law 
and the wall there must be a very thin laminar boundary layer. 
Inside this latter layer the mean velocity gradient is found from 
the above equation for tq, where tq is determined by Eq. (6). 
The part of the velocity-distribution diagram of Fig. 28 near to 
the wall has been plotted to a larger scale in Fig. 43 (up to yjr = 
0.1, where y/r is measured from the wall, whereas it was measured 
from the center line in Fig. 28). It is seen that the seventh-root 
law approaches the wall with a tangent of zero angle. For large 
Reynolds’ numbers the assumption is justified that the laminar 
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boundary layer directly at the wall is very thin so that its velocity 
gradient can be approximately assumed to be a linear function 
of the distance 


u 

To = jU-* 

y 


With Eq. (4), this becomes 


0.033 


0 . 03322 -^ 4 — 

V 


r 

• u u- 

V 


( 8 ) 


a 



Fig. 43. — Laminar boundary layer at the wall for turbulent flow through pipe. 


or introducing the seventh-root law and the relation = 


1.235t3 

u = = 1.235.70y^ 

y ^ 68.4 
r RV^ * 


( 9 ) 


An approximate representation of the laminar boundary layer 
inside the turbulent one is found in Fig. 43, which corresponds to a 
Reynolds’ number R = u • I'f v = 40,000. At a distance from the 
wall ylr — 68.4/40,000^^ = 0.0065, the seventh-root law is 
joined to the origin by a straight line. In the actual case, there 
is naturally no break in the velocity distribution curve, but a 
gradual transition. This is due to the fact that the turbulent 
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fluctuations do not die out completely at a finite distance from 
the wall but rather diminish asymptotically toward it. 

It is of interest to know the value of the velocity u in terms of 
the mean velocity -w at a distance from the wall equal to the thick- 
ness of the laminar boundary layer. Using the relations 


we find 


or with Eq. (7) 


u , 0.033 

To = jtx- and To = ■ — ^ ;= ■ • pu^, 


- = 0.033E^^j 
u r 


“ = 0.033E« 
u 


68.4 _ 2.26 

RH RH ‘ 


( 10 ) 


In this connection, we refer to the early measurements oi Stan- 
ton,^ who from his experiments concluded the existence of a 
laminar boundary layer inside the turbulent one. 

Although the thickness of these laminar boundary layers 
generally is extremely small, they can become of importance in 
the problem of heat convection due to flow past the body. This 
will not be discussed here in detail, but the reader is referred to 
some papers by PrandtP and to the experimental results of 
Schiller.^ 

50. Means of Avoiding the Creation of Free Vortex Sheets 
and Their Consequences, — It was seen in Art. 40 that back flow 
will take place in the boundary layer when there is a decrease 
in the velocity due to an increase in the pressure, as for instance 
in a diverging channel. The result of this back flow, as shown 
in Figs. 24 to 31, Plates 12 and 13, is that a free vortex sheet-gets 
into the fluid. This sheet has been called ‘Tree'’ in order to 
distinguish it from the boundary layer, which is a vortex sheet 
clinging to the body. The ultimate fate of such a free vortex 
sheet is to break up into individual vortices. 

This formation of vorticity is undesirable, not only because 
it dissipates energy, but also because it changes the configuration 
of the flow so drastically that, in the divergent channel for 


^ See footnote, p. 46. 

- Prandte, L., a Relation between Heat Convection and Flow Resistance 
in Fluids (German), Physik. Z., vol. 11, p. 1072, 1910. Also a Note on 
Heat Convection in a Tube (German), Physik. Z., vol. 29, p. 487, 1928. 

^ Schiller, L., Investigations on the Prol)lem of Heat Convection (Ger- 
man), Z. ang&w. Math. Mech.^ vol. 8, p. 458, 1928. 
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instance, the desired pressure increase is practically prevented. 
The phenomenon can be avoided by making the angle of diver- 
gence of the channel (and consequently the pressure gradient) 
sufficiently small. In that case, the fluid outside of the boundary 
layer has sufficient power to pull the particles in the boundary 
layer with it against the small increase in pressure, so that back 
flow is avoided. This influence of the outer flow on the boundary 
layer is due to viscosity action in the case of laminar flo-w, while 
in the case of turbulent flow the transportation of momentum is 
the main agent pulling through the slow particles. The same 
principles apply to the flow around so-called streamlined bodies, 
such as, for instance, airships or airplane wings. Here, the 
pressure gradient at the tail is made sufficiently small by letting 
the body thin itself out very gradually. In this way a back 
flow in the boundary layer and the consequent formation of 
eddies can be avoided. The “pulling^’ action of the outer 
flow on the particles in the boundary layer again is much 
greater for turbulent boundary layers than for laminar ones on 
account of the interchanging of momentum of the individual 
particles of fluid inside the turbulent layer with those outside. 

51. Influencing the Flow by Sucking away the Boundary 
Layer. — A method for preventing back flow and eddy formation 
at blunt bodies like spheres or cylinders, or in diverging tubes, 
was suggested by PrandtT in 1904. It consists of sucking away 
into the interior of the cylinder those particles of the boundary 
layer that are just on the point of standing still before flowing 
back, thus preventing them from starting an eddy. The photo- 
graphs of the flow round a circular cylinder with sucking on one 
side, published by Prandtl in 1904, show clearly how effectively 
the eddy formation is prevented. The power consumed by the 
process is relatively small, since very small volumes are involved, 
which was experimentally proved by J. Ackeret- for a diverging 
pipe and by O. Schrenk^ for a sphere and several airfoils. Fig- 

^ See footnote, page 58. 

2 Ackeret, J., Sucking of the Boundary Layer (German), Z. des V. D. 

voL 35, p. 1153, 1926. 

2 ScHRENK, O., Experiments on a Sphere with Sucking Away of the 
Boundary Layer (German), Z. Flugtech. Motorluftschiffahrtj vol. 17, p. 366, 
1926; Airfoils with Sucking of the Boundary Layer (German), Litflfakrtfor- 
iichung, vol. 2, p. 49, 1928; Experiments on a Wing with Sucking of the 
Boundary Layer (German), Z. Flugtech. Motorluftschiffahrt, vol. 22, p. 259, 
1931. 
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ures 36 to 38, Plate 15, show how drastically the flow pattern 
can be influenced by this method. Figure 36 shows the flow 
from left to right through a very sharply diverging channel with- 
out any sucking. It is seen, as was to be expected, that the 
fluid does not follow the walls of the tube at all, but breaks away 
from them at an early stage. Figure 37, Plate 15, shows the 
flow which takes place when a small volume of the fluid is sucked 
away at the upper side, while the same phenomenon with sucking 
on both sides is shown in Fig. 38. .The flow in this picture is 
from left to right and is very nearly a potential flow where the 
kinetic energy is transformed into pressure energy according to 
the equation of Bernoulli. 



Fig. 44. — Flow round two rotating cylinders. 


52. Rotating Cylinder and Magnus Effect, — Another method 
to prevent eddy formation, also initiated by Prandtl, consists of 
making the surface of the body move in the direction of the flow. 
This prevents a slowing down of the fluid particles at the surface 
and consequently prevents eddy formation. The method offers 
greater practical difficulties than the one previously discussed in 
Art. 51. For the simple case of two touching cylinders rotating 
in opposite directions the experimental difficulties are not great, 
the streamline picture being as shown in Fig. 44. 

Not only was this case investigated by Prandtl (1906) but also 
that of a single rotating cylinder, which is of practical importance 
in connection with the '^Flettner rotor. The formation of 
eddies is avoided only on the side where the peripheral speed is 
in the same direction as the velocity of the outside flow, while 
on the side where these two velocities are opposite, the eddies 
develop so much easier. The important feature of this flow is 
the fact that owing to the one-sided eddy formation the entire 
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streamline picture becomes unsymmetrical. Figure 8, Plate 5, 
shows some moving pictures of the flow round a rotating cylinder 
starting from rest. The flow takes place from left to right and 
the rotation is clockwise; the ratio of the peripheral velocity 
u to the outside velocity v is kept constant equal to u/v = 4. 
Pictures 3 and 4 show particularly clearly how an accumulation 
of boundary-layer material is formed at the bottom side where the 
directions of the two velocities are in opposition. Owing to the 
small size of the pictures, the back flow’- inside the boundary layer 
is not visible. In picture 5 and the following ones, it is seen 
how this accumulation of boundary-layer fluid develops into 
a so-called '^starting vortex.’^ In accordance with the vortex 



Fig. 45. — Flow round rotating cylinder; u/v =4. 


theorems of Helmholtz this vortex remains bound to the same 
fluid particles, so that in the end it is washed away with the 
fluid. The phenomenon is analogous to the starting of an airfoil, 
as described in Art. 99. Just as in that case the streamline 
picture, w’hich remains after the starting vortex has been -washed 
away, can be considered as the superposition of a potential 
flowr round the cylinder and a circulation. The amount of circu- 
lation superposed has been taken such that in Fig. 45 the two 
stagnation points just coincide. A comparison of the constructed 
Fig. 45 with the photographic ones of Fig. 8, Plate 5, show's a 
very close agreement. Figure 46 gives the theoretical picture for 
the value u/v = 2; the corresponding photographs are showm in 
Fig. 13, Plate 8. For values u/v greater than 4, there will be a 
ring of fluid around the cylinder rotating about it permanently. 
Figure 9, Plate 6, shows the conditions for u/v = 6. 
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Just as in the case of the airfoil, there will be a lift on the 
rotating cylinder as soon as the starting vortex has been washed 
away. An inspection of the streamlines shows that they are 
crowded together considerably on top of the cylinder while on 
the bottom side they are spaced farther apart than normal. 
Consequently the velocity above the cylinder is larger than 
below, and an application of Bernoulli’s equation (permissible 
outside the boundary layer) leads to an excess pressure below the 
cylinder and a lower pressure above it. In other words, there 
is a force perpendicular to the direction of the flow — a lift. 



Since this lift is proportional to the circulation, it depends very 
much on the value of u/v. For u/v = 4 (Fig. 45) the two stagna- 
tion points just coincide, and the theoretical calculation gives 
for the lift 


L = 


so that 

Cl = 47r (see Art. 89), 

where d is the diameter and I the length of the cylinder. Meas- 
urements in the wind tunnel show a lift considerably smaller 
than this. The explanation for this discrepancy lies in the fact 
that the flow is not sufficiently two dimensional, as it was 
assumed in the calculation. Following a suggestion of Prandtl, 
this was corrected by providing the ends of the cylinder with 
disks of great diameter rotating with it. Figure 47 shows the 
so-called "'polar diagram” (see Art. 90) of the cylinder with and 
without disks. It is seen that a rotating cylinder is capable 
of giving a much greater lift than an airfoil of the same projected 
area. However, this extra lift is dearly paid for with a drag 
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several times greater than that of a good airfoil. Figure 48 
shows the relation between the lift coefficient and the ratio of the 
peripheral and outside velocities for cylinders with and without 
disks. 




V 


Fig. 48. 


Fig. 47. — Lift coefficient vs. drag coefficient for rotating cylinder for various val- 
ues oiu/v; {a) with disks at the ends of twice cylinder diameter; ib) without disks. 
Fig. 48. — Lift coeflScient vs, u/v; same a and b as in Fig. 47. 


In the next chapters on airfoils, yet another possibility of 
avoiding eddy formation will be discussed by which new energy 
is fed to the particles of the boundary layer which have been 
slowed down too much. In principle this is done by blowing air 
jets of great kinetic energy into the boundary layer through 
suitable nozzles. However the energy required for doing this is 
greater than that required for getting the same result by sucking 
some of the boundary-layer material into the inside of the wing. 
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DRAG OF BODIES MOVING THROUGH FLUIDS 

63. Fundai^ental Notions- — When a body is moved with a 
uniform velocity along a straight line through a fluid at rest, it 
experiences a force in a direction opposite to that of the motion. 
This force is called the '^drag'^ or ^Vesistance.'' 

Now the system of the fluid and of the body is given a uniform 
velocity opposite to that of the body. This brings the body to 
rest, while at infinity the fluid assumes a velocity equal and oppo- 
site to that velocity which the body had before. Since the 
superposition of such a uniform rectilinear motion on the system 
cannot have any dynamic consequences, the drag of a body is the 
same whether the fluid is at rest and the body is moving uniformly 
through it or wh, ether the body is at rest and the fluid flows 
against it. 

This presupposes that the individual particles of the fluid (at 
a sufficient distance in front of the body at rest) move completely 
uniformly and parallel to each other. This is not the case with 
natural fluid motions, as, for instance wind or water flowing 
through rivers. In Arts. 141 and 142 it will be seen to what 
extent this uniformity has been accomplished in artificial air 
motions in wind tunnels. 

54. Newton’s Resistance Law. — Historically the first resist- 
ance law was proposed by Newton, the founder of mechanics. 
With a small modification this law still holds today for motions 
where the drag is due to inertia, ’which often is the case for fluids 
of very small viscosity, like water or air. Newton's law is 

D = fApw^\ 

where D is the drag, w the velocity, p the density of the fluid, and 
A the projected area of the body in the direction of the flow. 
The factor of proportionality / is as yet undetermined. 

This law was derived by Newton from the momentum theorem : 
the force exerted by the fluid on the body is equal to the rate of 
change of momentum in the fluid due to the presence of the body. 

86 
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Newton assumed instead of air or water a hypothetical medium 
of the following properties: the space round the body is filled 
with a large number of particles having mass but no length 
dimension. These particles which are at rest are not connected 
to each other, nor do they exert any influence whatever on each 
other. The body moving through this medium experiences 
impacts from all the particles in its path and consequently imparts 
momentum to them. The total mass of all the particles coming 
to impact with the body per second is pAw. This mass is given a 
velocity w' which is proportional to the velocity w of the body. 
The amount of momentum created per second, which has to be 
equal to the resistance or drag of the body, thus becomes 

D = pAww' = fApw^: 

The resultant momentum depends on the assumption of whether 
the impact is elastic or non-elastic. Experiments indicated a 
more or less non-elastic impact. In the case of flow against a 
plane inclined under the angle a with respect to the direction of 
flow, Newton assumed this plane to be completely smooth. Thus 
only the component of the velocity perpendicular to the plane 
was annihilated. The mass per second affected is pAiv sin a and 
the loss in velocity w sin a so that the force perpendicular to the 
plane becomes pAw^ sin^ a. — -v 

65. Modem Ideas on the Nature of Drag. — Newton's assump- 
tion led to a very simple formula for the proportionality factors/; 
however, it was found later that these factors did not coincide 
with the experimental ones. Newton’s calculation for a square 
plane perpendicular to the direction of motion gives a factor 1, 
while the experiment leads to 0.55. The agreement is still 
worse for skew planes or for rounded bodies like spheres; while 
for streamlined bodies like those of airships, the drag is very 
much smaller than according to the Newtonian theory. The 
cause for this discrepancy is connected with the fact that New- 
ton’s assumption only takes into account the conditions at the 
front of the body, while those at the sides and at the tail end are 
left out of consideration. But just this tail end is of fundamental 
importance for the value of the drag. 

The modern conception of the nature of drag is based more on 
the fact that the free paths of the individual particles or molecules 
are much too small than that the assumption of Newton could 
agree with experience. It has to be assumed therefore that 
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the motion of a fluid particle is so influenced by its neighbors 
that neighboring particles stay together and occupy approxi- 
mately the same amount of space during any short interval of 
time. The paths of the various* particles therefore influence each 
other. This makes it clear that a calculation of the total drag 
by a simple summation of the actions on the various elements 
of the surface of the body, as in Newton’s theory, is not 
admissible. The entire shape of the body is of importance 
for the force on any element of its surface on account of the 
mutual influence of the various fluid particles. 

56. The Deformation Resistance for Very Small Reynolds’ 
Numbers. — In the following discussion we assume that the body 
is moving in a straight line with a uniform velocity and is com- 
pletely immersed in a homogeneous and incompressible fluid. 
Free surfaces do not occur and therefore the action of gravity is 
neutralized by static buoyancy. This leaves only viscous forces 
and inertia forces to act on the body.^ In Art. 4 it was seen 
that the ratio of inertia forces and viscosity forces is given by 
the Reynolds' number, i,e., by an expression of the form wl/v^ 
where w is the velocity of the body, I some characteristic length 
of it, and v the kinematic viscosity of the fluid. It is seen that 
for very large ^ (sirup) or also for very small velocities or body 
dimensions (falling drops of a fog) the Reynolds’ number can 
become very small. In such cases the influence of the viscosity 
forces on the geometry of the motion and consequently on the 
drag becomes of much greater importance than the influence of 
inertia. The body pushes itself through the fluid which is 
deformed by it. The resistance caused by this is due primarily 
to the forces necessary for the deformation of the various fluid 
particles. A system of stresses in the fluid is built up which 
transmits the force of the body to the fluid particles far away from 
it. In the case where there are solid walls in the neighborhood, 
these stresses are transferred to them. In an infinite extent of 
fluid, however, the force causes an acceleration of the total ocean 
of fluid. For very small Reynolds’ numbers this deforming 
action takes place up to large distances from the body; iov large 
Reynolds’ numbers, however, it is restricted to the boundary 
layer. In the latter case the direct action of these viscous stresses 
is called the '^skin friction” or ‘Triction drag.” In the “creep- 

^ The case where, due to free surfaces in the fluid, the gravity force is 
causing wave formation will be discussed in Art. 65. 
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ing"' motion discussed here, this skin friction at the surface of the 
body and the pressure drag (both of which presuppose an inertia 
action) can be neglected with respect to the deformation 
resistance. 

57. The Influence of a Very Small Viscosity on the Drag. — 

In most practical cases, however, the fluid is less viscous or the 
dimensions and velocities of the body are much larger. In 
such cases the inertia forces are very much larger than the 
viscosity forces. For instance, for a sphere of 2-in. radius moving 
with a velocity of 3 ft/sec in water, the ratio of the inertia forces 
to the viscosity forces is of the order of 50,000:1, since the Rey- 
nolds^ number is approximately 50,000. The conclusion lies 
close at hand that under such conditions the influence of the 
viscosity on the drag can be completely neglected and that the 
drag is entirely determined by the inertia forces. However, a 
calculation of the drag due to inertia action in a completely 
frictionless fluid (which will be carried out in Art. 68) show's it 
to be zero. Since, therefore, inertia forces alone cannot be made 
responsible for the existing drag, it must be concluded that 
viscosity forces, however small they may be compared to the 
inertia forces, are necessary for the explanation of a drag. The 
great importance of a very small amount of viscosity in a fluid 
is due to the fact that it can completely change the picture of 
the flow in the ideal fluid (potential flow) on account of the 
formation of boundary layers and vortices (see Art. 44) . Because 
of the influence of these, the potential pressure distribution at the 
surface of the body is changed to such an extent that the resultant 
of the pressure forces becomes different from zero. The com- 
ponent of this resultant in the direction of the motion is the drag. 
Indirectly, therefore, viscosity is the cause of the existence of 
drag. 

In most practical cases, the inertia forces in the fluid at a 
certain distance from the body or the vessel w^alls will be very 
much greater than the viscosity forces, so that the latter can be 
neglected. However, as w’'as explained in Chap. IV, this is not 
permitted in the thin boundary layer near the body. Since it is 
an experimental fact that fluid particles exactly on the surface 
of the body cannot flow past it, and since on the other hand the 
potential-flow theory of the ideal fluid leads to solutions with 
finite velocities along the surfaces, it follows that close to the 
surface of the body the viscosity forces become of the same order 
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of magnitude as the inertia forces. The change in the velocity 
from the outer field to zero at the body itself takes place in a 
thin layer and consequently causes shear stresses in that layer. 
These stresses integrated over the entire area of the body make 
up the so-called '"friction drag'' or ""skin friction." 

For all practical cases, therefore, where the velocities are so 
great that the motion is not of the creeping type, the effect of 
viscosity on the drag of a body is twofold: (1) there are friction 
forces tangential to the surface of the body, the resultant of which 
is the friction drag; (2) the viscosity causes a change in the geom- 
etry of the streamline picture which in turn causes a change in 
the pressure field and consequently leads to a pressure drag. 

58. The Relative Importance of Pressure Drag and Friction 
Drag with Various Shapes of the Body. — The shape and the 
position of the body determine to a great extent which part of the 
total drag is due to pressure and which is due to friction. In Fig. 
49 a case is shown where the viscosity hardly makes a change in 



Fig. 49. — Streamlined body. 


the streamline picture, i.e., a breaking away of the fluid from the 
body and its consequent eddy formation are prevented by the 
choice of a suitable shape. Because of this, the pressure drag 
is very small and of the same order as the friction drag. The 
pressure distribution in this case has a resultant which hardly 
differs from zero. 

The converse is found, for instance, in the case of a flat plate 
moved in the direction perpendicular to its plane. Here the 
total resistance is almost entirely due to pressure while the friction 
drag can be neglected. The streamline pattern in front of the 
plate looks practically like the potential flow. On the back 
side, however, the viscosity forces have altered the shape of the 
velocity field completely, causing a corresponding change in the 
pressure. 

On the other hand, if a flat plate is moved in the direction of its 
plane, there is hardly any influence of the viscosity forces on the 
potential-flow pattern. The resultaVit of the pressure forces is 
practically zero, so that the total drag, which is naturally smaller 
as in the previous case, is almost equal to the skin friction. 
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A subdivision of the total drag into its pressure and friction 
components can be effected experimentally by subtracting from 
the total resistance, as measured on the aerodynamic balance, 
the pressure drag as calculated from the pressure distribution, 
which in turn is obtained experimentally (see Art. 85). The 
difference thus found is the friction drag. 

Formally the subdivision into friction drag and pressure drag 
can be accomplished by decomposing the total force on each 
element of the surface into a normal and tangential component. 
The normal components are to be interpreted as pressures, and 
their total resultant, or rather its component in the direction of 
the motion, is equal to the pressure drag. The tangential com- 
ponents are friction resistances, and their resultant in the direc- 
tion of the motion is the friction drag. 

For rough surfaces, it is convenient to carry out this decom- 
position into normal and tangential components for a smooth 
surface passing through the individual roughness irregularities. 
This leads to a subdivision into the two kinds of drags, but it 
is observed that the pressure drag on the individual roughness 
elevations in this case is calculated within the friction drag. 
The pressure drag depends to a great extent on the form of the 
body, while the friction drag is determined roughly by the area 
of its surface. This has led to the designations ^Torm drag"’ 
and “surface drag.’’ These names, however, are not very 
fortunate since the friction drag also depends somewhat on the 
form of the body. 

69. The Variation of the Drag with Reynolds’ Number. — It 

was seen that the total drag is composed of the three components : 
deformation drag/ friction drag at the surface of the body, and 
pressure drag, which is caused by the change in the geometry of 
the flow. For small Reynolds’ numbers the drag consists 
primarily of the first kind, whereas for larger Reynolds’ numbers 
it is made up of the two latter kinds. Which part of the total 
resistance is pressure drag and which is friction drag depends on 
the form and the position of the body. As generally stated, the 

^ The idea of ^‘deformation resistance” for very small Reynolds' num- 
bers as a part of what is usually denoted as friction drag is introduced here 
for the first time by the author. The work done by the deformation drag 
is ultimately dissipated into heat in the total field, including those parts at 
great distances from the body. The work of the friction drag in its more 
restricted sense and that of the pressure drag are dissipated into heat more 
specifically in the wake of the body. 
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drag depends on the shape and the position of the body, on its 
velocity, its size, and on the properties of the fluid. It is seen 
therefore that the complications of the problem of resistance in 
its most general form are so great as to leave little hope for a 
complete solution. 

This is the reason that for the present most investigators have 
determined only the relation between the total drag and certain 
other physical quantities, without entering into details regarding 
the subdivision into the three kinds of drag. Since Newton’s 
resistance law (discussed in Art. 54) in many cases agrees fairly 
well with the facts (although the underlying theory is wrong), 
it has become customary to write the drag formula in the form 

D = number • Apio^^ 

where w is the velocity of the body relative to the undisturbed 
fluid, p the density of the fluid, and A the projected area of the 
body in the direction of the flow. ^ 

Introducing the dynamic pressure pw^/2, this drag can also 
be written 


The factor of proportionality c, the ^^drag coefficient,’^ is 
different for various shapes and various positions of the body. 
On the basis of the Newtonian conception of air resistance, it 
was thought for a long time that for a given shape and position 
of the body the drag coefficient was a constant (^■.c., independent 
of the size of the body and its velocity). It was thought there- 
fore that for a given body the resistance law was completely 
known as soon as the drag coefficient had been determined for 
one single velocity. In particular, it was believed that with 
the drag coefficient thus determined the resistance of any other 
body geometrically similar to the test specimen could be 
calculated. 

Experience has shown, however, that the conditions are much 
more complicated than this, wffiich is not surprising after the 

^ Instead of taking the projected area in the direction of the flow, it is also 
possible to take any other characteristic area of the Ixxly or the square of a 
characteristic length of it. In the case of airfoils, it is customary to take the 
greatest possible projection. In case of comparison of drags of various air- 
ship bodies, one could also take A = i.c., the square side of a cube 

liaving the same volume as the airship body. 
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discussions of the previous articles. The simple relations just 
outlined are practically true for bodies where the total drag 
consists almost exclusively of pressure drag and where the 
geometry of the flow, in particular the location of the breaking 
away of the fluid, is determined by sharp edges (as, for instance, 
with a plate perpendicular to the direction of the flow). In 
all other cases, however, where the resistance consists not only 
of pressure drag but also of friction drag or of deformation drag, 
the drag coefficient does depend on the size and velocity of the 
body. The reason for this is that geometrical similarity does 
not imply mechanical similarity and consequently does not 
imply similar flow patterns. 

In Art. 4 it was seen that the condition for mechanical similar- 
ity, when geometrical similarity is insured, consists in having the 
same ratio between the inertia force and the friction force in 
similar points near the two bodies. In other w’-ords, mechanical 
similarity exists when the Reynolds^ numbers for the two cases 
are the same. Only then are the drag coefficients for the two 
cases necessarily the same; a change in the Reynolds’ number 
causes a change in the drag coefficient. This has been verified 
completely by experimental results. We have therefore 

D - 

By using formally Newton’s quadratic resistance law, ail the 
complications of the various effects of the viscosity are expressed 
by the functional relation between the drag coefficient and the 
Reynolds’ number. The knowledge of the law of similarity is a 
great advantage since, in carrying out the tests, it is necessary 
to vary only one parameter — for instance, the velocity. Then 
the dependence of the drag coefficient on the body dimensions 
and o'n the kinematic viscosity is automatically determined. A 
knowledge of the drag coefficient as a function of the Reynolds’ 
number, therefore, enables us to calculate the drag of a certain 
shape for all fluids, all velocities, and all body dimensions. The 
relation itself, however, can be ascertained only by experiment, 
and for each shape and position of the body the experiment has 
to be repeated. In other words, to each shape and position 
of the body there belongs a characteristic function c = f(R)- 

60. The Laws of Pressure Brag, Friction Drag, and Deforma- 
tion Drag. — First some general statements on the subject will be 
made: 
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1. In case the total drag of a body consists almost exclusively 
of pressure drag, the function f{R) is practically a constant 
(except for small Reynolds^ numbers) : 

D = const. 


This is the case, for instance, with plates moved perpendicularly 
to their plane or generally for bodies with sharp edges where the 
fluid breaks away at definitely determined points of the body. 

2. On the other hand, if the total resistance is practically 
entirely due to friction, as with a plate moved along its plane, 
two different resistance laws have to be distinguished, according 
to whether the Reynolds^ number R = Iw/v (I is the length of 
the plate in the direction of the flow) is smaller or larger than 
about 5. 10^ It is assumed that the surface of the plate is smooth. 

a. For values of R smaller than about 5.10^, Blasius^ derived a 
formula on the basis of Prandtbs boundary-layer theory. He 
found that c is inversely proportional to the square root of 
the Reynolds^ number, so that the resistance law appears in the 
form 


_ 1.327 ^ 

VS 2 




for = — < 5-10® 

V 


) 


where S is the total surface of the plate. 

h. For Reynolds' numbers greater than 5.10® from about 
ten times the limit mentioned above), experiments of Wiesels- 
berger- and Gebers® indicate that the drag coefficient is propor- 
tional to the reciprocal of the fifth root of Reynolds' number. 


D = 


0.074 



for R — — > 5- 10® 

V 


) 


This change in the resistance law is caused by the fact that for the 
lower range of Reynolds' numbers the flow along the plate is 
laminar, while it becomes turbulent for the higher range (see 
Art. 63). 

1 Blasius, H., Boundary La^^ers in Fluids of Small Viscosity (Gorman), 
Z. Math. Physik, voL 56, p. 1, 1908. 

2 WiESELSBERGER, C., Investigations on the Frictional Resistance of 
Canvas Covered Plates (German), Gotiinger Ergebnisne, vol. 1, p. 121, 1925. 

Gebers, Note on the Experimental Determination of the Resistance of 
Bodies Moved in Water (German), Schiffbau, vol. 9, 1908. 
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c. In the intermediate region a transition between the two 
resistance laws takes, place, which, according to L. Prandtl, ^ can 
be represented by the formula (see Art. 86) 


c 


0.074 _ 1,700 
R 


(for 5 • 10^ < < 5 • 10®) 


3. For very small velocities or dimensions or for very viscous 
fluids (Reynolds’ number smaller than one) Stokes’s law (Art. 261, 
'‘Fundamentals^^^) gives proportionality of the drag with the first 
power of the velocity and the first power of the length dimension. 
In terms of Newton’s resistance law, this can be formally 
expressed as a proportionality with the reciprocal Reynolds’ 
number : 

D = const. jjlIw = (for <<C 1) 

K Z 

where I is a characteristic length dimension of the body. It is 
found, therefore, that the deformation resistance is not propor- 
tional to the square but to the first power of the velocity. 

61. General Remarks on the Experimental Results. — During 
the last half century a great number of resistance measurements 
in air and water have been carried out, and an extensive literature 
on the subject has been accumulated.^ However, the measure- 
ments of the last 20 years have been of more importance than the 
earlier ones. The cause for this is that the older experiments 
were practically all based on Newton’s impact theory of the 
resistance, according to which the drag is determined solely 
by the shape of the front side of the body. Only after it was 
appreciated that the flow around a body has to be interpreted 
as a flow of a continuum, the necessary conditions for properly 
conducting drag measurements were recognized. In partic- 
ular, it had to be appreciated that there should be left sufficient 
space round the body so that the fluid can flow past it in an 
undisturbed manner. Also it is necessary to take care that the 
flow is not disturbed by the presence of other obstacles situated 
either to the side or even behind the body under test. The older 
measurements, which neglected these conditions more or less, 
show considerable spreading of the experimental data, whereas 

^ See footnote, p. 75. 

- See footnote, p. 3. 

^ A good bibliography up to the year 1910 can be found in the book by 
G. Eiffel, '"The Resistance of Air” (French), Paris, 1910. 
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the modem experimental results agree very well among them- 
selves. With modern experiments it is also found that the 
drag of geometrically similar bodies at the same Reynolds’ 
number is the same whether the body is moved through a fluid at 
rest or whether the body is at rest and the fluid is flowing against 
it (if sufficient care is taken that the fluid is moving uniformly, 
without too much vorticity). In the following articles the 
experimental drag coefficients will be given as functions of the 
Reynolds’ number for various shapes of the body. 



Fig. 50.- -Drag coefficient vs. Reynolds’ number for two-dimensional flow round 

circular cylinder. 

62, The Relation c = f(R) for the Infinite Cylinder. — 

Figure 50 shows this relation for a cylinder of infinite length with 
its axis perpendicular to the direction of the flow (i.e., the two- 
dimensional case). The region of Reynolds’ numbers of practical 
interest is enormously wide, in this case up to about 8 - 10^ In 
the ordinary manner of plotting, the region of the smaller 
Reynolds’ numbers (up to about R = 10,000) shrinks together 
so much that no detail of the curve can be recognized. In order 
to circumvent this difficulty, it has been found practical to plot 
the logarithms of the drag coefficients as well as of the Reynolds’ 
numbers instead of these quantities themselves. Another 
way of doing the same thing is to plot the drag coefficient and the 
Reynolds’ number itself on logarithmic paper. Figure 51 shows 
the curve of Fig, 50 replotted in this manner. It was determined 
by C. Wieselsberger by measuring the resistances of a number of 
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cylinders of various diameters (from 0.002 in. to 12 in.) at various 
velocities. From these experiments the drag coefficient was 
determined by the usual formula 

D 

c = 


The fact that the drag coefficients of cylinders of various diam- 
eters lie on a single curve is to be interpreted as an experimental 
verification of the law of similarity. 

In the region of R between 16,000 and about 180,000, the quad- 
ratic resistance law is found to hold with good accuracy, the 



Fig. 51. — Like Fig. 50, but plotted on logarithmic paper for cylinder of infinite 
length and for one of five-diameters length. (Wieselsherger.) 

drag coefficient being practically constant = 1.2. With decreas- 
ing Reynolds’ numbers the drag coefficient first decreases,^ but 
with a still further decrease of R the value of c increases again. 
The smallest value of R for which the resistance coefficient was 
determined is 2.1. For very small values of R (R 1), Lamb- 
has derived a formula for the drag of a cylinder, assuming 
preponderance of the viscosity action. This relation between 

1 Relf, E. F., Discussion of the Results of Measurements of the Resist- 
ance of Wires, Repts. and Mem. Nat. Adv. Comm. Aeronautics (London), 
p. 47, 1913-1914. 

2 Lamb, H., On the Unifonn Motion of a Sphere Through a Viscous Fluid. 
Phil Mag., vol. 21, p. 120, 1911. 
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the drag coefficient and R is drawn in the curve as a dotted line. 
It is seen that an extrapolation of the experimental curve fits the 
theoretical one of Lamb without any trouble. 

63. The Region above the Critical Reynolds’ Number. —We 
shall now discuss a very peculiar phenomenon in the resistance 
law : in the region of Reynolds’ numbers between 2 • 10^ and 5 • 10^, 
» « I the curves of Fig. 50 or 51 

^ suddenly drop from c = 1.2 
to c = 0.31 This decrease in 
the drag coefficient is so large 
that the drag itself, instead of 
increasing quadratically with 
the velocity, even (decreases 
with increasing velocity. Fig- 
— ure 52, for instance, shows the 
"wf>«/s 0 cT 1 ‘^sistance for a cylinder of 12- 

Fig. 52.— Decrease in drag due to in- diameter and a length of 
creasing velocity of cylinder. {Wiesels- 40 in. It is seen that the 

resistance drops from 4 kg at 
15m/sec to about 2.5 kg, in spite of the fact that the velocity 
increases to about 21m/sec. 

This fact was first discovered by Constanzi^ for spheres in 
water and by EiffeP for spheres in air. PrandtF observed it sub- 
sequently and found an explanation in the fact that, in surpassing 
a certain velocity, the boundary layer at the front end of the 
sphere experiences a definite change. Below this so-called 
'^critical Reynolds’ number,” the flow in the boundary layer 
is laminar, while above this Reynolds’ number it suddenly 
becomes turbulent. 

A more detailed investigation shows that the mechanism is as 
follows : The eddies in the turbulent boundary layer cause 
small quantities of the fluid in the dead-water region (near the 
point of breaking away of the flow) to be pushed backward. 
This causes the point of breaking away to be moved backward 
along the body, which makes the total eddying dead-water region 

^ CoNSTANzi, G., Some Experiments in Hydrodynamics (Italian), Rendi- 
conti della esperienze e siudi nello stab, di esp. e coslr. aeronauiiche del genio, 
vol. 2, p. 169, Rome, 1912. 

2 Eiffel G., On the Resistance of Spheres in Air (French), Compt. rend., 
vol. 155, p. 1597, 1912. 

2 Prandtl, L., Air Resistance of Spheres (German), Nachr. Ges. TFzss. 
Gottingen, Math.-physih. Klasse, 1914. 
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become smaller. Since the pressure drag of a body is deter- 
mined primarily by the kinetic energy in the eddies of the wake, 
it is clear that a decrease of the size in this region causes a smaller 
resistance. 

Detailed investigations^ have shown that for round bodies 
without sharp edges the manner of support of the test body in 
the air current and the state of turbulence of the air are of great 
importance. In case the body is supported by means of a strut 
attached to it in the dead-water region, and not by means of 
thin wires in the streamline region, the boundary layer is not 
disturbed and it is possible to obtain a greatly diminished drag 
in the region above the critical Reynolds’ number without 
influencing the actual value of the critical Reynolds’ number 
itself. On the other hand, if the air is made very turbulent 
(for instance, by putting a net of thin wires in front of the sphere), 
or if the flow in the boundary layer is affected greatly by putting 
a very thin wire around the body,^ the critical Reynolds’ number, 
at which the drag coefficient suddenly drops, is found to be much 
smaller. Prandtl has proposed to use the critical Reynolds’ 
number for a smooth sphere with a definite support as a measure 
for the uniformity of an air stream. 

64. The Resistance Law for Finite Cylinders, Spheres and 
Streamlined Bodies. — Figure 51 shows the resistance curves for 
an infinite cylinder and for a cylinder of 5 diameters length. In 
the latter case the flow is three dimensional, causing a consider- 
able decrease in the drag coefficient as compared to the case of 
two-dimensional flow. Figure 53 shows the drag coefficient for a 
Reynolds’ number of 8.8 • 10^ as a function of the ratio between 
the length Z and the diameter d. It is seen that the resistance 
coefficient of a cylinder of 1 diameter length (d/l = 1) is about 
half as large as for one of infinite length {d/l = 0). This 
phenomenon, which can be observed also wdth other bodies 
(for instance, with plates of various ratios between the sides), 
is due to the fact that in the three-dimensional flow the fluid can 
leak around the flat ends of the cylinder into the dead-water 
region, i.e.j into the region of low pressure. This causes a differ- 
ent pressure distribution, leading to a smaller pressure drag. The 

^ Flachsbart, O., New Experiments on the Air Resistance of Spheres 
(German), Phynk. Z., vol. 28, p. 461, 1927. 

“ WiESELSBERCiER, C., The Air Resistance of Spheres (German), Z. 
Flugtech. Motorlujtschifahrt^ vol. 5, p. 140, 1914. 
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relative importance of this side leakage for long cylinders as 
compared with shorter ones can be seen in Fig. 53. The drag 
coefficient of very long cylinders becomes more and more nearly 
equal to that of the infinitely long one where two-dimensional 
flow takes place. 
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Tig. 53. — Drag coefficient vs. slenderness of cylinder d/l for R = wd/v = 10®. 

Figure 54 shows the resistance curve for a sphere and 
also for a circular disk perpendicular to the flow. The 
individual experimental points have not been plotted in the curve, 
but it has been found that the law of similarity holds well so 



0,1 1 2 B 10 10^ 10* 10^ 10= 10* 

n- ^ 

Fig. 54. — Drag coefficient vs. Reynolds’ number for .sphere {a) and circular disk 
(6) according to Wieselsberger. 

that the individual points for spheres and disks of various diam- 
eters and at various velocities lie on smooth curves. For com- 
parison, the theoretical laws of Stokes and Oseen for small 
Reynolds' numbers are also drawn in the figure. 
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Figure 55 shows the curves c == f(R) for a number of bodies 
of revolution of various degrees of slenderness. The two upper 
curves in the diagram are for an ellipsoid of rotation with an 
axis ratio of 1 : 0.75 (the small axis parallel to the flow); the next 
curves designated by a are for a sphere. The next two pairs 
of curves are for ellipsoids of rotation with an axis ratio of 1 ;1.33 
and 1:1.8 respectively (the small axis perpendicular to the flow). 
The curves designated by b give the drag coefi&cients for an 
airship model. It is seen that the transition betw^een the 
high drag coefficient below the critical number to the small 
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Fig. 55 . — c = f{R) for rotationally symmetrical bodies of various slenderness. 
Full lines for uniform wind; dashed lines for turbulent wind. 

coefficient above the critical number is less definite and abrupt 
for slender bodies and for turbulent air than for blunt bodies 
and smooth air. 

65. Resistance in Fluids with Free Surfaces; Wave Resist- 
ance. — In case the body is not entirely submerged in one fluid 
but moves through the surface of contact between two fluids of 
different density, a new kind of drag appears owing to the forma- 
tion of waves. This is of great practical importance for the 
resistance of ships which are partially immersed in w’^ater and 
partially in air. The part of the total drag due to the air is 
generally so small that it can be neglected (except, of course, for 
sailing vessels). 
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The total resistance is the sum of three quantities: (1) the 
friction drag of the water on the hull of the ship, (2) the pressure 
drag of the water, and (3) the wave resistance. This last 
resistance is due to the fact that pressure differences at the ship 
body cause differences in the level of the water, which leave the 
ship in the form of waves. These waves carry a certain amount 
of knetic energy with them away from the ship. The problem 
of the calculation of the wave resistance is intimately tied up 
with the amount of wave energy which is flowing per unit of 
time through a surface traced around the ship. The velocity 
with which the wave energy is leaving the ship is not the phase 
velocity” of the waves, but rather 'their “group velocity,” i.e., 
the velocity of propagation of a group of waves in front of which, 
as well as behind which, the water is at rest. In a deep ocean of 
infinite extent (unlike a canal) the ship is accompanied by two 
systems of waves: (1) the “cross waves” of which the crests are 
approximately perpendicular to the direction of motion of the 
ship and (2) the “diverging waves” with about 40 deg. central 
angle emerging from the bow as well as from the stern of the 
ship. Depending upon the length of the ship and its velocity, 
the diverging waves of the bow and of the stern can interfere with 
each other to a greater or smaller extent. In case the interference 
causes a decrease in the intensity of the wave, the ship resistance 
becomes smaller, and conversely. The group velocity of- these 
wave systems is equal to half their phase velocity, which in turn 
is equal to the ship velocity. In case the ship starts from rest, 
the wave system covers half the distance moved through. 

These conditions are modified when a ship moves in a canal 
of a finite width or in shallow water. In the first case the 
system of diverging waves loses its importance; only cross 
waves appear of which the group velocity depends very much on 
the ratio of the ship velocity to the velocity of the free waves 
in the canal. For a ship velocity which is equal to or greater 
than a certain critical velocity, the group velocity becomes 
equal to the phase velocity, ^.e., the wave energy moves with 
the ship and consequently is not dissipated. This leads to a very 
small wave resistance. However, the amplitude of the waves is 
also a function of the ship velocity, and it happens that this 
amplitude becomes a maximum at the critical velocity mentioned 
above. The combined effect is that the wave resistance increases 
to a maximum when the ship velocity approaches the critical 
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velocity, and then suddenly drops practically to zero when the 
critical velocity is exceeded.^ 

66. The General Resistance Law. — Since ship waives are 
formed under the simultaneous action of inertia forces and gravity 
forces, mechanical similarity of the wave motions is obtained for 
geometrically similar ships if the Froude’s numbers F = V^/lg are 
equal (F is the velocity of the ship, I its length, and g the accelera- 
tion of gravity), (see Art. 5). This relation was derived by 
completely neglecting the viscosity forces. The practical con- 
sequence of this law is that the wave system belonging to a certain 
ship model is similar to the wave system of the large ship itself if 
the velocities are proportional to the square roots of the lengths. 
If the wave resistance is assumed to be proportional to the 
projected area A, the density p and the square of the velocity F, 
the proportionality factor or wave-drag coeflhcient is equal for 
geometrically similar ships only if the Froude’s numbers are 
equal. In general, therefore, the wave-drag coefl&cient is a 
function of Froude^s number. In the light of the relation found 
in Art. 59, it can be stated that the drag coeflicient of a body in a 
viscous, incompressible fluid with free surfaces is a function of 
Reynolds’ number and of Froude’s number: 



For the sake of completeness it is mentioned that, if the com- 
pressibility of the fluid cannot be neglected, the third dimension- 
less parameter on which the drag depends is the ratio between 
the velocity w and the velocity of sound Ws in the undisturbed 
fluid : 



Generally, if inertia, viscosity, gravity, and compressibility ail 
influence the resistance, the expression for it can be written as- 


D = 


4 ^/ 

2 


/wl 


w w 

Vlg 


^ Muller, C. H., Hydrod^^namics of the Ship (German), “Encyclopaedic 
der mathematischen Wissenschaften,” vol. IV, No. 3, p. 563. 

2 Cavitation, capillarity, and heat conduction have not been considered in 
this formula. 
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In case two dimensionless quantities are essential for the drag, 
mechanical similarity is not possible when using the same fluid, 
since two of these dimensionless variables cannot simultaneously 
remain constant when Z is changed. 

In Chap. XIII, “Fundamentals,”^ it is shown that in all cases 
where the ratio of the velocity of fluid to the acoustic velocity is 
small with respect to unity, the compressibility can be neglected. 

In the case of ship resistance, the friction drag or skin friction 
is less important than the pressure and wave resistances, since it 
depends only slightly on the shape of the ship. Therefore 
Froude’s similarity law is usually applied to the model tests. 
The friction drag is determined by a separate experiment and is 
then subtracted from the total resistance measured at the model. 
The residual” thus obtained is converted to the large ship by 
means of Froude^s rule and to this residual the friction drag of the 
ship is added. This procedure we owe to Froude and it is applied 
generally to model resistance experiments. Recently, Telfer^ 
has proposed a somewhat different procedure. 

67. Resistance to Potential Flow. — It is a deplorable fact that 
no theory of drag yet exists which even approximately does justice 
to the experimental results. A relatively unimportant exception 
is the case of creeping” motion, J? <$C 1, which will be discussed 
in Art. 73. The general differential equations of viscous fluids 
lead to mathematical difficulties which may be unconquerable 
for a long time to come. 

Therefore an attempt was made to solve first the very much 
simpler problem of the motion of solid bodies through the ideal 
fluid (incompressible, homogeneous, and without viscosity). 
The integration of the differential equations for this case has 
been accomplished with much ingenuity and often with great 
mathematical complication. However it was found that it is not 
permissible to neglect the viscosity completely, even in case 
it becomes infinitely small (see Arts. 1 and 44). A great amount 
of literature exists on the theoretical solution of the flow around 
moving bodies in the ideal fluid. However we shall not dwell 
on these theories here, since they do not lead to a solution which 
conforms in the least with actually occurring flow phenomena. 

^ See footnote, p. 3. 

- Telfer, W,, ^‘Frictional Resistance and Ship Resistance Similarity,” 
paper read before the K.E. Coast Institute of Engineers and Ship Builders, 
November, 1928 (London, 1929). 
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68. Drag of a Sphere Is Zero for Uniform Potential Flow.— 

Only one special case will be discussed, since its mathematical 
solution is relatively simple— the motion of a sphere. Utilizing 
the method of sources and sinks, the potential function of a 
sphere of radius tq moving through 
a liquid at rest with the velocity a 
is found to be 

>"o sin ip 


(see Art. 70, ^'Fundamentals^^O- 
Since for a fluid without viscosity 
an action on the body can take place 
only in the form of pressure on its surface, the expression for 
the drag, f.e., for the force in the direction of motion, becomes 
(Fig. 56) 



Fig. 56. 


D = 27rrosin<^ • rod^ * pcos cp. 

The general case of a non-steady flow will be considered. The 
pressure p has to be computed from the general equation of 
Bernoulli, which can be written as 






+ ~o — I “ const., 

ot ^ p 




(see page 127, ^ ^Fundamentals^ assuming constant density and 
the action of gravity to be neutralized by buoyancy. The 
constant on the right-hand side depends on the time, since an 
infinite ocean of the fluid is assumed in which the pressure at 
great distances from the sphere remains constant. 

The expression d^/dt corresponds to a definite point in steady 
space, while r has to be taken from a moving point. Choosing 
the rr-direction such that it coincides with the direction of the 
velocity a, the rate of change with the time of the velocity 
potential ^ expressed in terms of a coordinate system at rest with 
respect to the fluid at infinity becomes 


dt* 


+ a 


dx' 


See footnote, p. 3. 
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Here dt* means a differentiation in a system moving with the 
sphere. Substituting the relation x — r cos <p, this becomes 


dt 


+ a\ 




Performing the differentiations, we get 


1 7^ 

2'7- 


da 

— cos (p — a 



cos^ <P — 2 ^ 


)■ 


Observing that 

“■ - ^f) + (0 



cos^ ^ 4 ^ 



we- therefore obtain for p/p: 


— — const. 

p 


1 

'2 7 


da , 

— cos tp + 
dt 


r® \ 




cos^ <P ^ 2 ^ 


cos^ <P + ^ sin^ (p 


)■ 




The constant in this equation is the pressure at infinity po 
divided by the density p, which can be seen by letting r approach 
infinity. 

For points on the surface of the sphere, z.e., for r = ro, we get 
after some transformations 


E 

p 


I da , 9 2 o , Vo 

cos ^ cos 2^ - ^ 


Substituting this value for p in the formula for the drag, it is 
found that the integrals of the last three terms become identically 
equal to zero, so that the total result is 


n 2 
D = 


In case the sphere moves with constant velocity, i.e., in case 
da/dt = 0, it is seen that no drag occurs. It is interesting to 
note that the individual fluid particles which are pushed aside 
by the sphere in its motion do not return to their former positions. 
The paths of the individual particles are not closed curves but of 
the shape shown in Fig. 57.^ Besides pushing the particles 
aside temporarily in passing, the sphere also displaces the fluid 

^ Ribcke, E., Notes on Hydrodynamics (German), Nachr, Ges. TFzss. 
Gottingen^ Math.-phys. Klasse, p. 347, 1888. 
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particles permanently in the direction of its motion. This 
displacement, however, is of importance only in the vicinity of 
the wake. 

69. Resistance Due to Acceleration. — For an accelerated 
motion, it was seen that potential flow does lead to a resistance. 
In order to accelerate a sphere in an ideal fluid it is 
not only necessary to exert a force equal to the product of the 
mass of the sphere and its acceleration, but an additional force 



Fig. 57.- -Absolute paths of particles for rectilinear motion of sphere through 
ideal fluid. iE. Riecke.) 


is required to accelerate the mass of the fluid particles set in 
motion by it. From the above equation for the resistance, it is 
seen that this additional force is equal to the product of the 
acceleration of the sphere and the mass of an amount of fluid of 
half its volume. The motion of a sphere in an infinite ocean of an 
ideal fluid is therefore completely identical with the motion of 
the sphere in a vacuum if its mass is increased with that of an 
amount of liquid equal to half its volume. 

The apparent increase in mass for various bodies depends on 
the shape and on the direction of motion. For instance, for the 
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two-dimensional flow round a circular cylinder, the apparent 
increase in mass is equal to the full mass of the cylinder in liquid. 
For other cylinders of non-circular cross section the apparent 
increase in mass can be calculated also. 

These considerations for spheres and circular cylinders have no 
great practical importance since the actual flow is entirely differ- 
ent from the theoretical one.^ However, for bodies of airship 
shape, where the actual flow is very much similar to the calculated 
potential flow, these investigations have some value. 

70. Application of the Momentum Theorem. — The theorem of 
no resistance of a sphere in uniform motion through ideal fluid, 
often referred to as the ^'paradox of Dirichlet,^^ can be easily 
extended to bodies of arbitrary shape by means of the momentum 
theorem. If the body in its uniform motion would have a drag, 
the fluid should show an increased momentum. This should be 
detectable by integration on any closed surface traced around the 
body (see Art. 100, ‘^Fundamentals’^^). Assuming a motion 
starting from rest in an infinite ocean of fluid, the velocity poten- 
tial of the flow at sufficiently large distances from the body 
decreases with 1/r^. Consequently, the velocity decreases with 
1/r®. Since, from then on, the body is supposed to move at a 
constant velocity, the pressure p, being of the order paw, also 
changes with 1/r^. 

The flow phenomenon considei'ed before is a non-steady one. 
It can be made steady by giving the fluid and the body a velocity 
opposite and equal to the velocity of the body, which puts the 
body to rest. Around it we trace a sphere Ci and proceed to 
determine the momentum flowing through this sphere as well as 
the pressure integral over it (see Art. 100, “Fundamentals^'*^) : 


^^'dSowiWi + ^^'pidS = D. 

Writing down the same expression for other spheres C 2 , Cz, 
etc., with radii vz, etc., it is found that both integrals decrease 
steadily with increasing distance from the body, owing to the 
fact that the velocities and the pressures decrease with 1/r’ 
while the areas of the spheres increase only with r-. For the 

^ For small oscillations (where the amplitude is small with respect to the 
radius), the potential theory is found to agree with experiment. 

- See footnote, p. 3. 
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infinite radius both integrals vanish. Since their sum is inde- 
pendent of r, it follows that it must be equal to zero. This 
proves the theorem that a body of arbitrary shape moving uni- 
formly through an infinite ocean of ideal fluid does not experience 
any drag. 

It is noted that the proof supposes an infinite extent of fluid 
and only a single body, since otherwise it is not possible to 
proceed to the limit r = <x>. It will be discussed later that, 
if there is more than one body or if there are a single body and a 
wall, forces between the bodies do occur even in the case of a 
fluid without viscosity. However, according to the energy 
theorem, these forces cannot be of the nature of a drag since the 



Fig. 68. — Potential flow round two spheres. Since velocity betw’een is great, 
the spheres attract each other. 

energy is not dissipated but remains in the neighborhood of the 
body. The only exception to this rule is if free surfaces exist so 
that energy can be dissipated by means of waves traveling away 
from the body (see Art, 65). 

71. Mutual Forces between Several Bodies Moving through 
a Fluid. — When more than one body is moving through an ideal 
fluid, a mutual force is exerted between them, which, however, is 
generally very small. As an example, consider the potential flow 
round two spheres of which the line joining the centers is per- 
pendicular to the direction of the flow (Fig. 58). The stream- 
lines between the two spheres are crowded together more than the 
lines outside, which, according to Bernoulli’s equation, implies 
a smaller pressure between the spheres. Consequently, owing 
to the relatively greater pressure on the outside, the two spheres 
are pushed towards each other, which creates the impression that 
they are attracting each other. 



110 


APPLIED HYDRO- AND AEROMECHANICS 


Another example is when two spheres are situated one behind 
the other so that the line joining the centers is in the direction of 
the flow (Fig. 59) . In this case the streamlines between the two 
spheres are spaced farther apart than those outside, involving a 
larger pressure here, which leads to an apparent repelling. The 
forces involved in this effect are very small; they are inversely 
proportional to the fourth power of the mutual distance. If the 
line of symmetry in Fig. 58 is replaced by a solid wall of infinite 
dimensions, the picture of the flow is apparently not influenced, 
so that a sphere moving in an ideal fluid parallel to a plane wall 
is attracted by that wall. 

72. Resistance with Discontinuous Potential Flow. — The 
great discrepancy between the theory of potential flow and the 
experimental observations soon caused endeavors to modify 



Fig. 59. — Potential flow round two spheres. They repel each other. 

the theory to such an extent as to calculate at least some 
resistance. These early attempts did not strike at the root of the 
trouble, f.c., at the viscosity of the fluid. The difficulties involved 
in the integration of the general equation of the viscous fluid 
seemed unsurmountable, and they still are. The attempts rather 
consisted of assuming certain discontinuities in the velocity field, 
such, for instance, as observed in the formation of a jet coming 
out of an orifice. 

The following discussion serves as a justification for the 
assumption of surfaces of discontinuity, in which the velocity 
changes suddenly (see Art. 92, “Fundamentals''^). Consider a 
circular cylinder of infinite length moving with the uniform 
velocity u perpendicularly to its axis (two-dimensional flow). 
There are two points Pi and P 2 on the circle in the middle between 
the two points of stagnation of the flow, in which the tangential 
velocity reaches its maximum value 2u. In order to prevent the 
absolute pressure at those points from becoming negative, which 

* See footnote, p. 3. 
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apparently is physically impossible, it is necessary that the pres- 
sure at infinity be at least Considering instead of the 

circular cylinder one of elliptical cross section with the major 
axis perpendicular to the direction of flow, the two points Pi and 
Pa of maximum velocity show velocities greater than for the 
circular cylinder. This velocity increases for a diminishing 
minor axis of the elliptic cylinder, and in case the minor 
axis becomes zero, and the cylinder reduces to a line per- 
pendicular to the direction of flow, the velocities at its edges 
would become infinite. Therefore it is seen that for an elliptic 
cylinder of a decreasing minor axis the necessary pressure at 
infinity becomes larger and larger, and in the case of a flat plate it 
has to become infinitely large in order to prevent negative pres- 
sures at these points. 

These difficulties, caused by the fact that solutions of contin- 
uous potential flow in certain cases cannot be made to satisfy 
the physical requirements regarding pressure, were first avoided 
by Helmholtz^ by assuming surfaces of separation across which 
the tangential velocity experiences a sudden change. This 
assumption of surfaces of discontinuity seems to be justified 
by experiment in so far as in the actual case no flow around the 
sharp edges of the plate is observed. The fluid rather breaks 
away from these edges, thus causing a region of dead water 
behind the body. A good explanation of the creation of surfaces 
of discontinuity, however, can be given only on the basis of the 
theory of the boundary layer. That such surfaces are not 
observed in practice is due to the fact that they are unstable 
against small disturbances. 

The method of discontinuous surfaces represents real progress 
as compared to the theory of continuous potential flow since the 
new theory leads to a calculated resistance proportional to the 

^ Let po be the pressure at aa infinite distance from the body, where the 
undisturbed velocity is equal to u. Let p* be the pressure at the two points 
of maximum velocity 2u. Bernoulli’s equation then reads 

, Vq (2u)2 p' 

= ] 

z p z p 

so that 

p' = po — Hpu-. 

2 Helmholtz, H., On Discontinuous Fluid Motions (German), Monatsber. 
Kgl. Akad. Wiss. Berlin, 1868, p. 215, or Two Hydrodynamical Essays 
(German), Oshvalds Klassiker, No. 79. 
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projected area, the density, and the square of the velocity, which 
is in accordance with the experimental results. The actual cal- 
culation carried out by Kirchhoff ^ (see Art. 82, “Fundamentals'’^) 
for the case of a plate perpendicular to the flow led to a drag 
coefficient which is far too small. The calculated value for 

CIS , , 0.88, while the experiment gives c = 2.0. 

4 + TT 

The great discrepancy between these two results is due to the 
fact that in the actual case there is a partial vacuum in the dead- 

water region, which cannot be taken 
account of by the method of Kirchhoff . 
Moreover, the calculated streamline 
picture behind the plate is consider- 
ably different from the experimental 
one. The theoretical surfaces of dis- 
continuity extend to infinity approxi- 
mately like two parabolic arcs with 
their apices somewhat displaced (Fig. 
60) . In the actual case, however, the 
Fig. 60. — Discontinuous po- flow closes together somewhat at some 

tential flow round plate (two distance behind the plate and then is 

dimensional). The boundary . , , . 

consists approximately of two mixed up With the irregular eddies. 

parabolic arcs. Owing to the internal friction in the 

fluid, these irregularities in the velocity are damped down 
more and more so that at a great distance behind the plate there 
is approximately undisturbed flow. 

A serious limitation of the method of discontinuous potential 
flow is that it can be applied practically only to two-dimensional 
motions. In the three-dimensional case, where the method of 
complex functions has to be replaced by the general theory of 
potential flow, the difficulties encountered are very much greater 
even in the relatively simple case of rotational symmetry. 
Extensive literature on this subject is quoted by Jaffe.^ 

73. Stokes's Law of Resistance. — For very small Reynolds' 
numbers, where the inertia forces become small with respect to 

^ Kiechhoff, G,, The Theory of Free Fluid Jets (German), Crelles J., vol. 
70, 1869. 

2 See footnote, p. 3. 

® Jaffe, Discontinuous and Multivalued Solutions of the Hydrodynamical 
Equations (German), Z. angew. Math, Mech., vol. 1, p. 398, 1921. 
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the viscosity forces, the general differential equation of Navier- 
Stokes can be integrated by completely neglecting the inertia 
forces. In the case of these so-called ''creeping motions,'' the 
general differential equation 

Dw 1 

grad p + Mw, 

by neglecting the inertia member, reduces to 

jUL Aw = grad p. 

This equation in combination with the equation of continuity 

div w = 0 

was first solved by Stokes^ for the case of the sphere, considering 
the complete boundary condition of no tangential velocity of the 
fluid along the surface of the obstacle. With the aid of a stream 
function invented by him, he found for the drag B of a sphere of 
radius r moving with a velocity w through an incompressible 
viscous fluid of infinite extent the expression 

D — fi-TT^rw. 

Kirchhoff^ has given a simplified derivation of this formula. 

Assuming the constant force of gravity to be acting on the 
sphere, i.e., considering its falling motion in a very viscous fluid, 
the velocity of the sphere evidently will be constant as soon 
as the resistance has become equal to the weight of the sphere in 
the surrounding liquid. Let pi be the density of the sphere and p 
the density of the liquid; then this condition is reached when 


B = fiTrprw = :^3'^r^(pi — p)g- 


The velocity of descent therefore is 



In the case of small water particles in air this becomes numerically 
IV = 1.3 lO^r- (c g s units). 

^ Stokes, G., Trans. Cambridge Phil. Soc., vol. 8, 1845 and vol. 9, 1851 ; 
or Collected Papers., vol. 1, p. 75. 

2 Kirchhoff, G., ‘‘Lectures on Mathematical Physics,” (German), 4th ed. 
vol. 1, p.378, 1897. 



114 


APPLIED HYDRO- AND AEROMECHANICS 


Since this law of Stokes is an approximate one for very small 
Reynolds' numbers only {R smaller than about wr/ v = 0.5), it 
follows that there is an upper limit for the radii of falling spheres 
above which the flow cannot be represented any more by this 
equation. For small drops of water falling in air, creeping 
motion occurs for radii smaller than 0.002 in. corresponding to 
a Reynolds' number of approximately R = 0.50. It is seen 
therefore that Stokes's solution of the equations of hydrodynamics 
is applicable to the fall of water particles in clouds or fog but 
not to the falling motion of rain drops. It is also applicable to 
artificial fogs like those created in the experiment of Thomson 
and Wilson for determining the charge of an electron. 

74. Experimental Verification for Water; Influence of the 
Walls of the Vessel. — Experimental verifications of the law of 
Stokes have been given by several investigators. We mention 
especially the work of Allen, Ladenburg, Arnold, and Zeleny- 
McKeehan. The experiments of Liebster^ are applicable 
primarily to greater Reynolds' numbers {R between 0.2 and 500), 
which range has been investigated also by Arnold and Allen. 

Allen^ inserted very small bubbles of air into water = 0.012 
g/cm. sec; 12°C) or in anilin (m == 0.006; 12°C) by means of very 
fine capillary tubes of glass. He compared the experimental 
velocities of these bubbles with those calculated from Stokes's 
formula. In order to determine whether gas bubbles behave 
in the same manner as solid spheres he also investigated the 
velocities of small spheres of paraffin in water as well as those of 
amber in anilin. Figure 61 shows the experimental results 
recalculated to dimensionless quantities; the drag coefficient 

4 

jj ~ P2)g 

o P o P ^ 

T^'TT—W-^ r-TT^W- 

as a function of R — wd/v. 

Ladenburg^ made his experiments with steel spheres in '^Vene- 
tian turpentine," a mixture of turpentine and rosin = 1,300 

^ Liebster, IL, On the Resistance of Spheres (German), Ann. Phy.slk, vol. 
82, p. 541, 1927. 

2 Allen, H. S., The Motion of a Sphere in a Viscous Fluid, Phil. Mag., 
vol. 50, p. 323, 1900. 

2 Ladenburg, R., On the Viscosit 3 ^ of Fluids and Its Relation with Pres- 
sure (German), Ann. PhijHk, vol. 22, p. 287, 1907. 
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g/cm. sec; 16®C). He noticed the considerable influence of the 
walls of the vessel on the resistance of the spheres. He found, 
for instance, that the drag of a sphere of 3-mm diameter in a 
vessel of 27~mm diameter was 15 per cent greater than the 
resistance of the same sphere in a vessel of 44-mm diameter 
(R = lO"^). He states that even when the diameter of the vessel 
is 90 times greater than the diameter of the sphere, an increase 



Fig. 61. — Drag coefficient vs. Rej'nolds’ number for sphere according to tests of 
Arnold and Allen and according to theories of Stokes and Oseen, 


in the drag due to the influence of the walls of the vessel can be 
detected. In all cases, the viscosities calculated from his meas- 
urements by means of Stokeses law are greater than those cal- 
culated by the law of Hagen-Poisseuille from experiments of the 
flow through tubes (Art. 20). Therefore the method of failing 
spheres cannot be used indiscriminately for the measurement of 
the viscosity of fluids. 

The method of theoretical calculation of the influence of the 
walls, initiated by Lorentz,^ was carried out by Ladenburg 

^ Lorentz, H. a., ‘“Ijecfures on Theoretical Physics' (German), vol. I, 
p. 23, Leipzig, 1907. 



116 


APPLIED HYDRO- AND AEROMECHANICS 


for the case of an infinitely long tube (see also Weyssenhoffi). 
Applying the correction as found by this theory, the experimental 
values of m found by means of Stokes’s formula agree among 
themselves within 1 per cent; however, they are still about 3 
per cent greater than those found by the experiment of flow 
through tubes. A probable explanation of this discrepancy 
Ladenburg believes to be the influence of the cover and the 
bottom of the vessel. 

Arnold also determined the viscosity by means of the fall 
method and Stokes’s law. He investigated from which sphere 
diameter up the viscosity thus determined differs from the one 
found by the method of Hagen-Poisseuille. His experiments were 
conducted in glass tubes so that it becomes necessary to correct 
the results for the influence of the walls. This correction 
applied by means of Ladenburg’ s formula leads to very good 
results. The spheres used were made of various metals of low 
melting point falling in some vegetable oil of which the tempera- 
ture was kept constant within 0.1®C. Figure 61 shows the rela- 
tion between the drag coefficient and the Reynolds’ number 
calculated from these experiments. 

75. Experimental Verification for Gases. — The experimental 
investigations discussed thus far are limited to liquids. Zeleny 
and McKeehan^ investigated the applicability of the law to air. 
They used very small spheres made of wax, paraffin, and mercury, 
of diameters as small as 10“'^ in., made by means of an atomizing 
procedure. These spheres were dropped in a tube of about 12-in. 
length and about diameter. The velocity of fall was 

measured by a special test procedure and agreed with the result 
of Stokes’s formula within per cent on the average. On the 
other hand, similar experiments by the same authors with spores 
of certain plants of microscopical dimensions (lycopodium 
6 • 10“^ in. diameter ,Tocoperdon 8 • 10~^ in. diameter; polytrichum 
2 • 10“^ in. diameter) gave velocities about 30 per cent smaller 
than those calculated by Stokes’s formula. 

The Reynolds’ number below which a creeping motion takes 
place and above which the effects of inertia become of importance 
is about ,0.2 to 0.5. Below this limit, therefore, the drag is 

^ Weyssenhoff, J., Investigations on the Validity of the Formula of 
Stokes- Cunningham (German), Ann. Physik, (4), vol. 62, p. 1, 1920. 

^ Zeleny, J., and L. W. McKeehan, The Falling Velocity of Small 
Spheres in Air (German), Physik. Z., vol. 11, p. 78, 1910. 
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determined sufficiently accurately by Stokes's formula. In 
case, however, that the dimensions of the obstacles become so 
small as to be comparable to the mean free path of the molecules 
of the liquid or the gas, Stokes's law ceases to be valid, since it 
was derived on the assumption of a continuous medium. Cun- 
ningham^ has made a theoretical, and Millikan- an experimental 
investigation of the change in Stokes's formula, when the assump- 
tion of a continuous medium is dropped. This lower limit of 
Stokes's law is very small in gases of common pressures and in 
liquids. For instance, Perrin^ found the law to be valid for 
spheres of 4 * 10“® in. diameter in air. A critical survey of this 
subject with an extensive quotation of the literature is given by 
E. Meyer and W. Gerlach.^ 

76. Correction of Stokes’s Law by Oseen. — The characteris- 
tics of the flow in the vicinity of the sphere are approximated very 
well by Stokes's theory and consequently the drag is approxi- 
mated very well also. Oseen, ^ however, has shown that at 
large distances from the body the assumption that the inertia 
forces are negligible with respect to the frictional forces does not 
hold. This is seen from a comparison of the order of magnitude 
of the inertia members in the equation, for instance, pudn/dx 
with that of the frictional members, for instance, jjlAu (see page 
8). In Stokes’s solution the velocity at great distances from 
the sphere can be considered to be equal to the velocity of the 
body w diminished by an amount proportional to where I 

is a characteristic length of the body and r the distance away 
from it. It is seen that the inertia forces, proportional to 
pwH/r^j become large with respect to the frictional forces, propor- 
tional to pwl/r^. At large distances, therefore, the assumption 
of the theory of Stokes is by no means satisfied. It has to be 
noted, however, that, although the ratio between the inertia 
forces and the viscosity forces increases at greater distances 
from the sphere, these forces themselves decrease with \/r‘^ and 

^ Cunningham, Proc. Roy. Soc. {London) (A), vol. 83, p. 357, 1910. 

- Millikan, Phys. Rev.., April, 1911. 

^ Perrin, J., The Law of Stokes and the Brownian Movement (French), 
Compt. rend., vol. 147, p. 475, 1908. 

^ Meyer, E., and W. Gerlach, On the Validity of Stokes’ Formula and 
the Mass Determination of Ultra Microscopic Particles (German), Fest- 
schrift filr Elster u. Geitel, Brunswick, 1915. 

^ Oseen, C. W., On Stokes’ Formula (German), Arkiv Mat. Astron. 
Fysik, vol. 6, 1910; vol. 7, 1911. 
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1/r^ respectively. Therefore, the correction as applied by Oseen 
becomes of importance only in that part of the field where the 
velocities have become so small that they have ceased to be of 
great influence. Because of this, the interest of Oseen’s correc- 
tion is mainly theoretical. The experimental results available 
today are' not sufficient to determine whether Oseen's formula 
or Stokes’s formula gives better results for Reynolds’ numbers 
of the order of magnitude 1. For the case of a circular cylinder, 
Stokes’s method of calculation did not lead to any result at all, 
and the new theory of Oseen was necessary to obtain one. The 
calculations involved in this process were carried out by Lamb.^ 

77. The Resistance of Bodies in Fluids of Very Small Vis- 
cosity. — It was seen that the formula of Stokes and the correc- 
tion of Oseen apply only to creeping motions, f.e., motions for 
very small Reynolds’ numbers. In case the inertia forces in the 
fluid become of the same order of magnitude as the viscosity 
forces, the theory breaks down. The discrepancy becomes very 
large when with still greater Reynolds’ numbers the fluid breaks 
away from the body at certain points and executes an eddying 
motion apparently without any regularity. 

In all cases of this kind where it seems impossible to obtain 
results by means of direct theoretical calculations, it is often 
useful to apply momentum and energy theorems in order to 
find at least approximate results. As an introduction to this 
method of attack two theorems will be discussed: (1) one dealing 
with the resistance of the ‘'half body” and (2) one with the 
momentum of a source. 

78. The Resistance of the Half Body. — By a half body we 
mean a body of which one end is situated in the field of flow while 
its other end extends to infinity. The relations which can be 
found for such a half body apply approximately to the front 
paist of an airship, since the tail of the ship is so far away that it 
hardly affects the flow round the front end. Besides being useful 
for this practical application, the theorems of the half body 
will prove to be of fundamental interest also. The fluid is 
assumed to be completely without friction and we want to deter- 
mine the drag of this half body in a potential flow. However, 
the problem is indeterminate as long as no definite statement 
is made regarding the pressure at the rear end of the body. 

1 Lamb, H., On the Uniform Motion of a Sphere through a Viscous Fluid, 
Phil. Mag., vol. 21, p. 120, 1911. 
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In order to circumvent this difficulty it is assumed that at a 
sufficient distance from the front end there is a slit into which the 
surrounding pressure penetrates (Fig. 62). The pressure drag 
of the half body is then understood to be the resulting force due 
to the pressure differences on the part thus cut off. 

By means of the method of sources and sinkS; as discussed 
in Art. 69, ''Fundamentals/'^ it is possible to calculate the flow 
round the half body, and therefore the pressure drag can be 
calculated by integrating the momentum and the pressure over 
a sufficiently large bounding surface. 

The result, however, can be obtained in a simpler manner by 
the use of a device, namely, by considering the resistance of a 


P2 


Fig. 62. — Flow round half body in cylinder. 

half body in a wide hollow cylinder, while the absence of friction 
is still assumed (Fig. 62). The surface of integration is repre- 
sented by the dotted line. Letting the ratio of the cross section 
A 2 j of the half body to that of the cylinder Aihe a = A 2 /A 1 , the 
equation of continuity gives 

A\Ux — (A 1 — A ^112, 

or 

Ui = (1 — a)u2. 

By means of Bernoulli’s equation the last result can be written as 

Pi — p-2 = ^[1 — (1 — a)-]. 

The momentum theorem applied to the part of the body to the 
left of the slit (in which the pressure equals p^) leads to a resist- 
ance 

D — Aiipi — p-i) + Aipui^ ■— (Ai — • A2)pU2^ 
or, applying the continuity equation, 

D = A 1 ( 7^1 — pA Aipuiiui — uA- 



See footnote, p. 3. 
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Substituting in this the result for pi - ^>2 obtained before, 


D ~ Ai^~[l — (1 — + 2 { (1 — q ;)2 — 1 - f - q ;}] 


or 


T) — A 2 A 


The drag coefficient referred to the velocity therefore becomes 
equal to a = A^/Ai. Letting the cross section of the tube 




Fig. 64. 

Figs. 63 and 64.— Pressure distribution on nose of blunt rotationally symmetrical 

body. 

increase beyond all limits, it is seen that a converges to zero 
In other words, the resistance of a half body in an infinite fluid 
is zero. 

A physical explanation of this fact can be obtained by consider- 
ing the pressure distribution at the front end of the half body, 
assuming that the flow does not break away. At the nose of the 
body it is seen that the streamlines at some distance away from 
It are convex with respect to its surface, which implies an excess 
pressure on the nose. Somewhat farther behind, however the 
streamlines turn their concave side toward the body so that a 
diminished pressure exists there. Figure 63 shows the stream- 
lines on the half body whereas Fig. 64 is a graphical representa- 
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tion of the pressure distribution. It is seen that the excess 
pressure and the sucking action are approximately in equilibrium. 

In cases where behind a blunt obstacle there is a dead-water 
region or wake which becomes cylindrical at a great distance 
away from it, the assembly of the body and its wake form a 
half body and the flow round the obstacle plus the dead water 
differs in no respect from the flow round an ideal half body. 
It is concluded from this that a cylindrical wake leads to a zero 
resistance. Consequently, in order to get a drag, it is necessary 
for the wake to increase its cross section indefinitely. It was 
discussed in Art. 72 that Helmholtz and Kirchhoff investigated 
flow phenomena with dead-water regions increasing parabolically 
toward infinity, resulting in a definite drag. 

79. Momentum of a Source.^ — It has been shown before that 
the flow round a half body can be caused by a source or by a 
number of sources. Let Uq be the undisturbed velocity and A 
the cross section of the cylindrical part of the half body. The 
total intensity of all the sources, z.e., the volume of fluid generated 
per second is equal to Q = Awo- If we consider instead of the 
half body (in which the source is merely existent in our imagina- 
tion) an actual flow with a source, it is seen that an amount Q 
flows out more than in. Surrounding the source at a sufficient' 
distance with a surface of integration, the influence of the source 
is felt as an additional flow of momentum pQuq = pAu^-, leading 
to a negative resistance of that same numerical value. Since a 
half body does not experience any force it follows that a source 
in a uniform flow experiences a negative resistance of magnitude 


Note: The conditions can. be understood still better by assuming the 
streamline surface passing through the point of stagnation to be a thin solid 
shell. The outer flow then represents the usual half-body flow round a solid 
shell. The inner flow consists of a source directing its flow toward infinity 
(Fig. 65). We know that the sum of the pressure forces existing on the out- 
side and inside of the shell has to be zero, since the shell coincides with a 
free surface of streamlines and could be obliterated without changing the 
flow. On the other hand, the resultant pressure on the outside of the shell 
is zero according to the laws of the half body; consequently the resultant 
pressure on the inside must be zero also. It must be concluded that every 
second an amount of momentum pQuq flows through any surface enclosing 
the source and lying completely inside the shell. We can then shrink this 
surface together indefinitely around the point source and still obtain the 

1 Articles 79, 80, and 81, are original contributions by L. Prandtl. 
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negative resistance pQuq as a reaction. Actually in each point of space, 
and consequently also in the immediate vicinity of the source, the velocity 
consists of the sum of the source flow and the undisturbed flow Uq. The 
source flow by itself has no momentum because it extends symmetrically in 
all directions. The total flow, however, obtains momentum because of the 
fact that each particle at its birth receives a velocity Uo which corresponds 
to a hypothetical driving force in the source. This hypothetical force finds 
its reaction in the negative resistance found before. 

Now the theorem of the momentum of a source in a uniform 
flow will be proved in a different manner which will be of use 
in the subsequent considerations on the drag of a body. In 
principle, any kind of '^bounding surface'^ is useful — a concentric 
sphere, two infinite planes before and behind the source, etc. 
In this case we choose a cylinder of which the axis is parallel 



Fig. 65. — Half body with generating source. 


to the flow at infinity. The cylinder is closed off by two faces 
far in front of, and far behind, the source. In order to calculate 
the force exerted on the cylinder in the direction of its axis, 
we have to calculate first the integral of the pressures and second 
the flow of momentum (Art. 100, ^ fundamentals’ The 
pressures on the curved surface of the cylinder do not contribute 
anything to the force in the desired direction since they are 
perpendicular to it. On the faces of the cylinder there is a 
pressure difference (excess pressure in front and vacuum behind). 
If, however, the two faces of the cylinder are moved to infin- 
ity, these pressure differences disappear (inversely proportional 
to the square of the distance from the source), so that this part of 
the pressure integral also becomes zero in the limit. ^ For the 
same reason the contribution of the momentum flow across the 
faces disappears in the limit. Therefore we have to consider 

See footnote, p. 3. 

“ It is understood that the contribution of the faces to the pressure integral 
would not disappear in case the cylinder were growing similar to itself. In 
that case the face surfaces would increase proportionally to the square of 
the distance, and the pressure integral therefore would tend to a finite limit. 



DRAG OF BODIES MOVING THROUGH FLUIDS 123 

only the momentum ^ contribution on the curved surface of the 
cylinder. Owing to the presence of the source, some fluid flows 
through this surface to the outside. In Fig. 66 we consider two 
surface elements of the same size and situated symmetrically 
with respect to the source. Owing to the source alone, the 
velocities at these two elemental surfaces have s^unmetrical 
directions. However, besides these velocities there is the veloc- 
ity of uniform flow Uq. Since the longitudinal velocity compo- 
nents due to the source alone are opposite in direction, the mean 
value of the longitudinal components of the complete velocities 
at the two elemental surfaces is 
equal to Uq. This relation holds 
for any two surface elements sit- 
uated symmetrically with respect 
to the source. The total vol- 
ume of fluid passing through the 
curved surface of the cylinder becomes equal to the intensity of 
the source Q if the cylinder is extended to infinity. Therefore 
the flow of momentum is calculated to be pQuo, which is the same 
result as obtained before. 

The proof which has just been completed can be made the 
starting point for a derivation of the half-body theorem. It 
has to be considered that with the half-body flow the amount of 
fluid Q = Auq is lacking at the back end, since it is occupied by 
the solid body. Because of this effect, there is a shortage in the 
momentum of the amount pQuq, which is felt as a drag. This 
drag combined with the negative resistance of the source again 
leads to a total resistance equal to zero for the half body. 

80. The Resistance of a Body Calculated from Momentum 
Considerations- — If a body in steady motion through a fluid at 
rest experiences a drag, it must be possible to prove the existence 
of this drag by means of the flow of momentum through a surface 
surrounding the body. In this respect, two different effects 
have to be considered. 

1. There is a dead-water region or wake behind the body whicjt 
has deflnite vortices at great Reynolds’ numbers or no such 
vortices at small Reynolds’ numbers. Owing to the action of 
viscosity or to the irregular vortex motion, the velocity in the 
wake becomes less and less at greater distances from the doby 
and the wake itself becomes wider. The wake conducts .a 



Fig. 66. 
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certain flow of momentum, the strength of which depends directly 
on the drag. 

2, Further it is noted that the body together with its wake 
pushes the fluid away to the side so that it causes in the fluid 
outside the wake a flow apparently caused by a source. Figure 
67 shows schematically the streamlines of such a flow for a 
coordinate system in which the undisturbed fluid remains at 
rest. It is possible to connect each streamline of the wake to a 
streamline of the source flow. 

The width of the wake increases at a slower rate than is 
proportional to the distance from the body; the increase is 
between \/x and depending on the details of the flow. 
Therefore the kind of momentum consideration employed in the 
previous article can be applied here. According to the foot- 



note on page 122 the pressure integral on the base surface of the 
cylinder becomes zero if its diameter increases at a slower rate 
than proportional to the distance. We assume that the wake 
region remains completely inside the curved surface of the 
cylinder. The flow in the wake becomes more and more nearly 
parallel at increasing distances from the body. Considering the 
pressure differences across the streamlines, it follows that far 
away from the body the pressure inside the wake is practically 
the same as in the source flow directly beside it. 

After this introduction we proceed to apply the momentum 
theorem. As a system of reference we choose the coordinates in 
which the body is at rest, and the velocity of the fluid at infinity 
therefore is equal to u^. The contribution of the curved surface 
of the cylinder is the momentum of the source, which is equal 
to a driving force pQuo (where Q is the intensity of the source). 
The contribution of the two base surfaces of the cylinder is the 
difference between the flow of momentum in front of the obstacle, 
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where the velocity is Uo, and behind, where the velocity is ua — u', 
u' being the velocity in the wake relative to the body. Figure 68 
shows the velocity distribution behind the obstacle with the 
characteristic “trough.” Consequently the momentum flow 
becomes 

— pJ*J*(wo — u'ydA — 2pUo J* Ju'dA — p// 

goes in goes out 

In this expression, ^ j^u'dA is equal to the intensity of the source 

Q so that the first term reduces to 2pQuo. The second term 
vanishes when proceeding to the limit of an 
infinite distance from the body, since it con- 
tains the wake velocity squared. Finally, 
taking together the contributions of the curved 
surface and the base surface, the total drag 
becomes 

D = pQuo 

so that 

Q = — Fig. 68. — Velocities 
P^O in wake. 

2 

Writing the drag in the usual form D = cA^^i we find for the 

A 

intensity of the source 

Q = He 

which result is physically quite plausible. It is seen that the 
strength of the source is independent of the distance of the 
bounding surface from the body if this distance is sufficiently 
large. From this it is concluded that all streamlines in the 
wake extend from infinity directly to the body as indicated in 
Fig. 67. 

If the motion of the body had started somewhere in the finite 
region, the wake would extend only to this point. The stream- 
lines of the wake, which cannot end in any particular location, 
would then lead to a sink at the point of starting. This sink 
flow is accompanied by a vortex ring. 

81. Method of Betz for the Determination of the Drag from 
Measurements in the Wake. — The relations found in Art. 80 are 
based on the velocity distribution in the wake at a great distance 
from the body. In making actual experiments, however, it is 
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often necessary to come very much closer to the obstacle so that 
the analysis has to be extended to this more general case. This 
was done by Betz/ and the considerations of this article are 
based mainly on his publication. 

As bounding surface for the integration two parallel planes are 
taken perpendicular to the direction of flow of the undisturbed 
fluid, one in front of and one behind the obstacle (Fig. 69). The 
velocities and the pressure in the front plane are Ui, Vi, Wi, pi, and 
the corresponding ones in the rear plane are wo, p 2 . At 



infinity we have u uo, v ^ w = 0, p = po. By means of the 
momentum theorem the drag becomes 

D = J J (pi + pUi"-)dA — f f(P2 +■ pUi^)dA, (1) 

in which the integrals extend over the entire area of both infinite 
planes. The problem consists of transforming these integrals 
in such a manner that the integration becomes restricted to the 
trough in the wake. To this end, we introduce the abbreviations 

== + |(Wl“ + 

0^2 = P2 + 4- + W2^). 

On any streamline which is not subjected to viscosity actions or 
to apparent friction due to turbulence, Bernoulli's theorem 

^ Betz, A., A Method for the Direct Determinatioa of Profile Drag (Ger- 
man), Z. Flugiechn. MotorUiftschiffahrt, vol. 16, p. 42, 1925. 
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states that g == constant. Therefore gi — differs from zero 
only in the trough. For this reason, gi and go are now substituted 
into Eq. ( 1 ) with the result that 

^ ~ ~ + 


1 / / 5 + ivi^-))dA. 



The first integral in this expression already has the desired 
properties. In order to transform the second integral, we define 
a hypothetical flow which coincides with the actual flow every- 
where except in the wake, where the hypothetical flow shall be 
such that g^ = gi (there are no losses due to friction or turbu- 
lence). This is accomplished by changing the a:-component of 
the velocity, which now is designated by uo'. Since the actual 
flow is incompressible, the hypothetical flow cannot possess 
this property but rather shows distributed sources of which the 
total strength is Q. Apparently, we have 

Q f J* (^ 2 ' — Uo)dA, 

where the integration has to be extended only over the trough 
since everywhere outside it U2' = U2. This is designated by the 
letter T above the integral sign. 

Now the momentum theorem in the form ( 2 ) will be applied in 
such a way that first the differences between Ui, t’l, wi, 2>i, and 
U2j V2j W2j P2j will be written down and then, as a second step, 
the differences between uo^ vo^ wo^ poy and wo, vo^ po. The 
result then is found as the sum of the two partial results given 
by these steps. For the first step, integral I becomes zero, since 
g^' = Integral III causes certain difficulties. It is com- 
paratively small in the case of a pure source flow^ Whenever 
stationary vortices exist, however, as in airfoils, its value may 
become considerable. Its total value will be denoted by Dv, 
which will be discussed in detail later. Neglecting contributions 
of the nature of Di, the first step applied to integrals I and II 
leads to a negative drag or driving force pQua, since there is a 
distributed source of strength Q between the two planes of inte- 
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gration and there are no losses. Since the integral I is zero, it 
follows that integral II is 

U* (mi^ — U2^)dA = —pQuo = — pua J" j" (M 2 ' — v,2)dA. 
Applying the second step to integral I, we obtain 

ff igi — 92 )dA 

and, correspondingly for integral II, 

Iff’ \u2’^ - U2^)dA = 1/ f {u^ — W2)(W + n2)dA, 

This second step applied to integral III gives a value equal to 
zero. In total, therefore, the result becomes 

= {gi^Q2)dA+^j' J* {U 2 ' ^U2)(u2' +U2 — 2uo)dA-^Di, (3) 

where it is seen that the two integrals actually are restricted to 
the trough. Regarding the third term 

A = ^ JJ [{vf^ + - {v^^ + w,^)]dA, 

the following remark can be made: In case we wanted to 
treat the y- and 5 ;- velocities of a source only, it would be possible 
to put the front integration plane at an equal distance from the 
source as the rear plane, which would result in a canceling of the 
contributions. This relation is not true any more when steady 
vortices emanate from the body, as in airfoils; in such a case 
there are velocities in the rear plane of integration to which 
there are no corresponding ones in the front plane. Then the 
third term of (3) leads to a resistance Di different from zero, 
which is apparently due to the partial vacuum in the vortices. 
In the three-dimensional wing theory (Art. 114) this resistance 
is termed ''induced drag,’’ and consequently the symbol Di 
has been assigned to it. Drag resulting from integrals I and 
II in the case of airfoils is called “profile drag.” 

A remark has to be made on non-steady vortices in the turbu- 
lent wake. These cause certain deviations, especially in expres- 
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sions II and III, since the mean values of the products of the 
velocities do not coincide exactly with the products of the mean 
values of the velocities. These deviations are gener- 
ally small however. In cases where the wake vor- 
tices are more or less regular and strong (Karman 
trail, see Art, 82), the previous investigation is 
not applicable. 

The numerical calculation of the resistance 
in a practical case requires first an experimental 
determination of with a Pitot tube. Outside 
the trough this value coincides with which, being 
the Bernoulli constant of the undisturbed flow, is a 
constant number (Fig. 70) . Further the static pressure po has to be 

determined; from this follows For a 

determination of it is usually sufficient to interpolate the 
velocity curves for U 2 by a smooth curve over the trough as indi- 
cated by the dotted line in Fig. 70. It is also possible to calculate 

it by means of U 2 = —• 

P 

With these measurements, the expressions occurring in inte- 
grals I and II are known so that the integrations can be carried 
out numerically. The greatest contribution will be furnished by 
the first integral. At great distances from the body where the 
wake velocity is small and the trough is shallow, it leads to the 
same result as the formula in the Art. 80.^ Contribution II 
gives a correction which becomes rather small at large distances; 
however, close to the body it is of some importance. Expression 
III cannot be calculated in this way since it is not restricted to 
the trough. Consequently the method is of use only when the 
drag consists of profile drag I plus II and when expression III 

^ This is true under the assumption that the values of = — 2 — ^ the 

trough can be neglected with respect to — p-*, which is admissible in all 
practical cases. 

2 In case that ui = tto, = uo — w', and pi = pi = 0, we have 

— {uo — u'y\ = pf 

where the second term is small of the second order. Therefore 
J* ~ Q'ddA » piiQj A = pWoQ. 



Fig. 70. 
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( = Di) is without importance.^ The method has been applied 
with good results to the measurement of profile drag, especially by 
Weidinger^ and Schrenck.® 

Note: The result of the first step” on page 125 is only equal to pQuo if 
the sources of the U 2 , V 2 , t£? 2 “fiow all are located in front of the rear plane of 
integration. In case, however, that there are sources or sinks behind this 
plane there will be forces between these and the source Q, which, however, 
cannot be calculated in such a simple manner. This is probably the reason 
that Betz’s formula becomes inaccurate when applied very close to the 
body. H. Muttray has shown that Betz’s formula (3) can be applied to 
the flow through a channel of constant cross section ^ 0 - It is only 
necessary to replace the term 2uq by the sum of the velocity far in front 
of the obstacle (lio) and the velocity of the hypothetical flow U 2 ' far behind 

Q 

the body, i.e., Uo + where u' 2 m can be set equal to wo -h — In this 
investigation the friction at the channel walls has been neglected. 

82. The Karman Trail. — The phenomena discussed in the last 
few articles showed a more or less irregular wake behind the. 
obstacle, exchanging its momentum with the neighboring undis- 
turbed water so as to make the wake wider and wider with 
increasing distance from the body. There are; however, phe- 
nomena where the energy is not dissipated directly in an irregular 
wake but is first transformed into very regular individual vor- 
tices. For instance, the two-dimensional flow round a cylinder 
at certain dimensions and velocities assumes the form shown in 
Fig. 59, Plate 24. The vortices formed on either side of the 
body have opposite directions of rotation and form a certain 
geometrical pattern which is observed quite regularly at some 
distance behind the obstacle. These vortices do not mix with 
the outer flow and are dissipated by internal friction only after a 
long time. 

1 With this procedure the remark made before, about locating the two 
planes at equal distances .from the body and thus eliminating expression 
III, becomes meaningless. In practical cases no measurements are ever 
made in the front plane of integration, so that this plane is virtually at 
infinity where vi and Wi are zero. However the values of Vi and are 
practically always small, so that neglecting them in expression III does not 
result in any serious error. 

2 Weidinger, H., Profile Drag Measurements on a Junkers Airfoil (Ger- 
man), Jahrb. wiss. Gesellsch. Luftfahrt, p. 112, Munich, 1926. 

® ScHEENCK, M., Profile Drag Measurements in Actual Flight by Means 
of the Momentum Method (German), Luftfahrlforschung, voL 2, No. 1, 
Munich, 1928. 
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The phenomenon which had been observed casually by various 
investigators was first studied experimentally by Benard.^ It 
was reserved, however, to von Karman- to give an explanation 
of it. 

His observations led him to making an investigation of the 
stability of certain geometrical configurations of these eddies. 
The calculation, restricted to the two-dimensional case, assumes 
linear vortices of equal intensity and opposite direction of 

^ ^ 

^ — 

Fig. 71. — Unstable configuration, 

rotation lying in parallel rows at equal distances from each 
other. A further investigation showed that only two different 
arrangements are possible. The eddies of the one row are 
situated either exactly opposite those of the other row or 
they are symmetrically staggered (Figs. 71 and 72) . The stability 
investigation, carried through by means of the method of small 
oscillations, leads to the result that the first arrangement is unsta- 
ble with respect to small disturbances while the second pattern 
is generally unstable also, but becomes stable for a very definite 








^ 

Fig. 72 . — Stable when h/l — l/V arc cosh = 0.2S06. 


value of h/l (in this case, the pattern is in indifferent equilibrium 
against disturbances of the wave length 21). Von Karmdn 
obtained for the value of h/l the expression 

r =- cosh-i V2 = 0.2806. 

I TT 

Measurements of the distance between the vortices on photo- 
graphs of actual flows show a good agreement with this calculated 

^ Benakd, H., Compt. rend. (French), vol. 147, 1908; vol. 156, 1913; vol. 
182, 1926; vol. 183, 1926. 

2 Von Karman, Th,, Nachr. Ges. Gottingen (German), p. 509, 

1911; p. 547, 1912; K.4 rm.4n and Rubach, On the Mechanism of Fluid 
Resistance (German) Physik. Z., p. 49, 1912. 

3 r = ^Wodt means the circulation and is a measure for the intensity of 
the vortex; see p. 207, “Fundamentals,’’ see footnote, p. 3. 
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value. The theoretical flow corresponding to the photograph, 
Fig. 60, Plate 24, is shown in Fig. 73 for a coordinate system 
which is at rest with respect to the undisturbed fluid. It is seen 
that some of the streamlines move in a wavy path between the 
various vortices, while the other streamlines are closed round the 
vortex centers- The total geometrical pattern of the eddies has 
a velocity of its own, 

r 

U — - — 7 =-? 

iVs 

in the direction of motion of the body. The individual vortices 
gradually remain far behind the body, which moves at a faster 
rate than the eddies. The same phenomenon looks entirely differ- 



ent to an observer moving with the body, i.e., with respect to a 
coordinate system in which the body is at rest and in which the 
velocity of the undisturbed fluid is uo. The theoretical stream- 
line picture for this case can be derived from the one of Fig. 73 
by adding to it the constant velocity of the undisturbed flow. 

83. Application of the Momentum Theorem to the Karman 
Trail. — Von Karman has shown that by means of the momen- 
tum theorem the drag of a body can be calculated from the 
geometrical pattern of its eddies. To this end two assumptions 
have to be made: (1) the actual eddy formation far behind the 
body should not differ much from the one calculated to be stable 
(photographic experiments show this assumption to be correct) ; 
(2) the fluid at a distance large with respect to the dimensions of 
the body is assumed to be at rest. However, it is not possible 
with Karman’ s theory to calculate for any given obstacle the 
dimensions I and h of the Karman trail as well as the velocity u 
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of the eddies. A knowledge of the relation between the dimen- 
sions of the eddy pattern and the shape of the obstacle would 
indeed make the theory of great practical importance. How^ever, 
it is an advantage to be able at least to calculate the drag when 
only the dimensions of the vortex trail (by means of a single 
photograph) as well as the velocity of the eddies are known 
experimentally. In applying the momentum theorem, it is to be 
noted that the flow is not steady since there is a periodic eddy 
formation behind the body. However, the part of the street far 
behind the body can be considered steady, if the coordinate 
system is moved with the velocity u of the individual vortices. 
Choosing a bounding surface enclosing the body and moving 
forward with this velocity u (Figs. 74 and 75), the fluid enters 
this surface at the left with a velocity u. At the right the surface 



Fig. 75, 

Figs. 74 and 75. — ^Application of momentum theorem to Karmdn trail. 

cuts in between two eddies so that in the Karman trail there is a 
velocity to the left (Fig. 73), while outside the flow is to the right 
with the velocity u. 

The body moves with the velocity U relative to the undis- 
turbed fluid, i.e.j with the velocity U — with respect to 
our system of coordinates. Within the bounding surface new 
eddies are being formed all the time at the body ; moreover, there 
is the source flow emanating from the body and extending to 
infinity. 

For non-steady motions of this sort the momentum theorem 
has to be modified because, besides the momentum and pressure 
integrals over the bounding surface, the change in momentum 
inside this surface has to be taken into account. According 
to von Karman’ s procedure the phenomenon is considered at 
the two instants between which just two new vortices have been 
formed. Since the body moves with the velocity TJ — u with 
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respect to the trail, and since the distance between two eddies 
of the same sense of rotation is equal to Z, the ''period’’ becomes 
T = l/(U — u). Figure 74 shows the initial state and Fig. 75 the 
final state; the surface of integration is shown in both cases by 
the heavy-dotted line. The condition inside the surface of 
integration at the final state is the same as in the initial state of 
Fig. 74, if only the shaded area A is omitted from it and the 
shaded area B is added to it. If the bounding surface is chosen 
sufficiently large in the direction of flow as well as across the 
flow, the contribution of the source flow in the regions A and B 
is sufficiently small to be negligible. It is only necessary to 
calculate the difference in momentum between the undisturbed 
flow in the region A and the eddy flow in the region B. Accord- 
ing to von Karman the integral of the a:-component of the velocity 
multiplied by p extended over the region B minus the same inte- 
gral over the region A is equal to pThA The amount thus calcu- 
lated is the change in momentum during the time T = 1/{U — u). 
The change of momentum per unit time, constituting a part of 
the drag, therefore is 


The intensity of the source is equal to the jump in the velocity 
mentioned before, multiplied by A, i.e,, Q = Th/l. According to 
the investigation of Art. 79 there is a flow of momentum into 
■the long sides of the surface of integration to the amount of 
pQu which leads to a negative resistance 

Th 

u 


The fact that the source moves relatively to the system of coor- 
dinates with the velocity U ~ u does not result in a contribution 
either in the interior or on the boundary of the surface of integra- 
tion at least if that surface is sufficiently elongated. 

As a third contribution we have the momentum and pressure 
integrals on the short sides, corresponding to the base surfaces 
of Art. 79. One of these bases is in the undisturbed fluid while 

^ Since this integration is a linear process, it is permissible to take first 
the mean value of the velocities, which is found by letting the vortices 
take all possible positions successively along the length 1. This amounts 
to an even distribution of the vorticity along Z, which causes a uniform jump 
in the velocity of magnitude T/l. Multiplying this T /I by the density and 
by the area Ih leads to the above result. 
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the other one cuts through the vortex trail. At both those 
locations the flow is a potential one, and, if the effect of the source 
traveling with the body is neglected, the flow is, moreover, 
steady. Therefore the simple equation of Bernoulli can be 
applied. 

It is convenient to calculate at once the sum of the momentum 
integral and the pressure integral giving the result 

II 

The total drag D per unit length of the cylinder therefore 
becomes 


Substituting into this expression the values for h/l and for T 
found before, we obtain 


c 


1.687i - 0.628(iy]3‘, 


where d is some linear dimension of the body (for instance, the 
width of the plate), and 



The result of the calculation therefore is that the drag is pro- 
portional to the square of the velocity, which was to be expected 
from dimensional reasoning; moreover, the drag coefficient is 
obtained, which otherwise could have been found only by an 
experiment. The only limitation is that the drag coefficient is 
not found directly but rather as a function of the two ratios: 

u velocity of the vo rtex system 
JJ ~ ~~ velocity of the body 

and 

I pitch of th e vortices _ 

d ~ characteristic length of the body 

The ratio l/d can be measured directly from a photograph of the 
phenomenon, while the ratio u/ U can be found from the period of 
the eddy formation T. A simple analysis shows that this rela- 

tion is 



136 APPLIED HYDRO- AND AEROMECHANICS 

u _ ^ l_^ 

C7 “ UT' 

since 

T(U -u) =- L 

Von K^rmdn and Rubach^ determined the drag coefficient for 
the cylinder and for the plate from photographs of the eddy trail 
and from stop-watch measurements of the period. They found 
c = 1.60 for the plate and c = 0.92 for the cylinder, with a 
Reynolds^ number between 2,000 and 3,000. Wieselsberger^s 
direct experimental value for the cylinder is 0.93; the most recent 
measurements of Flachsbart for plates give 1.7; so the agreement 
in both cases is very satisfactory. 

It appears strange that von Kd,rman’s theory, although it 
assumes an ideal fluid, still takes it for granted that the moving 
body generates eddies all the time, which is impossible according 
to classical hydrodynamics. The explanation of this paradox 
is given by the boundary-layer theory where it was seen that 
in the limit jjl — 0 the fluid can be considered without friction 
everywhere except in a thin layer adjoining the body. In this 
layer, which becomes thinner for smaller viscosities, a different 
limit process has to be performed. In Chap. IV it was seen in 
detail how this thin boundary layer, where the friction forces 
cannot be neglected even for fluids with negligible viscosity, 
is the place where vorticity is created. 

84. Bodies of Small Resistance; Streamlining. — Classical 
hydrodynamics leads to impossible results in all cases where 
considerable drag is experienced, while for bodies of very small 
resistance the science can be applied to great advantage. Since 
in most practical cases, among others those of airplane and air- 
ship construction, the problem consists in reducing the drag to a 
minimum, it appears that a great field is left open for application 
of the methods of ideal-fluid hydrodynamics. Practical aeronau- 
tical construction has derived great help from the modern theories 
on air motions, viz.^ the problem of the airship body of least 
resistance, airfoil theory, and propeller theory. 

For an airship body of small resistance, it is essential that the 
air which is divided at the front closes up again smoothly at the 
tail end. A shape as indicated in Fig. 49 fits this condition very 
well. The actual drag, which is very small considering the size 


^ See footnote, p. 131. 
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of the body, consists practically exclusively of skin friction. 
According to experiments in the wind tunnel the resistance is 
about 25 times as small as that of a flat plate of the same size as 
its greatest cross section. 

It is comparatively easy to calculate the flow round bodies of 
this sort by means of the source-and-sink method of Rankine, as 
explained in Art. 69 of "'Fundamentals.^'^ Instead of consider- 
ing a single concentrated source, as was done in that example, it is 
more appropriate to take a continuous distribution of sources and 
sinks along the axis of symmetry. By suitably distributing these 
sources and sinks, it is possible to obtain a great variety of body 
shapes, while the thickness of the body is determined by the 
intensity of the parallel flow superposed on the source-sink flow. 
It is relatively simple to calculate the body form and the corre- 
sponding streamlines for a given source-sink distribution; how- 
ever, the converse problem, consisting of finding the source-sink 
distribution for a given symmetrical body, is very much more 
difficult. This problem will be discussed in the following article. 

85. Comparison of the Calculated Pressure Distribution with 
the Experimental One. — A paper by Fuhrmann- deals with 
the methods of calculating the streamlines round a body for a 
given source-sink distribution. Besides giving a theoretical 
calculation, it also reports on measurements of the pressure 
distribution at the surface of the body. The models experi- 
mented with were carefully made so as to resemble the theoretical 
shapes most accurately. The pressures were measured through 
very small holes drilled into the hollow models. Figures 76 and 
77 show the calculated and measured pressure distributions for 
two different cases. In general the agreement is very satisfac- 
tory; only at the tail end of the body is there an important dis- 
crepancy. For the calculated case the pressure at the tail end 
is equal to the full stagnation pressure, whereas in the actual 
experiment this cannot be so, since fluid elements cannot pene- 
trate into this high-pressure region on account of their having 
been retarded in the boundary layer. The integral of the cal- 
culated pressures across the whole surface, i.e., the pressure 
drag, must be zero in all cases, since the calculation has been 
based on an ideal fluid. The actually observed drag therefore 

^See footnote, p. 3. 

^ Fuhrmann, G., Theoretical and Experimental Investigations on Balloon 
Models (German), Dissertation, Gottingen, 1912. 
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exists only in so far as the actual flow deviates from the theoretical 
one. For this purpose the drag can be conveniently expressed 
in terms of an area equal to the side of a cube of the same volume 
as the airship body under consideration, i.e., so that 



Fig, 76. 



Fig. 77, 

Figs. 76 and 77. — Pressure distribution on airship hulls. Full lines are calcu- 
lated; points measured in wind tunnel. iFuhrmann.) 

With this notation, the calculations based on the experimental 
pressure distribution gave the following drag coefficients: 

Model I II III IV 

c 0.0170 0.0123 0.0131 0.0145 

For comparison, the drag coefficients as determined directly in 
the wind tunnel with the aerodynamic balance are given below: 

Model I II III IV 

c 0.0340 0.0220 0.0240 0,0248 

It has to be noted that for larger Reynolds’ numbers than could 
be obtained with these experiments, the drag coefficients would 
have been approximately 30 per cent smaller. In order to 
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compare these drag coefficients with those of a flat plate of the 
same surface condition, it is noted that the surface area of the 
airship models is about equal to seven times whereas 

the figures usually quoted for plates refer to the plate area itself. 
For direct comparison, therefore, the above drag coefficients have 
to be divided by seven. The experiment shows that for bodies 
of this streamline form, the total resistance is not materially 
greater than the friction drag of a flat plate having the same 
area as the streamlined body. This fact, to a certain extent, 
can be interpreted as an experimental proof of the theorem of 
classical hydrodynamics: that the drag of a body in uniform 
motion is zero. 

The converse problem, i.e,, the determination of the source- 
sink distribution for a given shape of body, has been treated by 
von Karm^n^ on the specific example of the airship ZR-3, 
which later was named “Los Angeles.’^ The solution w^as 
obtained approximately by taking the source and doublet-distri- 
bution constant along short sections of the body. He solved 
not only the case of symmetrical flow but also that of a wind 
blowing obliquely against the ship. The classical solution for an 
oblique flow of this sort leads only to a moment tending to place 
the body perpendicular to the direction of the flow. It definitely 
does not give a force perpendicular to the flow, i.e,, a lift. Since 
in the actual case lift is obtained, von Karman assumed in the 
wake of the airship body the existence of an eddy distribution 
very similar to that behind an airfoil (Art. Ill), This changes 
the flow markedly, especially around the rear end of the ship, 
and causes a lift at the front end which is considerably greater 
than the down push on the tail so that the result is a definite lift, 
which is in agreement with the experimental facts. 

86. Friction Drag of Flat Plates, — When a fluid flows along a 
flat plate, a force is exerted on the plate in the direction of the 
flow. It is said that the plate suffers a ''friction drag,’" which as 
usual is expressed by the relation 

n ^ 

D — 

although in this case the drag is proportional neither to the 
square of the velocity u~ nor to the area S of the plate. Con- 

^ Von Karman, Th., Calculation of Pressure Distribution on Airship 
Bodies (German), Abhandl. Aerodyii. Inst., Tech. Hochsckide Aachen, vol. 6, 
p. 1, Berlin, 1927. 
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sequently c/ is no constant but must be a function of tlie 
Reynolds’ number R == ul/p (1 being the length of the plate in the 
direction of flow), as was explained in Art. 59. For small 
velocities, or rather for Reynolds’ numbers smaller than about 
5 * 10^ the law of Blasius^ holds that Cf is proportional to the 
reciprocal of the square root of Reynolds’ number 

1.327 

" vs ' 

or writing S = we have, for R < 5 • 10^, 

D = Cfbl^ = 1-327^^ • bl^ = l^pbmv^u^. 

For greater Reynolds’ numbers, the experiments by Wiesels- 
berger,^ Gebers,^ and Gibbons^ give a different relation between 
Cf and R. In the case that R > 5*10® the drag coefficient is 
proportional to the reciprocal of the fifth root of the Reynolds’ 
number with the proportionality factor 0.072 so that here we 
have 

Z)/ = 0.072^ • bl^ = 

The reason that at a certain Reynolds’ number of about 5 • 10® 
the resistance law suddenly changes is that below this number the 
flow in the boundary layer along the plate is laminar, while 
above this number it becomes turbulent, as was explained in 
Art. 63.® 

The transition between the two laws is not sharp but very 
gradual especially for smooth plates with sharp front edges. 
Figure 78 shows some experimental results obtained by Gebers, 
Blasius, and Wieselsberger. The last investigator has not used 
sharp-edged plates but rather rounded ones, where the eddy 

^ Blasius, H., Boundary Layers in Fluids of Small Friction (German), . 
Z. math. Physik, vol. 56, p. 1, 1908. 

2 WiESELSBEBGER, C., Investigations on the Skin Resistance of Canvas 
Covered Planes (German), Gottinger Ergebnisse, vol. 1, p. 120, Munich, 1921. 

2 Gebers, A Contribution to the Experimental Determination of Drag of 
Moving Bodies (German), Schiffbau^ vol 9, 1908. 

Gibbons, W. A., Skin Friction of Various Surfaces in Air, 1st Ann. 
Rept., Nat. Adv. Comm. Aeronautics^ 1915, Washington, D. C,, 1917. 

^ The limit 5 • 10^ is only for very smooth flow; in case the fluid strikes the 
plate in a somewhat turbulent state this figure is considerably lower. 
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formation starts immediately at the front end. The shape of the 
curves shown in Tig. 78 becomes clear when remembering that a 
sharpened plate where the first part of the boundary layer is still 
laminar has less resistance than a plate where no such laminar 
initial boundary layer exists as in the case of Wieselsberger’s 
experiments. This difference between the drags obtained with 
the two kinds of plates becomes smaller and smaller with increas- 
ing Reynolds’ numbers on account of the fact that the distance 
from the front end of the plate where the laminar layer turns 
turbulent becomes shorter 

By making a judicious guess at the ratio between the length 
of the laminar boundary layer and the length of the plate, 
PrandtT has found that in the transition region between the 



Fig. 78. — Skin friction coefficient vs. Reynolds’ number for flow along flat 

plates. 


two resistance laws the conditions are well represented by the 
expression 

Q.Q74 1,700 

~ R 

In this expression the number 1,700 is still dependent on the 
degree of turbulence of the fluid coming up to the plate. 

It is of interest to mention here the work of Kempf- and his 
associates who have made many investigations on skin friction 
with special application to ship resistance. A publication of 

1 Prandtl, L., On the Friction Resistance of Air (German), Gottinger 
Ergehnisse, vol. 3, p. 1, Munich, 1927. 

2 Kempf, G., Skin Friction (German), Werft, Reederei, Hafen, vol. 5, 
p. 521, 1925; On the Friction Resistance of Plates of Various Shapes 
(German), Proc. Intern. Cong, for Applied Mech., Delft, 1924. 
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Kempf and Kloess^ investigates the drag of very short plates. 
The subject of very long plates is treated in the paper by Kempf 
himself^ with the appended discussions of Gebers and von Kar- 
men. Other contributions to the subject have been made by 
Stanton and Marshall,^ Shigemitsu,^ and Telfer.^ 

The measurements on long plates show consistently somewhat 
higher values than those given by the above formulas. In so far 
as these deviations are due to the influence of very great Rey- 
nolds^ numbers they form a parallel case to the deviations from 
Blasius' law for the pressure drop in pipes at high Reynolds’ 
numbers.® Based on the experimental results of the flow through 
pipes, L. Schiller and R. Hermann^ have made a calculation of 
the skin friction of plates. For the local drag coefficient c/ for 
ux! V > 3' 10®, they give the interpolation formula 

/„ \- 0.1294 

c/ = 0.0206^^j 

Integrating this result leads to 

_ 0.024 850 

R ■ 

For the case of very smooth flow and a sharp front edge, again 
an amount 1,700 /jK has to be subtracted from this. As men- 
tioned above, this formula is valid for R >3*10®, while below this 
Reynolds’ number the old formula holds. 

Regarding the influence of roughness on the skin friction, it 
has been found that for surfaces which are not very rough the 
skin friction is hardly different from smooth surfaces, especially 
for small Reynolds’ numbers. In this case, the roughness 
inequalities are still within the laminar boundary layer. For 
larger Reynolds’ numbers, where these inequalities protrude 

^ Kempf, G., and H. Kloess, Resistance of Short Plates (German), 
Werft^ Reederei, Hajen, vol. 6, p. 435, 1925. 

^ Kempf, G., ibid. 

^ Stanton and Marshall, On the Effect of Length on the Skin Friction 
of Flat Surfaces, Trans. Inst. Naval Arch.., 1924. 

^ Shigemitsxi, Skin Friction Resistance and Law of Comparison, Trans. 
Inst. Naval Arch., 1924. 

^ Telfer, see footnote, p. 104. 

® See also the note after Art.. 48. 

^Schiller, L., and R. Hermann, Resistance at Large Reynolds’ Numbers 
(German), Ingenieur Archiv, vol. 1, p. 391, 1930. 
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out of the boundary layer on account of its smaller thickness, 
the rough surface causes considerably greater friction than the 
smooth one. Surfaces of great roughness, as for instance canvas 
covered ones, give a practically square resistance law according 
to experiments of Wieselsberger. This indicates that the drag 
then is of the nature of a pressure resistance. With increased 
plate length, C/ decreases in this case also, since with increasing 
thickness of the boundary layer the relative roughness decreases. 



CHAPTER VI 
AIRFOIL THEORY 
A. EXPERIMENTAL RESULTS 

87. Lift and Drag. — The previous chapter dealt with the drag, 
i.e., with the component of the total force in the direction of 
the flow. But only in the case of symmetrical bodies where the 
direction of flow coincides with the axis of S3mmetry does the 
direction of the total force coincide with that of the motion. In 
all other cases there is a definite and sometimes a large angle 
between them. By decomposing the total force into two com- 
ponents, one in the direction of the flow and another perpendicular 
to the flow, we are led to the conception of lift. The angle 
between the direction of the flow and the total force exerted on 
the body depends very much on the geometrical position of the 
body with respect to its motion. In practical aeronautics, we 
are interested in bodies (airfoils) where the total resulting force is 
nearly perpendicular to the direction of the flow, so that in this 
case the lift is great and the drag small. 
The lift serves for carrying the airplane and 
therefore is a desirable property, whereas 
the drag is a necessary evil which has to be 
compensated for by the propeller thrust. 
88. The Ratio of Lift to Drag; Gliding 
■r, nr. t j Angle. — It has been known for a long time' 
drag on fiat plate inclined that a flat plate inclined at a smali' angle 

under 4 deg.; aspect direction of the flow has a lift 

ratio 6. 

L which is many times greater than 
its drag D. Figure 79 shows the lift and drag /of such a 
plate inclined under 4 deg. with respect to the direction 
of flow. The ratio L/D, which is a criterion of the quality of the 
airfoil, depends not only on the ''angle of attack'’ a but to a great 

^ The oWest literature up to 1902 can be found in Finsterwalder’s article on 
Aerodynamics in the ''Encjmlopaedie der rnathematischen Wissenschaften,” 
vol. IV (Mechanics), No. 17. See also 0. Foeppl, Wind Forces on Flat and 
Cambered Plates (German), J ahrhr Moiorh^ftschiffstudiengesellschafi, vol. 4, 
p. 51, 1910-1911. 
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extent also on the aspect ratio.” For instance, a rectangle of an 
aspect ratio 6:1 {i.e., a ratio between the sides of 6:1), shows a 
considerably larger L/D as a square plate. The ratio D'L is also 
referred to as the tangent of the gliding angle/ ^ since this is the 
angle under which the airplane can perform a steady gliding flight. 

A far better L/D ratio is obtained by giving the plate a slight 
curvature or ''camber.’' Figure 80 shows that the lift-drag 
ratio in this case is about twice as large as for the fiat plate. 

Still larger lift-drag ratios can be obtained by using regular 
airfoils as employed on actual airplanes. As an instance, Fig. 
81 shows the cross section or "profiile” of such an airfofi. ' It is 



Fig. so. Fig. 81. 

Fig. so. — L ift and drag on curved plate inclined under 4 deg.; aspect ratio 6; 
height of camber equals one twenty-seventh chord. 

Fig. 81. — Lift and drag for airfoil under 4 deg.; aspect ratio 6. 

essential that the front end be rounded off nicely and that the 
top be curved very smoothly; moreover, the tail of the profile 
should have a sharp edge. The curvature of the bottom side 
of the profile generally is of less importance. In Art. 91 the 
relation between the flying characteristics of an airfoil and its 
profile will be discussed in detail. For good profiles at an aspect 
ratio of 6: 1, it is possible to reach a lift-drag ratio of 20 or more. 

Since both the lift and the drag are very much dependent 
on the angle of attack of the airfoil with respect to the direction 
of the flow, it is necessary to give a clear definition of this angle. 
In some cases it is to a certain extent arbitrary which plane 
through the airfoil is to be taken for the definition of the angle of 
attack. For profiles where both the top surface and the bottom 
surface are convex, it is usual to define the angle of attack, as 
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indicated in Fig. 82, by the line connecting the sharp trailing edge 
with the center of curvature of the nose. 

Another method which is common for most airfoils is that of 
placing a straightedge against the profile as shown in Fig. 83, thus 


V 

Fig. 82. — Definition of angle of attack for doubly convex airfoils. 



defining the angle of attack. This definition has the additional 
advantage of providing a well-defined point to which the moments 
of the lift and drag can be conveniently referred. Besides the 

usual decomposition of the 
total air force R into a lift 
L and a drag D, some other 
decompositions are used 

Fio. 83.-Definition of angle of attack Sometimes, for instance, into 
and of origin of moments. a tangential forcB T and a 

normal force N referred to the center line of the profile. 

89. The Lift and Drag Coefficients. — In the preceding chapter 
the drag coefficient was defined by the formula : . ' 



S(y 


72 


Quite analogous to this, it is possible to define a lift coefficient, 
namely, 



Corresponding coefficients are defined for the other forces 
sometimes used, for instance: Cn for the normal force, CV for the 
tangential force, and Cr for the resultant force. It is necessary 
to define exactly the area S appearing in the above formulas. 
In our previous considerations the projected area A in the direc- 
tion of the flow was used. For airfoils, however, it is common to 
define S as the largest possible projected area; for instance, for rec- 
tangular wings aS is equal to the product of the span b and the 
chord c (Fig. 84) ; for wings of other shapes we have similarly 

^ = f^'cdb. 
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90. The Polar and Moment Diagrams of an Airfoil. — Since 
both the lift and drag depend very much on the angle of attack, 
it seems logical to plot- the lift and drag coefficients as functions 
of this angle. In the first publications on aeronautics this was 
usually done, the Cl and Cd values being plotted as functions of 



Pig. 84. — The area of an airfoil S = be. 


a. It is seen in Fig. 85 that in the region of technical importance 
from O' = —3 deg. to o' == 12 deg., the Cl relation is practically 
linear and the Cd relation practically quadratic. 

In practice, however, the knowledge of the relation between 
Cl and Cd and the angle of attack a is not necessary, and, more- 
over, the angle a cannot be easily measured during flight. It 



was suggested by Otto Lilienthal to plot Cl as a function of 
Cd and to write the angle of attack as a parameter into this 
curve, which is known as the polar diagram.” In Fig. 86 
such a diagram is shown with the scale of the drag values five 
times as large as the scale of the lift values. This is usually 
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done for convenience, since the lift is very much greater than the 
corresponding drag. 

For a full knowledge of the air reaction on the wing, lift and 

drag alone are not sufficient 
since they determine only the 
magnitude and direction of the 
total air force but not its location. 
Instead of specifying a point 
through which the total air force 
passes, it is more convenient 
to specify the moment of this 
force about a definite point or 
axis, since the point through 
which the force acts sometimes 
lies quite far behind the airfoil. 
The point 0 about which the 
moment is taken usually is the 
corner point of the straightedge 
shown in the Figs. 83 and 87. 

If N is the normal component of the air force and a its distance 
from 0, the moment is ikf = Na, This moment is considered 
to be positive when it tends to raise the sharp trailing edge of 
the wing (Fig. 87). Introducing a moment coefficient Cm with 
c being the chord of the airfoil, we have 




^ Fig. 87. — Decomposition of total force 

in lift and drag or in normal and tan- 
We have gential force. 


M Cm a Cm 

N C c Cm 


It is usual to plot Cii/ as a function of Cz, in the manner shown 
in Fig. 88, where again the angle of attack is written into the 
curve as a parameter. Since Cl = Cm cos a — Ct sin a, it is 
seen that Cm differs very little from Cl for small angles of attack, 
so that we can write approximately 
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a Cm 
c 


Therefore if in Fig. 88 the point a = S deg., for instance, is 
joined to the origin, and the line thus obtained is intersected with 
the horizontal line Cl = 1, the 
piece cut off from this horizontal 
line is approximately equal to a/c. 

The change of this point of inter- 
section for various angles of attack 
therefore indicates the travel of 
the center of pressure along the 
airfoil. 

91. Relation between the Flying 
Characteristics of Airfoils and 
Their Profiles. — Since the profiles 
usually applied in aeronautics can- 
not be expressed by simple mathe- 
matical formulas, a useful and 
simple classification of them has not 
yet been devised. ^ Only for a very 
special class, the so-called Joukows- 
ky profiles (Art. 105), is this 
possible, since their form can be 
described completely by two parameters: the thickness and the 
curvature or camber. Their characteristic properties as a func- 
tion of these two parameters have been investigated thoroughly.- 

Geckeler^ has made an attempt to describe a more general 
type of profile by means of the theory of complex variables and to 
find the relations between flying characteristics and profile 
shape. The first systematic measurements in this direction were 
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1 An attempt to express the profiles in mathematical form has been made 
by E. Everling, An Equation for Airfoil Profiles (German), Z. Flugtech. 
Motorluftschiffahrt, vol. 7, p. 41, 1916. 

2 VON Mises, R., The Theory of the Lift of Airfoils (German), Z. Flugtech, 
Motorluftschiffahrt, voL 8, p. 157, 1917; Schrbnk, O., Systematic Investiga- 
gations on Joukowsky Profiles (German), Z, Flugtech. Motorluftschiffahrl, 
vol. 18, p. 225, 1927; Loew, G., A Contribution to Joukowsky Profiles (Ger- 
man), Z. Flugtech. Motorluftschifahrt, vol. 18, p. 571, 1927. 

Geckeeer, J., On Lift and Longitudinal Static Stability of Airfoils as a 
Function of the Profile (German), Z. Flugtech. MotorluftschiffahrU vol. 13, 
p. 137 and p. 176, 1922. 
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made in England/ where an investigation was made of the 
influence of a variation in the position of the greatest thickness 
of the profile on the polar diagram. In the United States sys- 
tematic experiments have been made on profiles which are stiff 
enough in themselves to be used without outer struts. ^ 

The flying characteristics of a profile are determined by the 
lift-drag diagram and the moment diagram, which latter gives a 
measure for the static longitudinal stability. It is to be remem- 
bered that the drag of an airfoil depends not only on its profile 
and on the angle of attack but also to a great extent on the aspect 
ratio. Therefore in order to determine the influence of the 
profile shape itself, it is necessary to compare only airfoils of the 
same aspect ratio. The diagrams given on the following pages 
are all for an aspect ratio of 5:1. 

In general, the total drag of an airfoil can be divided into three 
parts: 

1. The skin friction, which is very much dependent on the 
condition of the surface of the wing and which can be minimized 
by making the surface very smooth. 

2. A part of the pressure drag which is due to the eddies in 
the wake behind the wing. This part of the drag is greater for 
thick profiles than for thin ones. 

3. Another part of the pressure resistance which is due to the 
fact that the air near the wing flows downward on account of 
the lift and which causes the wing to need a greater angle of 
attack than would be necessary without this effect. 

In Art. 107 it will be explained that this last effect is due to 
leakage round the wing tips and is the more serious the smaller 
the aspect ratio is. This part of the drag is equal to the hori- 
zontal component of the lift force which is caused by the increased 
angle of attack. It is called ^Uip resistance'^ or ^Tnduced drag." 
In Art. 110 a theory is developed showing that this induced drag 
is a quadratic function of the lift so that it can be represented by 
a parabola in the polar diagram, with its apex in the origin but 
of a shape depending on the aspect ratio. On the diagrams on 
the following pages, the induced-drag parabola has been plotted 
always for an aspect ratio of 5:1. The horizontal distance 

1 WiESELSBERGER, C., Investigations on Airfoils in Teddington (German), 
Z. Flugtech. Motorluftschiffahrl vol. 7, p. 18, 1916. 

^ Herrmann, H., Aerodynamic Properties of Thick Profiles According to 
American Tests (German), Z. Flugtech. MolorlufUchifahrt, vol. 11, p. 315, 
1920. 
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between this parabola and the polar curve represents the sum 
of skin friction and eddy resistance, which sum is known as the 
profile drag/' 

We shall now discuss the relation between the flying char- 
acteristics of airfoils and the shape of their profiles. Figures 89 
to 91 show that with approximately equal wing thickness and 
equal angle of attack an increase in camber is accompanied by a 
considerable increase in lift. However, the drag also increases 
even at a faster rate than the lift so that the most favorable 
value of jL/Z) becomes somewhat smaller, i.e., more unfavorable 
for increasing camber. It is also seen that the moment curve 



Figs. 89-91. — Polar diagrams for airfoils of the same thickness and different 

camber. 

becomes straighter for decreasing camber, and for a symmetrical 
profile it passes through the origin. For such a profile, there- 
fore, the center of pressure does not travel when the angle of 
attack is varied. 

Figures 92 to 94 show' that for airfoils of equal camber the 
influence of the thickness is such that the polar curve becomes 
flatter and the maximum lift becomes slightly greater for thicker 
sections. Figures 95 and 96 show that a thicker profile in general 
has a greater drag for the same lift, which is due to the increased 
eddy resistance while the skin friction for the two wings is 
almost the same. The eddy resistance practically disappears for 
very thin profiles and very small angles of attack. Finally, it is 
seen in Figs. 97 and 98 that a bending down of the front end of 
the profile causes a great increase in the drag for negative angles 
of attack. 
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A rough surface of the airfoil in all cases increases the drag 
considerably and also diminishes the lift. The most sensitive 
part of the section in this respect is the front end of the upper 



Fig. 92. Fig. 93. Fig. 94. 

Fig. 92-94. — Polar diagrams for various thickness with the same camber. 


side where there is a partial vacuum. On the other hand, con- 
siderable roughness on the upper surface near the trailing 
edge is hardly of any influence.^ 




Fig. 95. 

Figs. 95 and 96. — The profile drag 



Fig. 96. 

generally increases with thickness. 


92. Properties of Slotted Wings. — Wings with slots have been 
proposed independently by Lachmann^ (1918) and Handley-Page^ 

^ Goitinger Ergebnisse, vol. 1, p. 69, 1921; vol. 3, p. 112, 1927. 

“ Lachmakn, G., Slotted Profiles (German), Z. Flugtech. Motorluftschiffahri, 
vol. 12, p. 164, 1921. 

^ Hanscom, D., Investigations on Handley-Page Wings (German), Z. 
Flugtech. Motorluftschiffahrt, vol. 11, p. 161, 1921. 
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(1920) and have acquired considerable importance lately. The 
main advantage of this type of wing is that the maximum lift 
obtainable with it is considerably higher than for a normal non- 
slotted wing. This advantage is to a certain extent offset by 
the fact that the gliding angle D/L for ordinary horizontal flight 
is somewhat larger than for simple wings. With slotted wings it 
is possible to fly horizontally at very much lower speeds which is 
clearly of great importance for starting and landing. During 
ordinary horizontal flight it is necessary to close the slot by some 
mechanical means in order to lessen the drag which otherwise 
would be prohibitively large. Figure 99 shows a maximum 



Fig. 97 Fig. 98. 

Figs. 97 and 98. — The profile drag becomes large at negative angles of attack 
when nose of airfoil is depressed. 



lift coefficient for the slotted wing of Cl = 2.08, as compared to a 
value Cl ~ 1.38 for a normal wing. This profile has a maximum 
lift-drag ratio of 21 as compared to 15 for the slotted wing with 
closed slot and 13 for the slotted wing with open slot. Still 
higher lift coefficients (up to Cl = 2.3) can be obtained with 
multi-slotted wings (Fig. 100). For such types the sudden 
discontinuity in the drag coefficient obtained with single- slotted 
wings (Fig. 99) does not occur. Naturally, the structural diffi- 
culties involved are great. 

93. The Principle of Operation of a Slotted Wing. — In order to 
understand the phenomena in the slotted wing, it is necessary 
first to comprehend why for a simple wing the lift does not always 
increase with the angle of attack but starts decreasing when this 
quantity exceeds a certain limit. 
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Wing lift is due to a partial vacuum on the top side and an 
excess pressure on the bottom. This pressure difference must 
have disappeared at the sharp rear edge where the two currents of 
air join again. Consequently the pressure along the wing is 

2.2 

A6 

1.2 

hO 

6 

2 
0 
.2 



Fig. 99. — Polar diagrams. I, slotted wing with open slot; II, with closed slot; 

III, normal wing. 

increasing toward the rear edge on the top side and decreasing 
on the bottom side (this will be discussed more fully in Art. 
94 and is illustrated by Fig. 102). Bernoulli's equation demands 





Fig. 100. — Multiply-slotted wings. 


a decreasing velocity toward the rear edge on the top side corre- 
sponding to the increasing pressure, which causes a divergence 
of the streamlines on the top side of a wing. Considering for the 
moment some particular outer streamline as a solid wall and the 
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wing as another solid wall, we have a case of flow through a 
diverging channel similar to that discussed in the previous 
chapters. When the angle of attack increases, the lift becomes 
greater and the pressure gradient on the top side tow^ard the rear 
edge becomes also greater, which leads to an increase in the angle 
of divergence of the channel. It was seen before that a conver- 
sion of kinetic energy into pressure energy can take place only 
in diverging channels of a small angle of divergence. As 
soon as this angle has exceeded a certain rather small value, the 
flow does not follow the walls any more but breaks a'way from 
them and becomes a free jet. This phenomenon occurs also on 
the top side of a wing for large angles of attack. The flow 
breaks loose from the -wing and the so-called ^'stalling point'" 
is reached. Because of this effect the streamline picture around 
the wing is radically changed, and as a consequence of this change 
the lift decreases. In order to prevent a decrease in the lift it is 
apparently necessary to prevent the breaking loose of the flow, 
and this is the function performed by the slot. It was discussed 
before in Art. 49 that the cause of the breaking loose is a loss of 
kinetic energy of the particles in the boundary layer due to the 
action of viscosity. The air coming out of the slot blows into the 
boundary layer on the top of the wing and imparts fresh momen- 
tum to the particles in it, which have been slowed down b^^ the 
action of viscosity. Owing to this help, the particles are able 
to reach the sharp rear edge without breaking away. A similar 
action can be obtained by blowing air at great velocities 
through little nozzles from the interior of the wing into the bound- 
ary layer, as was proposed by Wieland^ and Seewald.- 

Another means of preventing the boundary-layer particles 
from flowing back is to suck them into the interior of the wing 
in a manner similar to that discussed in Art. 50 for the flow’ round 
a cylinder. This is done by means of a blower, and the air thus 
transported into the wing is blown off at some place "where it 
cannot do any harm.® 

Still another method of obtaining the same result is to replace 
the front edge of the airfoil by a rotating cylinder or also by 

^ WiELAND, K., Investigations on a New Kind of Wing with Nozzles 
(German), Z. Flugtech. Motorluftschiffahrt, vol. 18, p. 346, 1927. 

2 Seewald, F., Increasing the Lift by Blowing High-pressure Air along 
the Top Side of an Airfoil (German), Z. Flugtech. Motorlultschiffahrt, vol. 18, 
p. 350, 1927. 

2 ScHRENK, O., see footnote, p. 81. 
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putting this cylinder inside the wing as shown in Fig. 101. 
Experiments made by Wolffs have shown that airfoils with such 
a rotating cylinder can be made to have much greater lift coeffi- 
cients {Cl = 2.43 with a == 41.7 
deg.). Of all the methods men- 
tioned, only the slotted wings have 
Fig. 101. — Airfoil with rotating been applied SO far to practical 
cylinder. airplane construction. 

94. Pressure Distribution on Airfoils. — The pressure distribu- 
tion on an airfoil is determined experimentally in the same man- 
ner as discussed in Art. 85 for airship models. The airfoil model 
is made of thin metal plate and is hollow inside. At the location 
where a measurement is to be made, a small hole of approxi- 
mately diameter is provided. The inside of the wing is 

connected to a manometer by means of a rubber tube. For a 
test all measuring holes are closed up with putty except the 
one at which the measurement is to be made. The model is 
then subjected to the air stream in the wind tunnel and the 
manometer shows the pressure at the location of the one hole 
which has been left open. In this manner the entire pressure 
field on the surface of the airfoil is determined point by point. 

Figure 102 shows the distribution in the middle section of an 
airfoil approximately of the shape of Fig. 86 for various angles 
of attack. The unit in which all pressures are expressed is the 
stagnation pressure."^' The total force exerted on the wing 
either on the vacuum or on the pressure side is expressed by the 
area of the diagram. It is seen in the figure that the major part 
of the lift is caused by the vacuum action on the top side of the 
wing. It is also seen in Fig. 102 that the vacuum diagram for an 
angle of attack of 15 deg. is considerably different from the same 
diagram of 12 deg. This phenomenon is very intimately con- 
nected with the fact that for a = 14.6 deg. the lift starts to 
decrease with the angle of attack (Fig. 86). Such pressure- 
distribution measurements on the middle section of an airfoil 
were made for the first time in England in 1911. 

Pressure-distribution measurements across an entire wing 
were also made in England first in 1912'-1913,^ and subsequently 
^ Wolff, E. B., Preliminary Investigation on the Influence of a Rotating 
Cylinder in an Airfoil (Dutch), Verhandel, Rijks Studiedienst Luchtvaari, 
Amsterdam, vol. 3, p. 47, 1925; Wolff, E. B., and C. Koning, Further 
Investigation, etc. (Dutch), Verhandel. Rijks Studiedienst Luchtvaari^ 
Amsterdam, vol. 4, p. 1, 1927. 

2 Munk, M., Z. Flugtech. Motorluftschiffahrt^ vol. 7, p. 137, 1916. 
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quite often in the United States. From such experiments, the 
total lift of the wing can be calculated by an integration process 
first across each section and then along the span (Figs. 103 and 
104). The lift and drag values so obtained can be compared to 
the corresponding values found directly in the wind tunnel by 
means of the aerodynamic balance. An example of this is shown 
in Fig. 105, where it is seen that the lift values are in excellent 



Fig. 103, — Lift distribution along span (obtained by integrating measured 
pressures) for various angles of attack. 

Fig. 104. — Drag distribution along span for various angles of attack. (Note 
high drag at tip for large angles of attack.) 

agreement, whereas the drag values calculated from the pressure 
distribution are somewhat lower than those obtained with the 
balance. The explanation for this naturally is that the skin 
friction is measured in the balance, but is not included in the 
calculated figures. 

B. THE AIRFOIL OF INFINITE LENGTH (TWO-DIMENSIONAL 
AIRFOIL THEORY) 

95. Relation between Lift and Circulation. — The theory of 
the lift of a body moving through a fluid is very much different 
from the theory of drag and offers far less difficulty. The 
fundamental reason for this is that any explanation of drag 
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rcQuircs & coiisi(i6r8itioii of viscosity (even if it is only in sl verv 
thin boundary layer), whereas the lift can be explained entirely 
without the concept of viscosity so that the well-known methods 
of the classical hydrodynamics of the ideal fluid are applicable. 
If a body experiences lift, i.e., a force component perpendicular 
to the flow of the fluid, we can ascribe this phenomenon only to a 
certain excess pressure on the bottom side of the body and a 



Fig. 105. — Lift and drag coefficients vs. angle of attack, from pressure measure- 
ments (•) and from aerodynamic balance measurements (o), 

certain partial vacuum on the top side (designated by + + and 
j respectively; Fig. 106). 

In case this condition is one of steady state, Bernoulli’s equa- 
tion leads to the conclusion that the velocity as an average must 
be greater above the body than below it. This condition can 
be explained by superposing on the flow from left to right a cir- 
culating flow in a clockwise direction, as was first shown by 
Rayleigh^ and Lanchester.^ This is depicted in Figs. 106 to 
108, where it is understood that Fig. 107 shows the purely trans- 
latory flow which does not exert any force on the plane but only a 
turning moment. The superposition of the translatory flow of 
Fig, 107 and the circulation of Fig, 108 leads to the condition of 

1 Rayleigh, Lord, On the Irregular Flight of a Tennis Ball, Messenger 
of Mathematics, vol. 7, p. 14, 1877, or Sci, Papers, Cambridge (England), 
p. 344, 1899. 

^Lanchester, F. W., “Aerodynamics,” London, 1907. 
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Fig. 106 where the velocity on top of the plane is greater than 
on the bottom of it. The condition of Fig. 107 is the one which 
exists immediately after starting. The amount of circulation is 

designated by T which is equal to ^wocZr being the line integral 
of the tangential component of the velocity along any closed 



Fig. 106. — Superposition of the Fig. 107. — Pure translational 

flows of Figs. 107 and lOS. flow round inclined plate. 


curve surrounding the airfoil. In Art. 99 it will be explained 
how the original picture, Fig. 107, is transformed into the one of 
Fig. 106. 

96. The Pressure Integral over the Airfoil Surface. — In the 

following calculations it is assumed that the airfoil extends to 
infinity on both sides in the direction perpendicular to the paper. 

Owing to this simplification, effects of the wing 
tips have not to be considered, so that the stream- 
line picture is the same for any cross section 
perpendicular to the wing, or, in other words, 
the flow is two dimensional. The curvature of 
the airfoil and the angle of attack a with respect 
to the direction of flow are both so small that it is 
permissible to assume cos « as 1. With this sim- 
plification, it is necessary to consider only the a:-component of the 
circulation flow denoted by Ua above the wing and by Uh below 
the wing. The directions of Ua and Uh are so indicated in Fig. 109 



Fig. 108.-— Pure 
circulatory flow 
round inclined 
plate. 





Fig. 109. — Decomposition of velocities. 


that both quantities are positive. The following calculations 
are made for a span length I cut out from the infinitely 
long wing. Denoting the pressures above and below the wing by 
Pa and p&, respectively, the following relation is approximately 
true: 

= — Vc^dS = {pb — pa)dx, 
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where dS is the element of surface equal to AB ■ 1. Eliminating 
from this the pressure by means of Bernoulli’s equation: 

^ ^ ~ - UbY^X 

~ ^J' [2E(Ma + Mft) + Wa" ~ uYJdx. 
With the simplifying assumptions made before, we have 

Uadx + Uhdx = r, 

which, when substituted into the previous equation, leads to 
L = IpVT + - ^iY)dx. 

It will be proved later that the integral appearing in this 
expression is equal to zero so that the final result is L = ZpTT, 
or, in words, the lift is proportional to the circulation. 

97. Derivation of the Law of Kutta-Joukowsky by Means 
of the Flow through a Grid. — In order to derive the above result 
for the lift in a more exact manner, 
we shall consider instead of a single 
wing an infinite number of them 
forming a ^^grid.^^ The distance 
between the individual blades is a, 
and the coordinate axes are chosen so 
that X is in the vertical direction 
positive downward and y is horizontal 
and positive to the right (Fig. 110). 

The area over which the integration 
will be performed consists of a plane 
Ai = al on the left side far away 
from the grid and parallel to the x- 
axis, a similar plane Ao. to the right Kutta-Joukowsky 

of the grid, and two cylindrical sur- 
faces along streamlines. Since Ai = A 2 the continuity equation 
leads to 

Vi — Vo = V. 

Applying the momentum theorem, it is seen that the mo- 
mentum integral as well as the pressure integral taken over the 



Fig. 110. — Flow through grid 
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two streamlines are neutralizing each other, since the stream- 
lines are identical in shape. Since, moreover, there is no pressure 
component in the :r-direction, the momentum theorem applied 
to the a:-direction becomes 

— X = plav(u2 — 'Ui). 

For the ^/-direction, we find similarly 

Y = pla{vi^ — V 2 ^) + ol{px — P 2 ) = al(pi ~ pa). 

Bernoulli’s equation, however, giyes 

Pi - V2 = + U2^) - ^(Vi^ +. Ui^) 

and, since Vi = Va, we have 

Y = pla 2 ^ — 2 ^ 

Now the circulation round one blade will be calculated and it 
is convenient for this purpose to follow the same contour as was 
used for the momentum calculation. The contributions to 
the line integral from the two streamlines neutralize each other 
so that we finally obtain 

r — a(u2 “ Ui). 

This substituted in the previous results leads to 

X = -plFv, 

Y = 

The individual blades are now moved away from each other until 
in the limit they are at an infinite distance apart (a = 00). 
With this process T must remain finite and, since T = a(u2 — Ui), 
it follows that 

U2 = U\ 

or, in words, for a single wing the velocity of the fluid far in 
front of it is parallel to the corresponding velocity far behind it. 

If the direction of flow at infinity be made to coincide with the 
2/-axis, we have = 2^2 = 0 ; or, in words, the F-component of 
the force in the direction of the flow vanishes and we obtain 
only an X-component, i.e,, a lift. If the a:-direction is now 
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reckoned positive upward and the velocity of the fluid at infinity 
be denoted by V, we find finally 


L = plVV. 

This very important formula for the lift was first derived by 
Kutta^ (1902) and later independently also by Joukowsky^ (1906). 

98. Derivation of the Lift Formula of Kutta-Joukowsky on 
the Assumption of a Lifting Vortex.— There are several other 
proofs for this theorem. The proof given by Joukowsky is based 
on the fact that the flow at great distances from the airfoil is 
independent of its exact shape. For the stream function he puts 
in a quite general, manner 


<7 T/- _J_ 1 ^ _L I ^ I 

z = y^ + _log, + _ + _ + _ + 


and, consequently, 

dZ , Vi A 2B 3C 

where A, C, .. . are complex constants. These constants 
determine the precise shape of the flow round the body and are 
different for different airfoils and different angles of attack. At 
large distances (large z) the terms proportional to A, B, C can be 
neglected, and consequently the velocity field is as if there 
were only a ^Tifting vortex of strength T at the origin. It 
is of importance to note here that this vortex is not a Helmholtz 
vortex (of which the velocity is zero with respect to the surround- 
ing fluid) but that it is a ‘Tifting vortex^’ or a bound vortex” 
of which the velocity relative to the surrounding fluid is different 
from zero. It is understood that a lifting vortex is not a physical 
reality but that it is a very useful concept for the theory of air- 
foils. The idea of a lifting vortex can be made somewhat plau- 
sible by comparing it to a rotating cylinder of wdiich the diameter 
has shrunk to zero. 

With this conception of a lifting vortex the velocity at great 
distances from the airfoil consists of the superposition of the 

^ Kutta, W.j Lift Forces in Flowing Fluids (German). III. aeronaut. 
Mill., 1902. 

- Joukowsky, N., On the Shape of the Lifting Surfaces of Kites (German ), 
Z. Flugtech. Matorluftschiffahrt, vol. 1, p. 281, 1910; and vol. 3, p. 81, 1912. 
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constant velocity V and the secondary circulation velocity 
w = T/27rr (Fig. 111). 

It is now comparatively simple to derive the lift formula by 
means of the momentum theorem, whereby the shape of the inte- 
gration surface employed determines which part of the total lift 
is caused by pressure and which part is caused by momentum. 
In case a concentric cylinder round the lifting vortex is used for 
integration surface, the pressure integral and the momentum 
integral both become pTV/2 = L/2, where L is the lift per unit 



Fig. 111. — The velocity at large dis- Fig. 112. — For circular bound- 

tance from airfoil is made up of undis- ing surface half the lift is due to 

turbed velocity V and secondary velocit momentum and half to pressure. 

w = r/27rr. 


length of the airfoil. The circulation velocity w due to the 
presence of the lifting vortex is r/27rr and everywhere perpen- 
dicular to the radius r. From Fig. 112 it is seen that the 
momentum integral of the vertical component of the velocity 
per unit length of the wing is equal to 



The resulting momentum is directed downward since the velocity 
in front of the airfoil has an upward component which is changed 
to a downward component behind. The reaction of the fluid, 
therefore, gives a lift on the airfoil in an upward direction. 

Now we proceed to a calculation of the pressure integral. 
Denoting by po the pressure of the undisturbed fluid and by 
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V 4- w the geometrical sum of the vectors V and w, Bernoulli’s 
equation is 

P + |(V + w)2 = po + 

From Fig. 113 it is seen that 

(V + w)^ = (F + sin <pY + 

{w cos ip)-. 

Choosing r sufficiently large, it 
follows that w becomes infinitely 
small with respect to F, so that the 

expression can be neglected. The pressure then becomes: 




p = Po — *pVw sin (p. 

It is seen immediately that the horizontal 
component of the pressure integral is zero. 
The vertical component of p is equal to 
p sin (p so that the vertical pressure 
integral per unit length becomes 

^^pdS = pj^ Vwsin- p rdip = 

prVw£ ’^sin- <p dip 

= prwirV = 


Fig. 115. 


The total lift per unit length is the sum 
of the pressure integral and the momen- 
turn integral and consequently equal to 

L - pFF. 

Pres sc/ns above afmosphenc pn 

before that the parts taken 

Figs. 114-116. Kec- by the momentum or pressure integrals 

tanguiar bounding surface in the lift depend on the shape of the 

planes go to infinity, the suiface of integration. If, for instance, 
lift is due entirely to this Surface is taken to be of rectangular 
veXTi^'XnM^go to form (Fig. 114) and the horizontal sides 


finity, the lift is due to of the rectangle are moved to infinity, 
pressure only (116). Surface of integration consists of 

two infinite vertical planes (Fig. 115). In this case the pres^ 
sure integral is zero and the lift is equal to the momentum 
integral. On the other hand, if the vertical sides of the rectangle 
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are moved to infinity (Fig. 116), the momentum integral vanishes 
and the lift is equal to the pressure integral. 

In an infinite atmosphere it is therefore entirely undetermined 
what part of the lift is due to pressure and what part is due to 
momentum. This is different as soon as the influence of the 
ground is considered. Then the horizontal sides of the rectangle 
of Fig. 114 are prevented from moving to infinity, so that only 
the case of Fig. 116 is possible. This means physically that the 
lift is always transmitted to the ground in the form of an increased 
pressure at the surface of the earth. The distribution of this 




Fig. 117. — Method of images. The lift of aa airfoil is traasf erred to the surface 
of the earth as increased pressure. 


pressure can be conveniently calculated by using the method of 
mirrored images 1 (Fig. 117). 

In that case the earth’s surface PP is a plane of symmetry. 
The surface of integration is taken to be a semicylinder on 
PP of length Z bounded on the bottom by a rectangle cut out 
of the plane PP. Calculating the pressure integral and the 
momentum integral across this surface, it is seen that for increas- 
ing r, the pressure integral becomes more and more equal to the 
lift. In the case of an infinite r, the momentum integral con- 
verges to zero and the lift becomes equal to the pressure integral. 

99. The Generation of Circulation. — It was explained before 
that a lift can be understood only by assuming a circulation 

^ Betz, A., Lift and Drag of an Airfoil in the Neighborhood of a Hori- 
zontal Plane or of the Earth’s Surface (German), Z. Flugtech. Motorluftschiff- 
ahrt, vol. 3, p. 86, 1912. 
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flow superposed on the translational flow past the body. How 
can the existence of such a circulation flow be explained? We 
assume that at first the fluid is at rest so that the line integral 
of the velocity along a curve completely surrounding the airfoil 
is zero, because all velocities are zero. According to the theorem 
of Thomson (Art. 84, “Fundamentals^’ 0? the circulation in a 
frictionless fluid must remain constant (in this case equal to zero) 
when the fluid is suddenly put into a uniform translatory motion 
with respect to the airfoil. This is apparently in contradiction to 
the experimental fact that there is a circulation round the airfoil. 

A close examination of the phenomena shows that the flow in 
the first moment after starting actually is a potential flow without 
circulation as shown in Fig. 118 and also in Fig. 48, Plate 19. 



Fig. 118. — Potential flow without circulation. 


The most important feature of this potential flow is that the 
velocity round the sharp rear edge of the airfoil is infinitely large. 
Owing to the action of the very small viscosity in the boundary 
layer, however, this large velocity develops into a surface of 
discontinuity. 

This surface of discontinuity emanating from the sharp rear 
edge is rolled up to a vortex, the so-called starting vortex.” 
Since this vortex, according to the theorems of Helmholtz, is 
always associated with the same particles of fluid, it is washed 
away with the fluid. In the actual experiment with fluids of 
small viscosity like air or water the flow in the first moment 
after starting actually shows a great velocity round the sharp 
rear edge. Immediately afterward, however, a vortex is formed 
which at once possesses certain finite dimensions, but as in the 
idealized case this vortex grows rapidly. Figures 49 to 51, 
Plates 19 and 20, show the generation of such a starting vortex. 
The same phenomenon is shown in Figs. 52 to 54, Plates 21 and 

^See footnote, p. 3. 
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22; in this case, however, the camera is at rest with respect to the 
undisturbed fluid and the airfoil is moved with respect to it. 
Owing to the generation of the starting vortex, the velocity field 
is changed in the sense that a circulating motion is superposed 
on the translatory motion in such a manner that the circulation 
round the wing is at any moment equal and opposite to the cir- 
culation of the starting vortex. The circulation (round the wing) 
and consequently the starting vortex increase in intensity until 
they have reached such a value that the flow joins smoothly at 
the two sides of the rear edge. As soon as this condition is 
reached (which usually is the case after the wing has moved about 
one chord distance), the starting vortex does not increase any 
more. If the velocity or the angle of attack is increased, another 

vortex is shed off having the same 
direction of rotation as the starting 
vortex. On the other hand, if the 
velocity or the angle of attack is dimin- 
ished, a vortex is thrown off which 
has the opposite direction of rotation 
as the starting vortex. If the wing 
is accelerated from rest and immedi- 
ately afterward stopped, two vortices 
of equal strength and opposite rotation 
are thrown off. This phenomenon is 
illustrated by Fig. 55, Plate 22, Later 
we shall discuss the energy relations 
involved in the formation of these 

Pig, 121. 



Figs. 119-121.— A fluid line When it has been understood that 

round a wing at rest in various the generation of circulation round an 

starting. The total circular airfoil IS necessarily accompanied by a 

tion round it always remains starting vortex, it can be shown without 
zero, so that the circulation -j. i** i 

round the airfoil is equal and difficulty that the existence of circula- 

opposite to that of the start- tion is not in contradiction to 
mg vortex. Thomson^s theorem. Trace a line 

round the airfoil at rest (Fig. 119) and let this line be asso- 
ciated always with the same fluid particles. After the motion 
has been initiated, this line will always enclose both the wing and 
the starting vortex (Fig. 120). Since it can be seen in Fig. 55, 
Plate 22, that the circulation round the airfoil is equal and oppo- 
site to that of the starting vortex, it is clear that the line integral 
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round, th.6 closed fluid line remains ec[ual to zero. Conversely 
it can be concluded from Thomson’s theorem that the circulation 
round the airfoil will be equal and opposite to that of the starting 
vortex. This becomes clear from an inspection of Fig. 121 
from which follows that if the line integral round the total closed 
curve is equal to zero, the line integral round AiBAi must be 
equal and opposite to the corresponding 
integral round A 2 BA 2 . 

100. The Starting Resistance. — The 
starting vortex of circulation V still infiu- ^ 

ences the flow round the airfoil after it Down -a d 

has been washed away from it. From Fig. velocity w induced by 
122 it is clear that this influence consists of starting vortex, 
a downward component w of the velocity at the airfoil, having 
the magnitude 




_r^ 

2'Ki 


where I is the distance between the starting eddy and the airfoil. 
This small additional velocity w causes a deviation in the direc- 
tion of the relative air velocity and consequently is responsible 
for a change in direction of the air force. The angle through 
which this air force is turned is expressed 
by 

<p == tan-i Y 

It is clear that this causes a drag, which 



Fig. 123. — Starting re- 
sistance due to downward 
velocity w. 


starting eddy and the airfoil. The drag 
D per unit length of span can be 
calculated from Fig. 123, as follows: 


w 


Z) = jL cos (p — — 


pFr _r_ 

V 2irl 


^2tI 


It is seen that this starting drag is proportional to the square 
of the circulation and inversely proportional to the distance of 
the starting eddy from the airfoil. The work done by this drag 
when the airfoil moves between h and U consequently is 



pP^ chdl pP- , U 
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This work becomes logarithmically infinite when U becomes 
infinite and it serves to create the kinetic energy round the wing 
and in the eddy which have equal magnitudes. From Fig. 124 
we calculate the kinetic energy K of one of these eddies per unit 
length of span (perpendicular to the figure), namely, 



It is seen that the kinetic energy of the circulation is equal 

to half the work done on the 
drag; the other half is accounted 
for by the kinetic energy in 
the starting eddy. However, 
these calculations are pertain- 
ing only to the two-dimen- 
sional problem of a wing in 
infinite space. In the real 
cases, whether of a wing of 
finite span or of a wing in 
the neighborhood of the ground, 
the work done by the drag as 
well as the kinetic energy of the 
eddies remains finite. 

101. The Velocity Field in the Vicinity of the Airfoil. — At first 
it seems difficult to understand why the direction of the flow far 
in front is influenced at all by the presence of the airfoil, because 
the air at such a location has not yet come into bodily contact 
with the wing. In applying the momentum theorem (page 165) 
to two parallel vertical planes in front of and behind the wing, 
it was seen that at a large distance in front of the wing the momen- 
tum corresponds to half the lift. This seems even more strange. 
Lanchester^ deserves great credit for having given a physical 
explanation of this phenomenon as early as 1897. He based his 
considerations on the fact that in order to obtain a lift it is 
necessary to accelerate air particles downward continuously. 
If the wing would not move forward, fresh air could be caught 
and accelerated only by making the wing fall downward (para- 
chute). It is therefore of advantage to make the wing move 
forward rapidly in order to catch and accelerate new air particles 
all the time. 

1 Laxchester, F. W., see footnote, p. 159. 
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A simple picture of this downward acceleration of the air under 
the airfoil can be obtained by letting a flat plate of infinite 
width fall down freely during a short time. The field of accelera- 
tion of the surrounding air can be calculated for this case, and the 
result of such a calculation is showm in Fig. 12o. The air above 
and below the plate is acceler- 
ated downward, while to both 
sides of the plate the accelera- 
tion is directed upward, since 
the air particles pushed down 
by the bottom eventually have 
to get to the top. Now we 
shall calculate what happens 
to this field of acceleration 
when it is moving forward 
with the velocity F, where Y 
is assumed to be large with 
respect to the velocities % v, 
caused by the acceleration of 

the plate which is supposed to Fig. 125.~Field of acceleration round 
, . 1 . 1 ,. falling plate (two dimensional). 

be 01 very short duration. 

Further, the displacements of the individual air particles are 
assumed to be so small that the general expression 

Dv dv dv dv 



is approximately equal to dv/dt so that 


V 



Taking the rr-axis of the system of coordinates in the direction 
of the velocity V and the i/-axis in the direction of the acceleration 
of the plate and introducing the new variable ^ = x + Vt, 
we have 

§=f(x-h vt, y) = /(I, y). 

For a constant x this can be integrated so that 
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Moreover for this case oi x ^ constant, we have 

= Vdt, 

so that 

1 re X .7*. 




The velocity of the individual particles in the a:-axis therefore is 

/X 1 re /•/ 1 . r\\ _7 


(z;),^o = y 0)df. 


In order to carry out this integration, we use the field of the 
acceleration in the ^/-direction for ^ = 0, as shown in Fig. 126. 



Figs. 126 - 128 , 


Fixing the constant of integration so that in the middle of the 
plate V is zero, the result of Fig. 127 is obtained. 

Since the displacements of the particles due to this field of 
acceleration have been assumed to be small, the velocity v for 
^ 0 is approximately the same as for y = 0. Now we super- 

pose on the whole phenomenon a uniform velocity — V, so that 
the flow becomes steady. Then, at any instant, = dx. The 
streamlines for this steady flow can now be calculated from the 
relation 

dy _ V V 

di V + u V 

or using the above results, 

y « yfvd^. 
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It is seen in Fig. 128 that the streamlines above and below the 
plate have a parabolic shape (since ^ ~ J) ; to either side of the 
plate, however, the ordinate y decreases with log { (because 
~ 1/? at a large distance from the plate). From this com- 
paratively simple consideration, it follows that the air in front 
of the wing is accelerated upward. From the shape of the 
streamlines it can be concluded that it is of advantage to 
use a curved plate instead of a flat one. In the case of a parabolic 
plate the particles in the neighborhood of the plate are accelerated 
uniformly (see Fig. 126). 

102. Application of Conformal Mapping to the Flow Round 
Flat or Curved Plates. — Independent of Lanchester, Kutta^ 




^2a ^ 


Fig. 129. — Flow along flat plate in f ^ ir} — plane. 


calculated the streamlines around an airfoil by means of con- 
formal mapping. The application of conformal mapping to 
problems of aerodynamics, originated by Kutta in 1902, has 
proved to be of great value. It should be mentioned, however, 
that the nature of the method restricts it to two-dimensional 
problems. 

Usually the starting point is the flow around a circular cylinder 
(see Art. 79, ''Fundamentals”^). The procedure consists of 
transforming this cylinder into some airfoil shape by mapping 
the circle and its streamline picture on another plane by means 
of a suitable analytic function. 

First we consider the trivial case of a uniform flow along an 
infinitely thin plate. In Fig 129 this plate is represented by a 
straight line between the points —2a and +2a in the f ^ iv 
coordinate system. By means of the function 

1 Kutta, W., Lift Forces in Flowing Fluids (German), III. Aeronaut. 
Mitt., 1902. 

-See footnote, p. 3. 
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this straight line is mapped into a circle of radius a and the par- 
allel flow along the straight line maps into the flow round this 
circle (Fig. 130). In order to verify this we substitute f = ±2a 



I 


Fig- 130. — Conformal mapping on 2 — x iy plane of Fig. 129 by the function: 



into (1) with the result that z = ±a; also a substitution of f = 0 
gives for z the values ±ia. In general the points of the ^-axis 
between —2a and +2a can be represented by the formula 

f = 2a cos 6 


which, substituted in (1), leads to 


or 

or 


z = a cos 6 ± •%/ cos^ d — 
z — a cos d ±'\/ — a^f l — cos^ 
z = a cos 6 ± ia sin d. 


Consequently the J-axis between —2a and +2a is mapped on a 
circle of radius a. The two-sheeted Riemann surface of the 
f-plane with the branch cut from —2a and +2a is mapped into 
the entire {z = x + iy)-iAsine. 

By using suitable functions, the flow round the circle in Fig. 130 
can be transformed into other flow patterns of great variety. 
For instance, applying the inverse function of (1) 


(2) 
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it is clear that the original flow of Fig. 129 appears again. With 
the function 


the flow round a vertical plane is obtained (Fig. 131). The flow 
round a plate at an angle a can be derived from (2) by 
turning the 2 j-plane of Fig, 130 through this angle a (Fig. 132). 



Kutta also suggested a method for calculating the flow' round 
circular arcs. The dotted circle of Fig. 133 is transformed into 
the dotted line of Fig. 134 by means of (2). The full circle of 



Fig. 132. — Figure derived by first turning Fig. 130 through an angle «, then 
applying the function of Fig. 131 to it. 

Fig. 133 passing through the points —a and +0 and having the 
point if as a center is mapped by the same function into the 
circular arc of Fig. 134 with a height 2if. A method for 
the graphical construction of streamlines round circular arcs based 
on Kutta’s method was worked out by W. Deimler.’- 

‘ Deimler, W., Constructions of the Kutta Flow (German), Z. math. 
Physik, vol. 60, p. 373, 1912, or Z. Fluglech. Motorluftitchiffahri. vol. 3, p. 

63, 1912. 
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103 . Superposition of a Parallel Flow and a Circulation Flow.— 

In all cases discussed before, the airfoil may experience a turning 
moment but it does not have either lift or drag. We already 

know that it is necessary to 
have a circulation round the 
airfoil in order to create lift. 
Using the potential function $ 
and the stream function as 
discussed in Art. 75, '^Funda- 
mentals,’^ ^ it can be shown 
Fig- 133. — Flow round circular cyiin- with comparative ease that the 

der of center a; = 0, y = in a coordinate fjo^ arOUnd a circle of radiuS a 
system turned through angle a, • i / -si 

m the {z = X + t 2 /)“Pla-ne is 
determined by the complex function 

$ + = v(z + ^ = F2 + (3) 

The first term represents the potential of a parallel flow with the 
velocity V, whereas the second term represents a mirroring on 
the circle of radius a. The superposition of these two terms 
gives the well-known flow round a circular cylinder, as shown in 


/ 



Fig. 134:. — Conformal mapping of Fig. 133; the dashed circle becomes the dashed 
line and the full circle becomes the arc. 

Fig. 135. This can be immediately seen by splitting up (3) 
into its real and imaginary components, which is done in the 
easiest way by using polar coordinates z = r cos ip: 

^ = V cos <p(^ 4- + iV sin ip 

The second term taken equal to a constant is the equation for the 
streamlines round the circle. The special case Ar = 0 shows that 
the circle itself is a streamline since this equation with r = a is 

^See footnote, p. 3. 
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satisfied for all values of p. The same is the case for all values of 
r different from zero if ^ = 0 or x; in other words, the x-axis is 
also a streamline. 

The stream function of a flow in concentric circles round the 
circle is given by 

iV 

where F is constant. Since i log 2 = ~~(p + i log r, this is 
<l>i + log r. 



Fig. 135. — Construction of flow round cyKnder by superposition of parallel flow 
and the mirrored image of a parallel flow. 

The imaginary term set equal to a constant leads to r = constant ; 
in other words, the streamlines are concentric circles. Differ- 
entiation of the function with respect to r gives for the velocity 

r 

^ “ 27rr 
or 

r = 27rrw. 

It is seen that F is the product of the circumference of the circle 
and the velocity, the circulation. The numerical value of 
this circulation will be discussed in the next article, while for the 
present it is left arbitrary. 

By addition of these two stream functions, z.e., by 
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the parallel flow with circulation round a c^flinder is obtained. 
The streamline picture can be easily constructed graphically by 
drawing the diagonals through the intersections of the individual 
component flows as is shown in Fig. 136. This figure shows two 
points of stagnation, the distance of which can be varied by 
changing the amount of circulation. 


py 



Fig. 136. — Superposition of translational flow round cylinder with circulatory 

flow. 

104:. Determination of the Amount of Circulation. — The case 
of Fig. 136 is of direct practical application to rotating cylinders 
and also to cylinders where the boundary layer is sucked off on 
one side only (Art. 52). The greatest value of Fig. 136, however, 
lies in the fact that it is capable of being mapped into a great 
number of other profiles by suitable analytic functions. Apply- 


i 



Fig 137. — Conformal mapping of Fig. 136 such that the circle becomes twice the 
line from —2a to +2a, 

ing first the various functions discussed before to the picture of 
Fig. 136, it is seen in Fig. 137 how the circulatory flow round the 
cylinder changes its shape when the circle is mapped into a 
straight line. The same function maps the fully drawn circle 
of Fig. 138, passing through the points —a and +a, and having 
the point if as center, into the circular arc of Fig. 139. The cir- 
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dilation has been taken such that the two stagnation points 
just coincide with the points -a and +a of Fig. 138. We now 
turn our attention to Fig. 133 showing the flow round a circle 
passing through a and +a and having the point if for center 
where the 2 :-plane has been turned through an angle a in the 
clockwise direction. Superposing on this a flow in concentric 
circles, it is possible to choose the circulation in such a manner 
that the point of stagnation at the right just coincides wnth the 





Fig. 138. — Flow round circu- Fig, 139. — Mapping of Fig. 138 by 
lar cylinder with a circulation the function 

such that the two stagnation 
points are in —a and +a. 


point +a. Mapping the 5;-plane on the f-plane by means of (3), 
the flow round the circle goes into the flow round a circular arc 
situated obliquely in the flow. On account of a proper choice 
of the amount of circulation the rear edge of this arc is not encircled, 
but the flow leaves it smoothly from the bottom as w-ell as 
from the top side. If this circular arc had been given a greater 
angle of attack, it would have been necessary to choose a greater 
circulation in order to secure a 
smooth flow from the rear edge. 

This is in agreement with the 
experimental fact that an increase 
in the angle of attack causes an 

increase in the lift and conse- with such circulation that rear edge 
, T . • J .1 • is left smoothly. 

quently an increase m the circu- 
lation. The flow sketched in Fig. 140 is quite similar to the 
one round an actual airfoil with the exception of the large 
velocity at the sharp front edge. 

105. Joukowsky’s Method of Conformal Mapping. — In order 
to circumvent this difflculty at the sharp front edge, Joukowsky^ 
invented a mapping function by which a circle goes into a profile 
which is round at the front end. The theoretical consequences 

^ JouKOWSKY. On the Profiles of Airfoils (German ,!. .2'. Flugiech. 

vol. 1, p. 281, 1910, and vol. 3, p. 81, 1912. 



Fig. 140. — Flow round circular arc 
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of this method were discussed later by Kuttad In Figs. 133 and 
134 it was explained how the flow round a circle is mapped into 
the flow round an oblique circular ' arc. In Fig. 141 the circle 
Ki is surrounded by another circle in such a manner that the 
two circles have only the point +o in common. The circle Zo 
is mapped into the portion —2a to +2a of the horizontal axis, 
and the circle Zx is mapped into the circular arc on this stretch 
as a chord. Consequently the circle Za goes into a profile which 


I 



Figs. 141 and 142. — Mapping of Joukowsky profile. 


completely encloses the circular arc and coincides with it only 
at the point +2a (Fig. 142). Since the region outside of the 
circle is mapped on the region outside the new profile, it is 
clear that the streamline picture round K 2 is mapped into the 
streamline picture round the new profile. The profiles thus 
obtained have great similarity to actual practical airfoils, espe- 
cially in their front and the middle parts. However, all Jou- 
kowsky profiles show a sharp rear edge without any thickness, 
which, of course, in an actual construction cannot be realized on 
account of strength considerations. A simple graphical method 

^ Kutta, W., On Plane Circulation Flows and Their Applications to Aero- 
nautics (German), Sitz. Ber. Ak.-Wiss.j Math. Phys. KL, vol. 41, p. 66, 
Munchen, 1911. 



AIRFOIL THEORY 


181 


for the construction of Joukowsky profiles was given by Trefftz.' 

Joukowsky profiles have been investigated, theoreticallv 
and experimentally a great number of times. The first experi- 
ments were carried out by Joukowsky himself in 1912 in his 
laboratory in Moscow.^ One year later, BlumenthaP calculated 
the pressure distribution theoretically. He designated the 
various Joukowsky airfoils by means of three parameters (Figs. 
141, 142); first, a, determining the size of the profile; second, /, 
determining the mean curvature; and third, d, the difference in 
radii of K 2 and Ki, determining the thickness of the profile. 
Betz* has made a comparison between the calculated values for 



Fig. 143.— ijrC^alculated — and measured pressure distribution round 

Joukowsky profile. 

lift and pressure distribution with the experimental ones. The 
agreement with the theory is very satisfactory, as showm in Fig. 
143, where the full line is the experimental pressure curve and 
the dotted one is calculated. It is seen that the calculated curve 
completely encloses the experimental one so that its area, and 
consequently its lift, is greater than that of the experimental 
curve. This can be explained by the action of friction. The 
actual flow does not follow the upper side of the airfoil smoothly 
but breaks away from it somewhat in front of the rear edge 
(point Aj Fig. 144). The turbulent region thus leaving the 
tail end of the airfoil causes a loss of lift since the pressure 
increase at the rear end of the airfoil does not reach the theo- 
retical value. 

^ Trefftz, E., Graphical Construction of Joukowsky Profiles (German), 
Z. Flugtech. Motorluftschiffahrt, vol. 4, p. 130, 1913. 

“Joukowsky, N., “Aerodynamics” (French), p. 145, Paris, 1916. 

^ Blumenthal, O.j On the Pressure Distribution along Joukowsky 
Profiles (German) Z. Flugtech. Motorluftschiffahrt, vol. 4, p. 125, 1913. 

^ Betz, A., Investigation of a Joukowsky Airfoil (German), Z. Flugtech. 
Motorluftschiffahrt, vol. 6, p. 173, 1915. 
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106. Mapping of Airfoil Profiles with Finite Tail Angle.— 

Following a suggestion by Kutta' (page 77), Kdxman and 
Trefftz^ have extended Joukowsky’s method to profiles of which 
the tail angle is not equal to zero. In order to accomplish this, 
it is necessary to use a mapping function which transforms the 
circle Ka (Fig. 141) into a figure made up of two circular arcs 
instead of the mapping function of Eq. (3) which transforms 
the circle into a piece of straight line. 



Fia. 144. — Actual flow round Joukowsky profile. Owing to viscosity the flow 

breaks loose at A. 


Kutta’s mapping function (1) can be written in the somewhat 
different form 


I + 2a ^ ( zAr g V 
f — 2a \z — a) 


( 4 ) 


It was seen that this function maps the circle of radius a 
of the 2 -plane into twice the straight stretch from —2a to +2a 
in the f -plane. In particular the singular points —a and +a 
of the 2 -plane go into the singular points —2a and 4-2a of the 
f-plane, and the angle tt at the singular points in the 2 -plane 
transforms into an angle zero in the f-plane. 

On the other hand, the function 

f + 2 a 2 + « 

f - 2a 2 - a ^ ^ 

maps the circle of radius a in the 2 -plane into another circle of 
radius 2a in the f-plane. The angle w in the points —a and +a 
of the 2 -plane therefore transforms into angles tt in the points 
— 2a and +2a of the f-plane. 

The exponent 2 in Eq. (4) therefore constitutes the mapping 
of a circle into a figure consisting of two circular arcs which have 
degenerated into straight lines, and the angle enclosed by the 
arcs has also degenerated to zero. Similarly the exponent 1 in 

^ See footnote, p. 180. 

- Von Karman, Th., and E. Trbfftz, Potential Flow round Airfoil Profiles 
(German), Z. Flugtech. Motorlujischijjahrt^ vol. 9, p. Ill, 1918. 
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Eq. (5) transforms a circle into a figure of two circular arcs 
enclosing angles x. It is to be expected that an exponent /: 
between 1 and 2 would map the circle of the s-plane into a figure 
consisting of tw’o circular arcs in the i'-plane enclosing an angle 
between x and aero. A mathematical investigation shows that 
this is true. The relation of the angle b between the circular arcs 
and the exponent k is given by the relation 

X 

or 

5 = (2 - A:)x. 

Therefore, we find that the function 


r + 2a ^ / z + a \g^ 
f — 2a \z — a J 


( 6 ) 


maps the circle of the e-plane into a figure of two circular arcs 
enclosing the angle 8 in the f-plane. The function 



which is identical with Eq. (4), shows that for very great values 
of z, the points of the f-plane approximately coincide with those 
of the e-plane. Consequently, the velocity at infinity in both 
planes is equal. On the other hand, the equation 

2^ = f, 

which is identical with (5), shows that the velocity at infinity in 
the f-plane is twice as great as in the e-plane. In the case of the 
transformation expressed by Eq. (6), the velocities at infinity in 
the two planes are also. not equal. In order to enforce equal 
velocities in the two planes, it is necessary to modity Eq. (6) to 


r + ka ^ / e + a V 
f - ka \e - a/ 


( 7 ) 


An example of the transformation of a Joukowsky circle by 
means of the function (7) is shown in Figs. 145 and 146. The 
dotted circle in Fig. 145 is transformed into the dotted figure 
consisting of two circular arcs shown in Fig. 146. The mean 
curvature of these two circular arcs would become zero if the 
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center M of the dotted circle Ki would coincide with the origin 
of the rc^-coordinate system. The greater the distance between 
M and the origin, the greater the average curvature of the profile. 
On the other hand, the greater the difference in the radii of the 
circles and Ki the thicker the profile becomes. Besides these 
two degrees of freedom, the mapping function of Eq. (7) allows a 
variation in the tail angle. Although a free disposal of three 
parameters, namely, mean curvature thickness, and tail angle. 



Figs. 145 and 146. — Mapping of a circle to a profile with finite tail angle. 

leads to a very great number of profiles, there are certain features 
in practical airfoils which cannot be approximated by this 
method. For instance, it fails for profiles having a greater 
curvature in the front part than in the rear part or having a curva- 
ture of which the center line shows an inflection point (iS-profiles) , 
Kerman and Trefftz therefore discuss an approximate method 
by which it is possible to map the circle on any airfoil section. 
By applying modern theorems of the theory of functions of 
complex variables, von Mises^ and W. Mtiller^ have made great 
progress in this direction as well as in the calculation of the 
relation between the lift and the angle of attack, 

^ Von Mises, R., The Theory of Lift of Airfoils (German), Z. Flugtech. 
Motorluftschiffahrt, vol. 8, p. 157, 1917; vol. 11, pp. 68 and 87, 1920; Z. angew. 
Math. Mech.y vol. 2, p. 71, 1922. 

^ Muller, W., On the Theory of Mises’ Profile Axes (German), Z. angew. 
Math. Mech., vol. 4, p. 186, 1924; Muller, W., ^‘Mathematical Hydro- 
dynamics” (German), Berlin, 1928. 
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C. THREE-DIMENSIONAL AIRFOIL THEORY^ 

107. Continuation of the Circulation of the Airfoil in the 
Wing “tip Vortices. With a wing of infinite length the various 
pressures above and below it are constant along the span 
because the pressure distribution is the same for all vertical 
planes. This condition cannot exist for wings of finite width 
since here the pressure differences 
between the top and bottom have 
to disappear gradually toward the 
wing tips. On account of the 
greater pressure below the wing 
surface than above it, some air will Tig. 147 . — Tip vortices leaving a 

flow from the bottom to the top 

round the wing tips. Therefore a sidewise current exists over 
most of the wing surface, directed outward on the bottom side 
and toward the center on the top side. This causes a surface 
of discontinuity in the air leaving the wing, -which is ultimately 





/■ 


-e- 


-0- 


rolled up into two distinct 
vortices. According to the 
theorem of Helmholtz, these 
vortices always consist of the 
same air particles so that they 


Fig. 148. — Simple picture of vortex leave the wing approximately 
system of finite .ving. velocity V ^ 

of two lines as shown in Fig. 147. In order to simplify the 
calculations, it has been assumed that the circulation, and con- 
sequently the lift, remains constant along the entire length of 
the wing and diminishes suddenly to zero at the tips. It was 
seen before that the flow round an infinitely long airfoil can be 
replaced by a flow due to a linear vortex in the wing. This is 
permissible also for a finite wing so that the simplest picture 
of the situation is given by three linear vortices as shown in 
Fig. 148, This phenomenon can be explained in a somewhat 
different manner : a linear vortex cannot terminate in the interior 
of the fluid but only at infinity or at a surface. It is clear 
therefore that the bound vortex of the wing cannot end at 
the tips but must be continued to infinity as a ‘Tree^’ vortex. 
If the airplane has started some place, the starting vortex closes 

^ pRANDTL, L., Airfoil Theory (German), Pts. I and II, Nachr. Ges. Wiss., 
Gottingen, p. 151, 1918, and p. 107, 1919. 
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the two long free-vortex lines at the other end so that the total 
vortex picture consists of a very long rectangle. 

108. Transfer of the Airplane Weight to the Surface of the 
Earth. — Although the condition of Fig. 148 is only a very rough 
approximation of the actual flow, it is capable of explaining 
some of the consequences at large distances from the airfoil. 

One of the most useful results that can be drawn from it is the 
law according to which the weight of the airplane is transferred 
to the surface of the earth. The introduction of a mirrored 
image, as used before on page 166, will prove useful also in this 
case, since then the normal velocity component at the earth 



Fig. 149. — Method of mirrored images. 

automatically reduces to zero. In order to obtain a steady flow, 
the coordinate system is chosen such that the airplane appears 
to be at rest, the a;-axis being in the direction of the wing, the 
^-axis in the direction of motion, and the 2 ;-axis pointing down- 
ward (Fig. 149). 

The velocities u, v, w of the vortex system are supposed to be 
so small compared with the velocity V that their squares can be 
neglected with respect to the products of any of them with V. 
Denoting by po the pressure of the undisturbed air and by p the 
difference between the actual pressure and poj Bernoulli's equa- 
tion gives 

Po + P + + (v - vy + w^] = Po 4- 
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or neglecting the quadratic terms in w, v, and w, 

p = pVv. 

The pressure p at the earth's surface (i.e., the increased pressure 
due to the presence of the airplane) can be calculated by first 
determining as a function of x and yfoTZ = 0, then integrating 
V over the xy-plsme and multiplying the result by pV. 

The two ^Tree" linear vortices leaving the wing tips are sloping 
downward slightly on account of their own field of motion. 
This slope is so small that it will be neglected in the present 
calculation. Then the wing tip vortices do not contribute any- 
thing to Vy which is caused entirely by the bound vortex. The 
length of this bound vortex b is equal to the span of the wing, 
but for an actual calculation a somewhat smaller value than this 
is more appropriate in order to take account of the fact that a part 
of the free vortices leaves the wing between the tips. Denoting 
the circulation round the airfoil by T and observing that b is 
small with respect to the height h of the plane above the ground, 
we find 

Tb sin a 


where the direction of Vi is perpendicular to the plane ABFy 
Fig. 149. 

The mirrored image of the airplane leads to a corresponding 
velocity V 2 so that the actual velocity v on the earth becomes the 
geometrical sum of vi and V 2 . With the angles a and as defined 
by Fig. 149, we have 


or, since 


this becomes 


V = 2vi sin id = 


sin a 


R' 

R' 


Tbh 

~ 2tR^' 


Eliminating the circulation by means of the relation L — pT 1 b, 
we find that 

Lh 
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The increased pressure therefore is seen to have rotational 
symmetry with respect to the location of the airplane. Right 
under the plane, the maximum pressure 

L 

exists; it is seen that even for small heights, this pressure is 
extremely small since the height appears squared in the denomi- 



nator. The pressure distribution is shown schematically in Fig. 
150. Calculating the pressure integral over the entire surface 
^ of the earth, using the notations of Fig. 151, 
we get 

jfLvdxdy = -rde. 

Noting that cos y = h/R and r = h tan y so 
that 

hdy 
cos^ y 



dr 


the integral becomes 

TT 

sin y 


L r2 

27r, 


f:.j: 


oR^ cos^ 7 


X 2 

sin ydy = L. 


It is seen therefore that the lift L is completely carried by the 
ground in the form of increased pressure. 

109. Relation between Brag and Aspect Ratio. — The bound 
vortex finds its continuation in two tip vortices extending along 
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the entire flight path of the airplane. These tip vortices contain 
a certain amount of kinetic energy that has been created by the 
plane in its flight, which presupposes that the plane must have 
been doing work. This means that the plane moving through 
an ideal fluid has to overcome a certain drag. In this connec- 
tion we do not consider the profile drag (Art. 91) which, in 
addition, always exists in an actual fluid. 

Other things being equal, the lift is proportional to the wing 
span; on the other hand, the kinetic energy of the tip vortices, 
and consequently the drag caused by them, is approximately 
independent of the span. It is seen therefore that this drag is 
much more important for short spans than for long ones, or the 



Figs. 152 and 153. — Distribution of vertical velocity. I, for infinite wing; II 
induced by tip vortices of finite wing; III = I -j- II total for finite wing. 

drag per unit of lift is greater for a wing of small aspect ratio than 
for one of large aspect ratio. Since it is very important for gliders 
to have a favorable ratio of lift over drag, wings of large aspect 
ratio are used. A theoretical calculation of this part of the drag 
is possible by assuming the velocities due to the various vortices 
to be small with respect to the velocity V of the wing, which is 
practically always the case. 

110. Rough Estimate of the Drag. — First an estimate of the 
drag will be obtained by means of momentum and energy con- 
siderations without entering into the details of the flow. The 
wing-tip vortices cause a downward motion of the air at the wdng, 
which will be shown to be responsible for the drag. 

Figure 152 shows the distribution of the vertical component 
of the velocity along a line in the direction of flight for a wing of 
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infinite length. A similar picture was calculated theoretically 
for an idealized case in Figs. 126 to 128. In Fig. 152 we see, 
what we knew before, that the air in front of the wing is deflected 
upward and is then pushed downward by the wing. Now 
suppose a finite piece to be cut from the infinite wing of Fig, 152. 
The tip vortices will cause an additional downward component w 
of the air, of which the distribution is indicated by the dashed 
line II, Fig. 153. This, however, so influences the direction of 
the wind velocity at the wing, that it appears to be flying in a 

w 

direction inclined with the angle <p = tan“^ y with respect to the 

actual direction of flight. Since the air force is perpendicular 
to the apparent direction of motion, it includes the angle <p with 
the actual direction of motion. If wq is the downward velocity 
at the center of pressure of the wing due to the action of the tip 
vortices, we have the relation 


D _ 'lOo 
L ” T* 


( 1 ) 


The induced velocity wq is not the same for all points along the 
span; outside the wing tips the velocities are even directed 
upwards. This complication is neglected at first and the sim- 
plifying assumption is made that a certain amount of fluid passing 
through a certain cross section S' is influenced by the wing in such 
a manner that it acquires a downward velocity Wi, while the rest 
of the air does not experience any downward deviation at all. 
The area as well as the shape of this cross section S' cannot be 
determined by this rather rough reasoning, and its calculation 
must be postponed to the more refined analysis which is to follow 
later. Anticipating these later calculations, it is mentioned here 
that S' does not depend on the angle of attack. 

According to our assumptions, a mass of air pS' V is given the 
downward velocity Wij which causes as a reaction the lift 

L - pS'Vwi. 


An application of the energy theorem stating that the work done 
on the drag is equal to the kinetic energy created in the unit of 
time leads to 
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Substituting the expression for the lift obtained above, we get 

iioi _ pS'V/ L \ L" 

2V 2V{S'PV) 

Comparing this result with Eq. (1), it is seen that 

Wi 

^“ = - 2 ’ 

or, in words, the downward velocity due to the tip vortices at 
the center of pressure of the wing is half as great as the final 
downward velocity far behind the wing (see also Art. 113). 

The calculation of the drag is now reduced to a determination 
of the area S'. 



Fig. 154 . — Surface of discontinuity behind a wing. 


Ill, The Jump in Potential behind the Wing.— In order to 
penetrate further into the problem, it is necessary to drop the 
simplified picture of Fig. 148 and to investigate the wake of the 
wing in detail. With the two-dimensional flow round an infinite 
wing there is a “surface of separation” behind the trailing edp, 
separating the air which has passed over the wing from that winch 
has passed under it. The velocity on both sides of this surface 
however is the same, so that it has hardly any physical reality. 
With the finite wing, however, there is a lateral flow toward the 
tips below the wing and toward the center above it. This flow 
continues in the surface of separation so that it becomes a surface 
of discontinuity for the velocity (see page 221,“Fundamentals”0- 
Owing to the action of the tip vortices this surface moves down- 
ward with a velocity Wi, which increases with the lift. A detailed 
consideration shows that this surface rolls itself up in the manner 
shown in Fig. 154. However, the rate of rolling up is small for a 
small Ml and in the following deliberations it will be neglected, 
presuming the surface of discontinuity to be a plane. In other 

1 See footnote, p. 3. 
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words, the flow is the same in all planes perpendicular to the 
direction of flight; the phenomenon is a function of x and z only, 
independent of y (Fig. 155). This is a two-dimensional problem, 
which can be solved with the methods of classical hydrodynamics. 

We now return to Lanchester’s conceptions on page 171 and 
Fig. 126. Instead of a downward acceleration of the wing itself 

in its various consecutive posi- 
tions we shall consider an instan- 
taneous acceleration (impulse) 
of the whole surface of separation. 
In other words, this surface of 
separation is momentarily solidi- 
fied into a “ board, and this 
board is given a downward 
impulse. (In order to take care 
of the variation of Wi with Xy 
the ‘‘board^^ may be considered 
elastic.) 

The two-dimensional field of 
acceleration thus obtained has 
the distribution of Fig. 125. During the short interval r of the 
acceleration, let —pa be the decrease in pressure on the top of the 
board and pb be the increase on the bottom side. The 'impulse 
pressure^’ at each point of the air is then given by 


-e- 


Fig. 155. — Surface of discontinuity 
in the case of small induced down- 
ward velocity w. 




where p is the pressure difference with the undisturbed state. 
The general equation of Bernoulli for non-steady motions applied 
to a coordinate system at rest with respect to the undisturbed air 
is 

With our assumption that w is very small, this simplifies to 

p 

= const. 

ot p 

In order to determine the constant, the phenomena at a great 
distance to the side of the ‘‘board” will now be considered. 
Here the fluid is hardly disturbed and both terms on the left- 
hand side go to zero in the limit when the distance to the side 
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increases indefinitely so that the constant also becomes zero. 
Therefore 

5 $ _ p 

'di 7 

On account of the very short duration of the impulse of the 
“board” the “substantial” integration can be replaced by the 
“local ” one. Assuming incompressibility of the air, the previous 
expression can be integrated : 

Since the motion started from rest and consequently ^ = 0 at the 
time ^ = 0, we have 

J^pdt = -p^r, 

where is the potential of the flow after the impulse, which 
remains constant from then on. 

In order to calculate the total impulse for a flight path of length 
I (perpendicular to the plane of the drawing of Fig. 125), the 
impulse pressure has to be multiplied with the area so that it 
becomes 

J ^dt f H(ph — Pa)dx = Ip I —■ ^b)dx. 

The integral 

- P<ddx 

is the expression for the force on the area ( 0:2 :ci)Z at any instant 
between zero and r. After the impact, i,e., for Z > r we have 
Pb = 0 and Pa = 0, and the integration from zero to r gives the 
total impulse. According to the principle of action and reaction, 
this impulse acting on a surface of the length I is equal to the lift 
on the airfoil multiplied by the time T, which the wing needs in 
order to fly the distance I {T — l/V), Consequently, 

Ip J* — ^^dx = LtT = Zry 
or 

L = ~~ ^b)dx. 

It will now be explained that the potential jump at the surface 
of separation is tied up with the circulation round the wing. The 
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line integral of the velocity along any curve which does not 
pierce the surface of separation behind the wing must be equal 
to zero since the curve lies entirely in a region of potential 
flow. If the points B and A of the curve in Fig. 156 are made to 
converge to a common point in the surface of separation, the 
single curve falls apart into two branches. Since the line 
integral along the branch enclosing the wing must be equal to its 
circulation T, the corresponding integral along the other branch 
of the curve must be equal to — F and must also be equal to 
~~ 4>6, Substituting this result into the last formula, we get 

L = pV ‘Tdx. (2) 



Fig. 166. — The line integral of the tangential velocity round the closed curve 
is zero as long as it does not pierce the surface of discontinuity. When the curve 
falls in two branches by letting B = A, the circulations of the two branches are 
equal and opposite. 

Assuming the circulation and consequently the lift to be 
constant along the a:-axis, we obtain 

L = pVV{x2 — xi) = pVThy 

where h — ^ Xi denotes the span of the wing. This consti- 

tutes another proof of the lift theorem of Kutta-Joukowsky, 
and it is seen from Eq. (2) that this theorem is still applicable for a 
circulation which varies along the span. 

In order to proceed with a calculation of the area S', discussed 
on page 190, which is essential for a determination of the drag, 
we replace the potential <l> by the expression ^/wx — (^, which 
has the dimension of a length. With this notation, the integral 

<pb)dx is of the dimension of a surface, and cp obviously 

can be regarded as the potential of a similar flow in which the 
velocity Wi = 1. Comparing the expression for the lift, 

X X2 

^ (<Pa — <Pb)dXj 
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with the expression derived from the momentum theorem, 
L = pVwiS'j 

the area S' is seen to be equal to 

S (pj^dx. 


The integration can be performed as follows: 


{(pa — (pb)dx = (pa dx + phdx = ^ (pdx^ 


whereby the path of the last integral extends round the surface 
of separation taking first the (^values on the top side and then 
on the bottom side. With this understanding, we write 


and 


L = pVwi^pdx 
S' = f<pdx. 


112, The Vortex Sheet behind the Wing with Lift Tapering 
Ofi toward the Tips. — It has been assumed until now that the 
lift is constant along the span, and that the circulation which 
drops suddenly from its value T to zero at the wing tips is con- 
tinued in two free tip vortices, moving away from the wing with 
the air. 

If we consider the more real case of a lift distribution which 
has a maximum at the middle of the span and which decreases 
gradually to zero toward the tips, it follows that free vortex lines 
emanate from the rear edge of the wing in all places where the 
circulation changes along the span. Let the circulation and con- 
sequently the potential difference be T at some point Ai of the 
airfoil (Fig. 157) and let the circulation at A 2 be 


r + ~dx. 

dx 


The line integral of the velocity along the closed curve of Fig. 157 
is zero since the curve remains entirely inside the region of 
potential flow. Letting the points 1', 1", 2', 2" converge toward 
the surface of separation, the value for the circulation of the 
small closed loop of Fig. 158 is 

dr 
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This is the circulation of the vortex leaving the airfoil at that 
particular location. If the circulation is variable along the 
entire span and is not constant at any point, the vortex lines 
leaving the wing form a surface which is identical with the sepa- 
ration surface discussed before. It is sometimes referred to as a 
'Wortex band.^^ 

This result can still be interpreted in the following manner. 
The lift being a maximum in the middle of the span decreases 
gradually toward the tips. Since the lift is made up of a partial 
vacuum above the wing and an excessive pressure at the bottom 
side of it, the decrease in lift toward the wing tips is associated 



Figs. 157 and 168. — The circulation of a vortex strip emanating from the wing is 

—dx, 

with an increasing pressure on the top and a decreasing pressure 
at the bottom toward the tips. Under the influence of these pres- 
sure differences along the span, the air particles flowing by from 
front to rear are pushed to the side somewhat, namely, toward the 
middle on top of the wing and toward the tips at the bottom. 
With a non-viscous fluid, the air stream, which is divided into a 
top and bottom stream at the front end of the wing, is closed up 
again at the rear end. Due to the lateral components of the 
velocities, there will be a discontinuity in the velocity at the sepa- 
ration surface where the two streams come together. The differ- 
ences in lateral velocity at this separation surface increase with 
increasing lateral pressure variation and with increasing change 
in the circulation T. The absolute values of the velocities above 
and below the surface of separation must be equal according to 
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Bernoulli’s equation, since the pressures on both sides of it are 
equal. Figure 159 shows schematically the distribution of the 
vorticity in the surface of separation if the circulation increases 
stepwise from the wing tips toward the center. 

In addition to the velocity field of the bound vortex we have 
to consider the velocities caused by the free vortices leaving the 



Fig. 159. — Stepwise distribution of circulation. 

trailing edge of the wing. It was seen before that the induced 
drag is due to the downward velocity at the airfoil caused by the 
free vortices and we now proceed to a calculation of this velocity. 
As before, the airfoil is replaced by a single straight vortex 
filament of circulation T which simplifies the analysis consider- 
ably. Another simplification is that the down- 
ward motion of the free vortices will be 
neglected as being only of secondary importance. 

113. The Downward Velocity Induced by 
a Single Vortex Filament. — It was seen on 
page 206, ^^Fundamentals, that an element ds 
of a straight vortex line of circulation T (as shown in Fig. 160) 
induces at the point A a velocity, 

Yds sin <p 



Fig. 160- 


dwA = 




or, since 

sin (p = cos oLjS = h tan «, ds 


hdoi 

— , 

cos^ ot 


cos (X 


this becomes 


dwA — 


Thda cos a. 


Air cos^ OL 


r cos a 
AkH 


da. 


cos- a 


1 See footnote, p. 3. 
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The direction of this velocity is perpendicular to the plane of 
Fig. 160. 

A finite stretch of the vortex filament, the ends of which appear 
under the angles ai and as seen from A, consequently induces 
the velocity 

p /* r 

For a vortex filament extending to infinity on both sides we 
have ai = ~'7r/2 and a.^, = '7r/2, so that sin — sin ai = 2 and 
consequently = r/27rA (see page 207, “Fundamentals”^). For 
a vortex line extending to infinity in one direction only, the result 
is 

Wa = 4^(1 ■“ 

which in the special case ai = 0 reduces to 

being exactly half the velocity induced by a vortex filament 
extending to infinity in both directions. For the practical cal- 
culation of the downward velocity 
induced at the airfoil by the vortex 
band it is assumed that this band 
extends to infinity back of the airplane 
so that the velocity at the airfoil 
becomes equal to half the velocity far 
behind the plane, where the vortex band 
approximately extends to infinity in both 
directions. 

114. Determination of the Induced^ 
Drag for a Given Lift Distribution. — It is 
assumed that the lift distribution, and con- 
sequently the circulation F as a function of is known (Fig. 161). 
The problem is to calculate the velocity field induced by the 
vortex band behind the airfoil, especially the downward velocities 
at the wing. From this the drag can be calculated. 

^See footnote, p. 3. 

- This designation is used in analogy with phenomena of electromagnetic 
induction which are quite similar to those of hydrodynamic vortex fields. 
The phrase ^‘induced drag^' was first introduced by M. Munk. 



Fig. 161. — The surface of 
discontinuity behind a wing 
of given lift distribution. 
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The downward velocity due to the entire vortex filament 
emanating from B, Pig. 160, was found to be 



this result to the strip dx of the vortex band shown in 
Fig. 161, the velocity at an arbitrary point x' of the bound vortex 
becomes equal to 


dwix') 


1 

4:Tix' X) 


The direction of w is along the positive 2 -axis, because to the 
right (x > x') the expression dT/dx is negative, while to the left 
(x < x') dV/ dx is positive. 

Since the induced velocity at any point of the bound vortex 
(among others at the point a:') is due to all the strips making up 
the vortex band, this velocity is found by integrating along 
the span b: 



dV 


X dx 


•dx. 


Since the integral becomes indeterminate at x — x^ on account 
of the integrand becoming infinitely large, it is necessary to take 
the so-called principal value of it, defined by 


lim 

e=0 



This definition is such that the value of x' has to be approached 
from both sides at the same rate. Both parts of the integral tend 
to infinity, but their sum has a finite limit which can be checked 
up by calculating the velocity w at a point somewhat above or 
below the bound vortex instead of exactly on it. This calculation 
will show that the velocity remains finite and goes to a finite limit 
when the point is moved to the bound vortex itself. 

We are now in a position to calculate the drag induced by the 
system of free vortices. It was seen that the various elements of 
the bound vortex are subjected to different downward velocities 
due to the free vortex band. It is assumed that each individual 
element of the bound-vortex filament behaves like an element of 
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an infinitely long wing (two-dimensional flow), where the relative 
wind velocity is made up of the velocity V of the wing and the 
induced velocity w. Since in such an 
element the resultant force is perpendic- 
ular to the relative air velocity, it is seen 
from Fig. 162 that 

wdL 

dD = 

Fig. 162. — Deviation of 
the resulting air force due 

to the induced downward Assuming that the lift per unit length Li 

nenTfa^hrmghtdirrtfon' ^long the Span is given as a function of 
is the induced drag Di. x\ = Li(x'), the total induced drag 

is found by integration along the span of the wing : 

D = 4f rLi(x')w(x')dx'. 

VJh 

~2 

Since Li(x') = dL/dx' = pFF, the drag also can be written 

6 

D = p pT(x')w(x')dx\ 



or substituting into this the value for Di(x'), found previously, 

^ dr(x), dx' 


D = ^ p pT{x')^^^dx- 

AkJ b b ■ 


The physical meaning of the double integration (first with x' and 
then with x as the variable) is that first the influence of the total 
free vortex band on the velocity of one element of the bound 
vortex is determined and that further all the individual drags for 
the various elements have to be added up to the total induced 
drag of the wing. The formula gives a general method for the 
calculation of the induced drag if the distribution of the lift 
along the span is known. 

There is a simple relation between the induced drag and the 
kinetic energy of the free vortex system, which was used by 
Trefftz^ as a basis for deriving the above’ result by means of 
Green’s theorem. His analysis is of considerable interest to 

^ Tkefftz, E.j The Airfoil and Propeller Theory of Prandtl (German), 
Z, angeu. Math. Mech., vol. 1, p. 206, 1921. 
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Iii3;tli6ni8^tric8)lly inclinGci stud-Giits, but it is physically loss 
obvious than the proof given here. 

Before investigating whether these results are in accordance 
with the experimental facts, some remarks will be made regarding 
the historical development of the theory. After the formula was 
derived, it was attempted to find by 
trial some plausible functions for the 
lift distribution, which are simple 
enough to make the integration 

practically possible. After some x' 

time a semi-elliptic lift distribution fig. les.— Elliptic lift distribu- 
on the span was found to lead to a tion r = ^ V 

simple solution, and still later it was ^ \h 2 ) 

discovered that this solution is the most important one, since it 
gives a minimum of induced drag. 

Designating as before by h the span and by To the circulation 
in the middle of the airfoil, the elliptical lift distribution shown 
in Fig. 163 is expressed by 



= 


Other lift distributions rendering the integration comparatively 

simple are shown in Figs. 164 and 165 
and can be expressed by 





.1.1c;. III,'). 

Figs. 164 and 1G5. — Lift 
distributions according to 


Any linear combination of terms of 
this sort can also be used for the 
purpose. 

- Limiting 

r = and important 

linear superpositions of these, tribution), we have 

dr Tqx 

dx 


ourselves to the most 
case (of elliptic lift dis- 


4 )’ 


and the downward velocity at the point x' of the airfoil becomes 

xdx 

w{x') 


_ro 

lx 




(^' - u 


^ a; Y 
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Substituting g = 


6 / 2 ’ 


this leads to;'- 


w{x') = 


To 

4t? 


X +i 




(r - iW I - e 


To 

^ & 
4^2 


£0 

2b' 


It is seen therefore that the induced downward velocity w is 
independent of x', i.e., w is constant along the entire span. 
It is more convenient to introduce the total lift L instead of 
To, and since 


X - pf/V* - pFr.J;.^! - (, 




the result becomes 


w 


2L 

irpF6^‘ 


Since w comes out to be constant along the span, it is not 
necessary to perform the second integration and the induced 
drag immediately becomes 





Comparing this result with the expression found on page 191, 



U 

j 


it is seen that now the determination of 
accomplished : 



the area 8' has been 


This can be conveniently memorized by noting that the area S' 
is equal to that of a circle on the span as diameter. It may 
be mentioned again that this result is true only for an elliptical 
lift distribution. The same result could have been obtained by 
pursuing the procedure started on page 195 for the two-dimen- 

‘The value of the integral I ; 5-^==. = — -f. See Betz, foot- 

j-i (j' _ I) vi - 


note, p. 204. 
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sional flow determined by a constant velocity loi. It will be 
shown later that the velocity u’l, far behind the wing, is exactly 
twice the velocity w at the wing itself. 

The induced velocities for a given lift distribution and its 
consequent induced drag have now been calculated, but the 
question is as yet open which shape has to be given to the wing 
in order to obtain the desired lift distribution. In order to 
find an answer to this problem, the airfoil is subdivided into 
elemental strips of width dx, each having a defi.nite circulation 
determined by the known lift distribution. The question arises 
as to which shape each element has to have in order that the given 
circulation correspond to it if the element is considered to be part 
of an infinitely long wing. Besides depending on the shape of the 
profile, the circulation also is affected by the chord and by the 
angle of attack so that it is clear that the problem of determining 
the wing shape for a given lift distribution is an indeterminate 
one. Various shapes corresponding to the same lift distribution 
can be obtained by varying either the profile or the angle of 
attack, or the chord along the length of the span. The most 
practical case from a structural standpoint is to make the pro- 
files of the various elements geometrically similar and their 
angles of attack equal along the span. With this restriction 
the question of the wing shape I 

can be solved by making the 
chord at each point proportional 
to the lift. An elliptical lift dis- 
tribution therefore can be rea- 

lized by making a wing consist of lee-AVing lith elliptic lift 

two semi-ellipses as shown in distribution; the shape of the wing 
Fig. 166. By this special choice semi-ellipses, 

the additional advantage is obtained that the centers of pressure 
of the individual profiles are all on a straight line so that this 
particular wing can be approximated very w^ell by a straight 
vortex filament. In case the bound vortex should be curved 
somewhat in the iry-plane, the angles of attack wmuld be changed 
by the induced velocities of the individual elements of the bound 
vortex on each other. This would be very difficult to follow 
analytically. 

115. Minimum of the Induced Drag; the Lift Distribution of 
an Airfoil of Given Shape and Angle of Attack. — The so-called 
second problem of airfoil theory” consists of finding the lift 
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distribution for a given total lift and a given span such that the 
induced drag is a minimum. In mathematical language the 
problem is therefore: 

b 

Z> = I r(x)w(x)dx = minimum 
2 

when 

b 

L = pvf^ r(x)dx 
*“2 

is given, and 



This problem has been solved in its most general form by 
Munk^ for monoplanes as well as for multiplanes with the result 
that for a monoplane the minimum is obtained for a velocity 
w which is constant along the span. As was mentioned before, 
the elliptic lift distribution therefore is the one which gives a 
minimum induced drag for a given span and a given total lift. 
A simpler proof of this theorem given later by Betz is discussed 
in Art. 120. 

The minimum in the drag for the elliptic lift distribution is a 
very fiat one, however, so that the drag does not increase much 
for lift distributions different from the elliptic one. For instance, 
a rectangular wing of aspect ratio 5 has only 4 per cent greater 
induced drag than the corresponding elliptic wing. 

The “third problem of airfoil theory consists of finding the 
lift distribution for an airfoil of given shape and given angle of 
attack. Naturally this problem was the first to present itself, 
but being the most complicated one it was last to be solved in 
1919 by Betz.^ The problem leads to a disagreeable integro- 
differential equation which has been solved for the case of the 
rectangular wing of constant profile and constant angle of attack 

^ Munk, M., Isoperimetric Problems in the Theory of Flight (German), 
Dissertation, Gottingen, 1919. 

^ Betz, A., On Airfoil Theory with Special Consideration of Rectangular 
Wings (German), Dissertation, Gottingen, 1919. 
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in the form of a series of powers of a parameter JP proportional to 
the aspect ratio 



X c 


The calculation is simpler for small aspect ratios than for large 
ones. Another approximate solution which can be applied for 
large aspect ratios has been found by Trefftz.^ 

The result of these calculations is that for very small aspect 
ratios the lift distribution is practically elliptical; for larger 
aspect ratios the distribution becomes flatter, while for the ease 



Fig. 167. — Distribution, of circulation along the span of rectangular wings of 
various aspect ratios ( P — — - J 

V X c/ 

of an infinitely long wing the rectangular distribution results 
(Fig. 167). 

The induced downward velocity w becomes smaller at the 
middle of the wing and greater at the tips when the aspect ratio 
increases. As was to be expected, the induced downward velocity 
and induced drag become zero when the aspect ratio (and con- 
sequently the parameter P) go to infinity (two-dimensional prob- 
lem). According to Trefftz's calculations, a wing extending to 
infinity to one side only has a finite downward velocity at its 
one end and also a finite induced drag. According to the cal- 
culations of Betz, an approximate formula for the relation 
between the induced drag and the aspect ratio in the region 
P = 1 to P = 10 is 


2L- £ - “ 

^ See footnote, p. 200. 


[see Fig. 1681. 
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The induced drag is not distributed uniformly along the span but 
is concentrated at the ends, which tendency is very pronounced 
for large aspect ratios^ Figure 169 shows the lift, the induced 
velocity, and the induced drag of a very long wing. 



Fig. 168. — Ratio of drag of wing with rectangular lift distribution and one of 
elliptic distribution (Diaia.) for various aspect ratios {P = 2h/Trc). 

116. Conversion Formulas. — Concerning the relation between 
the calculated induced drag and the experimental results, it 
can be stated with certainty that the experimental drag cannot 
^ ^ be smaller than the calculated 

^ ^ must be necessarily 

greater. There are two parts 
of the total drag which have 
Til \\\ llii m ^ * ' ' ' ' ' ^ ^ been taken account of in 

calculations thus far, 
namely, the skin friction and 
1 j I the small eddy resistance due to 

^ the fact that the streams from 

Fig. i69.-Distributi'on 'of lift i.'in- above_ and below the profile do 
duced velocity w and induced drag Di. not join Smoothly. These twO 

ritro® partial drags together have 

been called the profile drag.^’ 
Taking into consideration the fact that the total drag is the sum 
of the calculated induced drag and the profile drag, the agree- 
ment between theory and experiment is very satisfactory. For 
the induced drag coefficient Cp,. we found on page 202 


or, with 


Cn. = 


this becomes: 
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For the rectangular wing, we have specifically S = be = span 
X chord, so that 


Cn. = 


wh 



Plotting this relation graphically in Fig. 170, it is seen that the 
induced drag becomes a parabola with a curvature depending on 
the aspect ratio. Plotting into the 
same diagram the polar curve of a 
good wing of the same aspect ratio 
shows that the total drag consists for 
its larger part of induced drag, espe- 
cially for large angles of attack. 

On account of a fortunate coinci- 
dence, which was not anticipated, it 
was possible to reduce the results of 
airfoil theory to a very useful form. 

The polar diagrams for a number of 
airfoils of ' the same profile but of 

different aspect ratio were all plotted iro.— Induced drag pa- 

on the same curve sheet and it raboia for aspect ratio 5 to- 
was seen that the difference between expenmeatai curve. 

the calculated induced-drag coefficient and the measured 
total drag coefficient was about equal in all cases. From this it 
was concluded that the profile-drag coefficient was practically 
independent of the aspect ratio, so that the possibility presented 
itself to convert polar curves from one aspect ratio to another. 

The problem therefore is to calculate from a given polar 
curve 1, for a given aspect ratio b-r/Si another polar curve 2 for 
the same profile but of a different aspect ratio In other 

words, it is necessary to calculate for various values of Cl the 
values Cn. from the values Cn^ 

First, we split up the total drag coefficient into its induced and 
profile parts, i.e.j 

Co = Cl 


+ Cd.^j 


where Cn^, is a function of Cl. For a given profile with the 
aspect ratio 6iV^i we have 
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For the same profile with the different aspect ratio b 2 ^/S 2 we 
have consequently 


C 


Di 


C^S2 

TT 62 ^ 


Dp 


SO that the conversion formula becomes 


C 


Di — 





A similar conversion formula can be derived for the angle of 
attack on the basis of an elliptical lift distribution. We first 
consider an element of an infinite airfoil 
(two-dimensional flow), as shown in Fig. 
171a. Assuming that the element now is 
a part of a wing of finite length, we know 

Pig. 171. — Influence of 

the induced velocity w on Velocity V at the wing is subjected to 
the actual angle of attack. induced downward velocity component 

w. In order to obtain geometrical similarity between the element 
of the finite wing and the same element when considered as a 
part of an infinite wing, it is necessary to turn the element 
through an angle (p determined by 



tan <p 


w ^ ClS 
V TT 


The angle of attack which the element of the finite wing would 
have if it were an element of an infinite wing for the same lift 
consequently is (see Fig. 1716) 


ao == a — <p. 

Considering that w is small with respect to V and that conse- 
quently (p can be set equal to tan (^, two airfoils of the same profile 
but different aspect ratios are in the same condition if their 
actual angles of attack ao are equal for the same lift coefficient, 

i.e.j 


Cl Si Cl S2 



SO that 
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This is the conversion formula for angles of attack. Both con- 
version formulas have been c/ 
derived only for airfoils where T 

the lift distribution is elliptic /.2 — 

along the span. This is not 
serious, however, since the drag 

is a minimum for the elliptic ^ .- 2 =:^ 

distribution and consequently 3 ^^ 

varies only little even with dras- ,6 — = 

tic departures from the elliptic 

loading. Moreover the lift 

distribution for rectangular ^ 
wings is not very much differ- ’ "S 

ent from the elliptic one (Fig. 

167). This makes the conver- 

sion formulas applicable with .2 

sufficient accuracy to almost ^ 

any type of mng. 172.-Pola. diagrams for .-mgs 

In Figs. 172 to 175, an exam- of the same profile and various aspect 
pie is given of the use of these 1 to 7). 

relations. Figures 172 and 173 show the polar diagrams and the 


Fig. 172. — Polar diagrams for wings 
of the same profile and various aspect 



Fig. 173. — ^Lift vs. angle of attack for various aspect ratios. 

relation between the lift coefficient and the angle of attack for 
seven wings of aspect ratios ranging from 1 to 7. In Figs. 174 
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and 175 these two diagrams have been converted to an aspect 

ratio 5 by means of the conversion 
formulas. It is seen that the va- 
rious experimental points lie on a 
smooth curve, with the exception 
of a few points for the wing of 
aspect ratio 1, and this is not 
surprising since the whole theory is 
based on the concept of a bound 
straight vortex filament to which a 
square wing cannot be approxi- 
mated with sufficient accuracy, 
117. Mutual Influence of Bound 
Vortex Systems. The Unstaggered 
Biplane. — It has been proved 
before that the free vortex band 
in the wake is responsible for a 

Fig. 174.— Figure 172- replotted downward induced velocity at the 
for aspect ratio 5 by conversion wing and Consequently for an 
formula, induced drag. The influence exists 

between the free vortex system caused by a bound vortex 



Fig. 175. — Figure 173 converted to aspect ratio 5. 

and that bound vortex itself and therefore can be called 
a case of ''seZ/-induction.^’ In the case of biplanes or 
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multiplanes, there also may be an influence of the free vortex 
band of one wing on the bound vortex of another wing which 
might be called mutual induction.’’ A theory will now be 
developed, whereby it becomes possible to calculate the induced 
drag of a biplane or a multiplane from the wind-tunnel data of a 
single wing. 

In principle the action of mutual induction in a biplane con- 
sists of a downward induced velocity at wing 1 due to the free 
vortex band behind wing 2 and vice versa. 

Each wing therefore has a self-induced drag due to its own 
free vortex band and a mutually induced drag due to the vortex 



Fig. 176. — Surfaces of discontinuity with unstaggered biplane. 

band of the other wing. The total induced drag of a biplane 
therefore consists of four terms, 

D == Dll “b Di2, *4" D^i "b D 22 , 

where Du denotes the self-induced drag of wing 1; Du is the 
drag of wing 1 due to the influence of wing 2; in the same 
manner D 21 is the drag of wing 2 due to the influence of wing 1 
and D 22 is the self-induced drag of wing 2. 

Besides inducing a downward component of velocity w, one 
of the wings of a biplane induces also a horizontal velocity r, 
causing an increase or a decrease in the relative wdng velocity. 
The change in the drag due to this effect, however, is small of 
the second order, so that in the following calculation the influence 
of the horizontal component v will be neglected. 

First the case of an unstaggered biplane will be discussed, i.e., 
of a biplane where the two wings are perpendicularly above 
one another. As before, the wings are replaced by straight, 
parallel, bound vortex filaments as shown in Fig. 176. In this 
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case neither wing induces a vertical velocity at the other one 
so that the downward induced velocity at either wing is due 
only to the free vortex bands. First, the induced velocity will be 
calculated at a point xi of wing 1 caused by the free vortices 
of wing 2. The vortex strength of an element dx^ of this band 
is dV 2 /dx 2 dX '2 so that according to page 198 this velocity cal- 
culates to 

1 <9r2 dx^ 

47r 8X2, Ci 


with a vertical component 

1 6r2 dx 2 1 8 V 2 dx 2 . 

— -r cos r = — — -T SI 

47r 8x2 CL Alt 8x2 CL 


The total vertical induced velocity at xi due to the entire free 
band of wing 2 is found by integration along the span: 




h^X2 

2 


'dX2> 


Considering that F = 0 for 0:2 = ±h/2 and integrating by parts, 
we obtain 



2 


By means of the relations 


6 /sin _ 8 f Xi — 
dx\ a ) 8o\ ) 


a? — 2{x\ — Xi)^ 


1 — 2 sin^ ^ 
a- 


this can be simplified to 



cos 2/3 , 

2 0 — dX2- 

a~ 


2 


cos 2)3 


Now the expression for the induced drag D 12 can be found by 
means of the relations of page 200 and is 

b 

/ *2 

Tiw(xi)dxi 
_ b 
2 
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or, after substituting the value for w{xi), 


n - L r Pv r- 


( 1 ) 


From the symmetrical structure of this integral it is seen that 
the same result would have been obtained for D-n, so that 


1^12 — -Z)21- 


This theorem, which was derived in a different manner by 
Munk/ states that for an unstaggered biplane the two mutually 
induced drags are equal. 

Although this relation was derived on the basis of straight 
bound vortices, it is valid also for curved bound vortex filaments 
provided these filaments lie in a plane vertical to the direction 
of flight. In this case, Eq. (1) has to be changed in so far as 
cos (/3i + ^ 2 ) has to be substituted for cos 2/3, where /3i and (32 
are the angles of the connecting line a with the elements of the 
bound vortex filament; further, dxidx 2 has to be replaced by 
dsids2^ 

The mutually induced drag is always positive for unstaggered 
biplanes of the ordinary type. With tandem biplanes, where the 
two wings are beside each other in the same line, the mutual 
influence is different in so far as each wing is in the field of an 
upward current of air caused by the other wing and consequently’' 
the mutually induced drag is negative. In such a case the total 
drag of the two wings is less than the sum of the drags of each 
wing by itself. 

118. The Staggered Biplane. — For the staggered biplane, the 
bound vortex of the one wing induces a vertical velocity at the 
other wing, so that in addition to the influence of the free vortex 
band the influence of the bound vortex has to be considered. 
For a point Xi of wing 1, the vertical induced velocity due to 
wing 2 and its vortex band therefore consists of the following 
two contributions : 

1. The velocity Wi due to the free vortex band of wing 2, 

2. The velocity wo due to the bound vortex of wing 2 itself. 

A strip dx of the free vortex band has the strength dV 2 'dx 2 dx 2 j 
and the induced velocity due to it (see page 198 and Fig. 177) is 


See footnote, p. 204. 
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I ST 0. . 

- — T — dx 2 sin a. 
Attcl 0X2 CL 


X 2 7 /I 

1 n ^•'^^ 2(1 

4-7ra dx2 


sin a), 


of which the vertical component is 

1 ^4*2 7 /-I • \ ■ O 

— dx 2 {l — sm a) sm 13, 
Aira 6x2 


The total induced velocity at Xi due to the entire free vortex 
band of wing 2, therefore, is 

b 

, .. 1 r 2 dT 2 1 — sin a . . , 

»■(*') = - sj.te 5 ™ ***’ 



or considering that sin a ~ y/r and sin ^ — x-^/a. 



1 - 


a 


y 

r Xi — 0:1 
a 


dx2> 


Since T becomes zero for —6/2 and +6/2 the expression can be 
integrated by parts in the same manner as was done on page 212, 


Wi(xi) 


- rv,— 

'xi' - Xxf^ y\' 

J b ^ 'dX2 

a‘^ y rj 


dX2 


Performing the differentiation and remembering that r = 
V" a- + 2/^ i^iid a = \/ {xi' — Xi)^ + z-, this becomes 
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5 



The second contribution to the vertical induced velocity due to 
the bound vortex of the wing 2 at the point xx becomes 


W^iiXi) = 


__1 

Att. 


f. 


'2r2 sin a 


dx2 



if the lower wing 2 is staggered behind the upper wing 1, as 
shown in Fig. 177. It is seen that this vertical component is 
directed upward so that the wing 2 causes a decrease in the 
drag of wing 1. In case the stagger had been reversed and the 
lower wing had been placed in front of the upper one, this effect 
would have been reversed and the induced drag of wing I would 
have been increased. 

The total induced downward velocity at the point xi therefore 
becomes 


Wi + W2 ^ = 


b 



2 


or since 


2(xi — XiY cos 2/5 y 
— L-i ^ = sm a. 


and 

y(xi — xiy _ ^ ^ 1 
r 


~y(a^ “ _ 1^1 _ - sin q: 

_r\ r^r\a) ? 


COS^ (I 


this becomes 


w(xi 


'> - s/>{ 


cos 2/5 


(1 — sin a) — 


sin a cos- 



Since, according to page 212, the drag of wing 1 induced by wing 
2 is equal to 
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b 

I>12 = pj^ riw(xi)dxi, 
“2 


this becomes on substitution of the above value for w(xi) : 


D, 


= - r r 

4x J 6 J 6 


T 1 T 2 


COS 2)8 


(1 — sin a) — 


sin a cos^ )8 


dxidxo. 


As is seen in Fig. 177, the drag of wing 2, due to the effect of 
wing 1, can be obtained from the previous formula by putting 
a + T and /3 + X instead of a and )8. Consequently 


Dm 




cos 2|8 


(1 + sin a ) + 


sin a. cos^ 


dxidxo 


For a = 0 it is seen that the two integrals become equal = 
£> 21 ), which is the result for the unstaggered biplane obtained 
before. It was shown first by Munk that the sum D 12 + D 21 
is independent of the amount of stagger (stagger theorem). 

For the general case of bound vortex filaments which are 
not parallel, the final result becomes 


£^12 + D21 


b h 



2 2 


cos ()6i + ^ 2 ) 


dsids2, 


where also the independence of the angle of stagger a is apparent- 

It is important to note that this theorem of the independence 
of the total mutual induced drag from the amount of stagger 
is true only if the lift distribution of the two wings is not changed, 
and this is possible only by properly changing the angles of attack 
of the various wing elements. An alteration in the stagger 
without changing the angles of attack would result in a change 
of the effective angles of attack and consequently in a change of 
the lifts of the two wings. The geometrical angles of attack 
have to be corrected in such a manner that for a change in the 
stagger the effective angles of attack remain the same. 

119. The Total Induced Drag of Biplanes. — It was seen on 
page 202 that the self-induced drags of the two wings of a biplane 
are expressed by 
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-D22 


; 


if the lift distribution is elliptical. Li is the lift on the first wing 
and L2 that on the second wing. Analogously, the mutual 
induced drag or D21 can be represented by 

L1L2 

a -j 


where the coefficient <t depends on the ratio 61/62 of the spans and 
on 225/(61 + 62), where z is 
the distance between the ^ 
wings in a direction vertical to ^ 
the direction of flight. For an 
elliptical lift distribution, the 
value of <r has been calculated 
on the assumption that the 
centers of the two straight 
wings are in the same plane of 
symmetry. Figure 178 shows 
the relation between <r and 
22/(61 + 62) for three different 
values of 62/61. Using this 
figure, the total induced drag 
of the biplane can be calculated from 



D — 7)ii + 2 Z)i2 + 7)22 — 






L,L, U- 
+ + I 


?> 


( 1 ) 


if the lift distribution between the two wings is known. 

It is of interest to know the distribution of the total lift 
between the two wings for which the total induced drag becomes a 
minimum. A simple calculation shows that this is the case if 

b - 

Li _ bi 

L[~ h. 



218 


APPLIED HYDRO- AND AEROMECHANICS- 


In order to obtain this result, we put Li = XL and consequently 
Ls = (1 — X)L and then determine the value of X for which the 
parenthesis of Eq. (1) becomes a minimum. The value of this 
minimurh then is found to be 


L^min 


(Li + UY 1 - 


JU 


Since the factor 

(Li + uy 


( 2 ) 


represents the drag of a monoplane of span bi with a liftLi + L2, 
and since the second factor k is always smaller than unity (<t < 



Fig. 179 . — Ratio of induced drags of biplane and monoplane of the same lift 
and span h\ as a function of the height h/h\. for various values of 61/62. The 
induced drag is a minimum for 61 = 62. 

^2/61), it is seen that the total induced drag of a biplane Db is 
smaller than that of a monoplane Dm of the same span hi and of 
the same total lift. Figure 179 shows the relation between 
Db/Dm and z/hi for a number of values h2/hi. It is seen that the 
drag of the biplane decreases rapidly with increasing z and 
62/61. Therefore the most advantageous arrangement of a 
biplane is the one where both wings have the same span, i.e.j 
hi = 62 - 

However, the advantage of the biplane as compared to the 
monoplane is not so important as these results would indicate. 
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A relatively small increase in the span of the monoplane makes it 
possible to decrease its induced drag to the same value as that of 
the biplane. The factor by which the span of a monoplane has 
to be multiplied in order to give it the same induced drag as a 
biplane of the same lift is denoted by x. We have according to 
Eq. ( 2 ) 

JL - 1 

(xb^y 


or 



Figure 180 shows how the span of a monoplane has to be 
increased to obtain the same induced drag as the biplane hi = 62 . 



Fig. 180. — The ordinate x is the factor with which the span bi of a biplane has 
to be multiplied in order to get a monoplane of the same lift and the same induced 
drag. The biplane has two wings of equal span bi = 62 . The abscissas are the 
height-span ratio of the biplane. 

For instance, a biplane with a span of & == 30 ft and a vertical 
distance of 2 : = 6 ft has the same induced drag as a monoplane 
of 34 . 8 -ft span, where both planes have the same lift. 

120. Minimum Theorem for Multiplanes. — After having 
solved the problem of minimum induced drag of a biplane with 
the lift distribution between the two wings as the variable, w’e 
proceed to the more general problem of determining the lift dis- 
tribution over each individual wing of a biplane or multiplane of 
given dimensions, required to make the induced drag a minimum. 
This problem was solved first by Munk while Betz gave a simpler 
proof for it later. The result was that for either a biplane or 
multiplane the drag becomes a minimum when the lift distribu- 
tion is such as to cause a constant downward induced velocity at 
both wings. 

The proof given by Betz is based on Munk’s theorem of stagger. 
The original airfoil system and the variation given to it are 
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considered as two separate systems, the variation consisting of a 
very small wing system. According to the stagger theorem 
it is permissible to shift the variation wing system far back of the 
plane. In that case the downward induced velocity at the 
main wings due to the small variation system is negligible, and 
the only change in the induced drag due to variation is caused by 
the effect of the vortex band on the variation wing system. 

If the correct lift distribution for minimum induced drag 
exists to start with, any additional variation system which does 
not change the lift will not change the drag. 

Thus adding to an arbitrary location dx of one of the wings the 
additional lift 5Li, and simultaneously adding to another spot 
of the same or of another wing the lift 5 L 2 = — 5Li, the variations 
in the induced drag become 


oLixTy and oLt^-yi 

on account of the fact that this variation in the lift is equivalent 
to very small additional wings far behind the actual wing system. 
In these expressions, wi and are the vertical velocities at the 
corresponding points in the free vortex band. In the case 
where the lift distribution is such as to make the total drag a min- 
imum, it is clear that the variation in the lift distribution must be 
zero or 

5Li^ + = 0. 


Considering that 5Li = — bL^ it follows that 


W-L = W2. 

Since the velocities at the unstaggered wing system are exactly 
half those in the vortex band far behind the plane (see Art. 117), 
it follows that the velocities at the wings are also equal. The 
locations at which the variation of the lift was made are entirely 
arbitrary and it can therefore be concluded that the induced 
velocities are equal not only at the two points just chosen but have 
to be equal everywhere. This completes the proof of the theorem 
that for a given lift the drag becomes a minimum when the 
induced downward velocities at both wings are equal and con- 
stant along the span. In connection with our previous discus- 
sions (page 192), where the flow round an airfoil was compared 
to the impulsive downward acceleration of the entire flight path 
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of the wing by means of a “board/^ it is now seen that in the 
case of minimum induced drag the system of ^'boards'’ repre- 
senting the biplane or multiplane is a rigid one. In case the 
most advantageous induced velocities had not been constant, 
this system of '‘boards” should have been made flexible. 

It is now possible to find a plausible and simple interpretation 
for the general drag formulas in the case of minimum drag. 
Let wi be the final velocity of our "board” system after the 
acceleration; then the downward velocity at the wing is w = wi 2 
and the induced drag is 


i> = 4 = 


Lii)i 


Expressing by means of the momentum theorem, 


L = p^'Vwi, 

we find, as before, that 

d = -JL^. 

2pS'V^ 


In this expression the area S' is to be put equal to (<pa — Tb)dx^ 
where the sum covers all individual wings. Remembering 



Fig. 181. 



(see page 202) that the entire mass of air pS'V is given the down- 
ward velocity Wi and that the rest of the air is not affected, the 
equation states that the lift is equal to the momentum given to 
this mass of air. The work done by the drag is equal to the 
kinetic energy imparted by the wing to the air. 

It was seen before that for the monoplane the area S' is a 
circle with a diameter equal to the span (Fig. 181). Grammel 
and Pohlhausen have calculated the corresponding areas S' for 
the usual biplane and for the tandem biplane by means of elliptic 
integrals (Figs. 182 and 183). The relation 
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n = 

2pF2 • S' 

shows that the induced drag for the same lift is smaller when S' 
is larger. If the distance between the two wings of a biplane 
becomes very large, S' reduces to two circles on the span as a 
diameter, i.e.^ the biplane acts as two separate monoplanes. 
Such a biplane has therefore half the induced drag of a monoplane 
of 'the same lift. On the other hand, if the two wings of the 
biplane get closer and closer together the figure of S' finally 
becomes identical with the circle of the monoplane and con- 
sequently the induced drag of the biplane becomes equal to that 
of the monoplane. 

121. The Influence of Walls and of Free Boundaries. — Airfoil 
theory has yielded yet another result, which is of importance 
for the interpretation of the experiments on models in wind 
tunnels either of the solid-wall or of the free-jet type. 

From the tests in a free jet or in a closed tunnel it is intended 
to draw conclusions regarding the behavior of the test body in an 
atmosphere of infinite extent. The differences between the 
wind-tunnel stream and the free atmosphere lie in the boundary 
conditions: on the’ solid walls of a wind tunnel the normal com- 
ponent of the velocity must be zero, while for a free jet the pres- 
sure at the boundary is constant and equal to the pressure of the 
surrounding air. With the usual experiments, these deviations 
at the boundary of the jet cause certain changes in the flow around 
the model as well as in its induced drag, and it is often necessary 
to take these boundary effects into consideration. 

We begin by assuming an infinite atmosphere and the corre- 
sponding velocity field around the wing under test. Then the 
jet is cut out of this infinite atmosphere and it is seen that there 
are lateral velocity components and pressures at the boundary 
of the jet thus cut out. In order to obtain the actual flow in 
the wind tunnel, it is necessary to superpose another flow, which 
has no singularities in the inside and has lateral velocity components 
(or pressure variations) at the surface of the jet equal and 
opposite to the ones of the first flow. This superposition gives 
the actual flow in the wind tunnel, and the action of the sec- 
ondary superposed velocity fiield on the wing is just equal to the 
correction we are looking for. 

Since this secondary velocity field is a potential field (having 
no discontinuities), it is only necessary to find the expression 
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for its potential. This is the so-called “second problem of 
potential theory,” where the potential function has to be deter- 
mined inside a closed region when its derivatives are known on 
the boundary of the region. 

A similar process leads to the solution of the problem for a 
free jet. The boundary condition here is that the pressure is 
constant on the surface of the jet. Denoting by F the velocitj- 
of the main flow and by u, v, w the components of the flow induced 
by the airfoil under test, Bernoulli’s equation gives 

P + + (F -b vy- + w^] = po + 

and applied to the free surface of the jet, where p = po, 

-^2 _[_ y2 _|_ ^2 _|_ 2 Yv = 0. 

Assuming the induced velocities so small that their squares can 
be neglected, only the last term 2Yv is of importance and the 
boundary condition for the jet therefore becomes 

= 0. 

On the further assumption that the lift of the airfoil, and 
consequently the deviation in the direction of the jet, is small, the 
problem is simplified by taking = 0 on the original undisturbed 
jet instead of on the actual deflected one. Therefore it is 
seen that the boundary condition for a stream between solid 
walls is such that the normal velocity component is zero while 
for a free jet the tangential component v has to be zero. 

In the same manner as in the closed wind tunnel, the actual 
flow in a free jet is obtained by the superposition of the flow cut 
out from an infinite atmosphere and a secondary flow which 
has the velocities — y at the surface of the jet. If ^ is the poten- 
tial of this velocity field, the boundary condition on the surface 
of the jet is d^/dy = —v. An integration along the generators 
of the cylinder then gives 

Hy) = 

— OC 

The lower limit of this integration expresses the fact that at a 
great distance from the test wing {y = — the potential of the 
secondary flow ^ is zero. Thus the condition that the secondary 
velocity field has the prescribed values ~~ v at the jet boundary is 
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equivalent to the condition that the values of the potential are 
given on the boundary and the problem therefore is that of 
finding a function without singularities inside the jet while the 
values of this function are given on the boundary of the jet. 
This problem is known as the “first problem of potential theory.'’ 

122. Calculation of the Influence for a Circular Cross Section. 
The problem for the solid walled channel as well as that for the 
free jet admits of the easiest solution for the circular cross section. 
The problem reduces to finding the action of an “inverted" 
airfoil, i.e.j of a body found from the original airfoil by a 
mirroring process involving reciprocal radii. The circulation 
around this inverted wing has to be taken in the same sense as 
around the actual wing for the case of a solid walled channel 
and with the opposite sign for a free jet. The calculations have 
been carried out in detail for a straight monoplane in the middle 
of the jet, an elliptical lift distribution being assumed. Letting 
the span be Z>, the diameter of the jet be d, and f = 2x/d, where .r 
is the distance from the center of the wing, it is found that 

+ h" + h" + +■■■)■ 


The added drag due to this velocity consequently becomes 


D' = 


L2 




1 + 


16V d 


IY + 


64 


This expression for the additional drag is exactly true for straight 
monoplanes with an elliptical lift distribution; however, it is also 
valid with a good approximation for all usual wing systems of 
which the dimensions relative to the diameter of the jet are not 
too great. The expression for the induced drag was found on 
page 202, namely. 




Denoting the cross section of the jet 7rdV4 by the first approxi- 
mation of the total induced drag of an airfoil in an air jet of 
circular cross section becomes 
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For the solid walled channel it was stated that the circulation 
around the inverted wing has to have the same sign as the circu- 
lation round the actual wing. This results in a decrease in the 
induced drag due to the channel walls which is of the same amount 
as the increase in drag with the free jet. Therefore the approx- 
imate formula for the total induced drag in the tunnel is 



In order to obtain an appreciation of the numerical value of 
this correction, we consider a wing of which the span is equal 
to half the jet diameter or aSq = 45'. Here the correction equals 
12.5 per cent of the induced drag. In order to determine 
the drag in the free atmosphere, this amount has to be subtracted 
from test results in the jet. The more exact formula for the 
correction gives 0.1262 instead of 0.125. It is seen therefore 
that for most practical cases the approximate formula is suffi- 
ciently accurate not only for elliptical wings but also for wings 
with constant lift distribution where the more exact value gives 
0.127. 

Glauert^ has made an analogous calculation for the influence 
of channels of rectangular cross section. 

In case of wings of great chord dimension with respect to 
the diameter of the wind tunnel, the variation of the secondary 
velocities along the chord cannot be neglected. A theory taking 
account of this effect has also been developed with the result that 
the wing model under test in a jet has to be given a slightly 
increased curvature as compared with the original wing in free 
air. 

^ Glaijbrt, H., The Interference of Wind-channel Walls on the Aero- 
dynamic Characteristics of an Aerofoil, Repts, and MeTn. Nat. Adv. Comm. 
Aeronautics {London') j vol. 1, p. 118, 1923-1924. 
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EXPERIMENTAL METHODS AND APPARATUS 
A. PRESSUBE AND VELOCITY MEASUREMENTS * 

123. General Remarks on Pressure Measurement in Fluids 
and Gases. — When measuring the pressure at a point in the 
interior of a liquid or gas, it is impossible to avoid the insertion of 
a foreign body, namely, the measuring apparatus, into the fluid at 
that point. For static conditions this is not important since the 
state of pressure of the fluid in the direct vicinity of the measur- 
ing instrument is not disturbed by it. On account of the finite 
dimensions of the instrument the average pressure over a small 
area is measured instead of the exact pressure at a point. This 
value, however, can be approximated by making the apparatus 
sufficiently small. 

The conditions are fundamentally different when the fluid is in 
motion because in that case the velocity and pressure are dis- 
turbed in the neighborhood of the instru- 

11 . ■ II ^ ment. For instance, there must be a stag- 

[ ^ nation point on the apparatus where the 

j— ■ fluid velocity is zero so that the pressure 

I measured at this point would be p/2-w^ too 

large, w being the undisturbed velocity 
, (see Art. 2). 

i ii 124. Static Pressure. — If the velocity w 

Fig. 184.— Disk for large that the stagnation pressure 

measuring static pres- cannot be neglected with respect to 

the pressure in the undisturbed fluid (the 
static pressure), it is not sufficient to decrease the dimensions of 
the instrument, but it is necessary to make its shape such that 
the flow is disturbed as little as possible. 

A shape as shown in Fig. 184 serves the purpose. A thin 
circular tube is closed at the top by a very thin disk pierced in the 
middle. If the disk is placed in the direction of the velocity, 
the flow at the location of the hole is hardly influenced by it so 
that the pressure at this point is the same as if the disk did not 
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exist. However, if the disk is inclined under a small angle with 
respect to the direction of flow, a marked influence is felt and the 
measured pressure does not correspond to the pressure of the 
undisturbed fluid at that point. 

Owing to this great sensitivity 
against angular deviations the disk 
is hardly ever used any more. 

The static tube shown in Fig. 185 
is more advantageous in this 
respect. It is a thin tube held 
parallel to the flow with a number 
of small holes in the side. Here the recorded pressure is much 
less dependent on the angular position, which will be discussed 
in detail in Art. 126. 

A relatively simple problem is the measurement of the pressure 
at a solid wall along which the fluid flows, since in this case it is 
not necessary to introduce a foreign body 
into the flow. A small hole is drilled in the 
wall at the point where the static pressure 
is to be measured, as shown in Fig. 186. 
The fluid flows past the hole but remains at 
rest in the hole itself if its dimensions are 
sufficiently small. The fact that the veloc- 
G. 186. — HoleinTvail ity is different outside and inside the hole 
for measuring static jg Contradiction to Bernoulli's 

pressure- equation, since the Bernoulli constant 

for the two regions is different (see Art. 58, ^‘Fundamentals’ ’0* 

Owing to the influence of viscosity there is some sucking action 
which becomes smaller with decreasing hole diameter. Accord- 
ing to Fuhrmann^ the actual pressure exceeds the measured 
pressure by about 1 per cent of the stagnation pressure for a hole 
diameter of about 3^2 other words, if po denotes the 

actual pressure, p the measured pressure, and w the velocity of 
the fluid flowing along the hole, we have 

Po = p + 

^ See footnote, p. 3. 

^Fuhrmann, G., Theoretical and Experimental Investigations on Bal- 
loon Models (German), Dissertation, Gottingen, 1912; Jahrh. Motorluft- 
schiffstudiengesellschaft, vol. 5, p. 63, 1911—1912. 




Fig. 185. — Static tube. 
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It was seen that for the measurement of static pressure it is of 
importance that the flow is not disturbed at the point where the 
pressure is to be measured. For instance, it is necessary to 

make sure that no burr exists 
at the mouth of the hole. 
Small inaccuracies in this 
respect lead to completely 
false results. It is therefore 
recommended to shape the 
hole approximately as shown 
in Fig. 186. 

125. Total Pressure. — The 
total pressure, i.e., the sum 
of the static pressure and the 
stagnation pressure can be measured much more easily than 
the static pressure by itself. Introducing into the flow an 
open tube, as shown in Fig. 187, causes the velocity of the 
fluid to become zero in the opening of the tube so that, 
according to Bernoulli’s equation, in this stagnation point the 

pressure is increased by If denotes the static pressure in 

the stagnation point, it is seen that 
the instrument measures the total 

pressure pt ~ Vs + This tube 

is known as the “Pitot tube” after 
its inventor.^ 

It is evident that if the static pres- 
sure is known, a measurement of the 
total pressure immediately allows of 
a calculation of the velocity w, 
namely, 

P*’)- Fig. ISS. — Measurement of 

dynamic pressure by means of 

This method of velocity measure- 

ment is used very often. For instance, if the velocity at any 
point in the interior of a fluid or gas flowing through a pipe has 
to be measured, a Pitot tube is inserted into it giving the total 
pressure (see Figs. 188 and 189). Since the static pressure is 

^ Pitot, Description of a Machine for the Measurement of Velocit}'' of 
Plowing Water (French), Mhn. acad. sci., p, 172, 1732. 





Fig. 187. — Pitot tube for measuring 
total pressure. 
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constant across the cross section, it can be measured at the 
pipe wall as described before. The difference between the 
total pressure and the static pres- 
sure can then be measured immedi- 
ately as shown in the figures. 

126. Velocity Measurement with 
Pitot-static Tube.— In order to 
measure a velocity directly, an 
instrument has been designed in 
which the static pressure and the 
total pressure can be measured at the 
same time. Such an apparatus was 
first used by D. W. Taylor^ and con- 
sists of a combination of a Pitot tube 
with a static tube. For an under- 
standing of the limitations of this 
instrument the pressure distribution dynamic pressure by means of 
around a blunt-nosed hollow cylinder 

is of importance. This distribution can be found experimentally 
(see Art. 85) by drilling into the hollow cylinder a number of 
very small holes which are all sealed up with the exception of one 
of them. The interior of the cylinder is then connected to a 
manometer. Inserting the cylinder into a flowing fluid with 
velocity w and measuring the pressures on the various holes one 
after another, the pressure distribution as depicted in Fig. 64 is 
found. Therefore, if the pressures are measured at the stagna- 
tion point of the cylinder as well as at the point where there is 
static pressure in Fig. 63, and if these two pressures are then 
connected to a manometer, the difference 


Pt - Ps = 

will be found at once. For practical reasons, however, the 
apparatus is made in a somewhat different form. Figure 64 or 
190 shows that a very small error in the location of the static 
holes leads to a considerable error in the pressure. Therefore it is 
more accurate to locate these holes farther away from the nose 
of the cylinder where the vacuum decreases asymptotically 
toward zero. Considering further that the stem of the apparatus 
causes an increased pressure distributed in the manner showm in 
^ Taylor, D. W., Heating Ventilating Mag., p. 21, 1905. 
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Fig. 190, it is comparatively easy to jfind a location where the 
vacuum due to the nose of the cylinder is equal to the increased 
pressure due to the stem. 

It has thus been found that the shape and the dimensions 
of the component parts of the apparatus are of importance for the 



Fig. 190. — Pressure distribution on a blunt body, considering also the effect of 

the stem. 

results to be obtained.^ The dimensions given in Fig. 191, which 
are due to Prandtl, have given good results. 

It is to be noted that, for a flow in which the velocity oscillates 
rapidly about a certain mean value in magnitude but has a 



Fig. 191. — Pitot-static tube of Prandtl’s design. 


constant direction, the reading of the manometer or its mean 
value does not correspond to the mean value of the velocity, since 
the apparatus measures pressures which are proportional to the 
squares of the velocity. This point may become important in 
the measurement of velocities in turbulent flows (see Art. 33). 

1 Kumbruch, H., Measurement of Flowing Air by Means of Pitot-static 
Tubes (German), Forschungsarbeiien V. D. vol. 240, 1921. 
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The Prandtl tube is a very reliable instrument since its read- 
ings are little dependent on the angle a with respect to the direc- 
tion of flow. As is shown in Fig. 192, the total pressure pt 
as well as the static pressure ps 
varies considerably with a change 
in angle a but in such a manner 
that their difference pt ps, which 
determines the velocity, is hardly 
affected for angles up to a = 17 
deg. 

Another form of Pitot-static 
tube, which is extensively used in 
the United States and England, is 
the one due to Brabbee (Fig. 193). 

This apparatus, as well as the 
one of Prandtl, has a propor- 
tionality factor 1 so that it does not need any calibration. It 
is slightly more sensitive to angular deviations than Prandths 
instrument. 



Fig. 192. — Sensitivity to changes 
in direction of Prandtl’s tube. 



Fig, 193. — Pitot-static tube of Brabbee’s design. 


The influence of the turbulence of the flow on the readings of 
the instrument will not be discussed in detail here, but the reader 
is referred to the publication by Kumbruch.^ It appears that for 
any form of instrument the reading is about 4 per cent high for 
very turbulent flows. 

^ See footnote, p. 230. 
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127. Determination of the Direction of the Velocity. — The 

measurement of the direction of the velocity is relatively 

complicated. The apparatus 

/ shown in Fig. 194 consisting of a 

/ with openings on either side 

\ \\ ^ j shows a difference between the 

\ / pressures on the two faces except 

when the direction of the disk 
coincides with the direction of 
C . f the flow. Therefore if the disk 
Fig. 194:. — Disk for measuring direc- is held along the direction of the 
tion of velocity and static pressure. velocity, a pressure gauge showS 

a zero reading. This method, however, is of use only for velocity 
fields which are fairly constant over large regions. In cases 


Fig. 194:. — Disk for measuring direc- 
tion of velocity and static pressure. 


where the velocity varies considerably from 
point to point, the instrument of Fig. 195 
has to be used, consisting of two Pitot 
tubes under 90 deg. If the manometer 
does not show any deviation, the direction 
of the flow is under 45 deg. with either 
tube. The relation between the manometer 
reading and the direction of the flow has to 
be found by calibration.^ 

Other instruments for the measurement 



of velocity will be considered later. First, 
some methods of pressure measurement 
will be discussed. 

128. Fluid Manometers. — If the two 
water pressures to be measured are con- 
nected by means of rubber tubing to the 
legs of a U-shaped glass tube containing 
mercury, of which the specific gravity in 
water is the equilibrium condition is 
(Fig. 196) 



Fig. 195. — Two per- 
pendicular Pitot tubes 
for determining direction 
of velocity. 


h = 



^ Lavender, T., A Direction and Velocity Meter for Use in Wind-tunnel 
Work, Repts. and Mem. Nat. Adv. Comm. Aeronautics {London), No. 844, 
1923. 

2 The term “specific gravity in water’^ in this connection means the specific 
gravity minus the buoyancy due to water, i.e., yu = Tmercury “ TWater. 
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If yw denotes the specific gravity of the flowing fluid (water), we 
have 


Pt- p.= 


= = 12. 


w- 


so that 




y _ yw 

yu^g 


and, since for water 7 ^ = 1 , 


10 = y/2ghyu- 

Considering that the specific gravity of mercury is 13.6 and 
consequently that yu = 12 . 6 , we have for g = 386 in./sec^: 


w 


/sec 


= '\/2 X 386 X 12.6/i = 98.6V/i in./s 
(velocity of water with mercury as manometer fluid). 


mercury 


(f"' 


Therefore a level difference in the manometer of 4 in 
corresponds to a velocity of about 16 
ft/sec. Assuming that a level difference 
of 0.01 in. is the limit of accuracy of the 
manometer, the smallest velocity that can 
be measured with this method is about 10 
in./sec. Using the water itself as the 
manometer fluid (Fig. 189), we have 

w = V 2 X 386 X h - 27.SVh in./sec 
(velocity of water with water as 

manometer fluid). 

For pressure measurements or velocity 

measurements in gases, the method remains ~ V-tube ma- 

. , nometer. 

practically the same; only a manometer 

fluid of small specific gravity, for instance water or alcohol, is used 
for the usual gas pressures. Since the specific gravity of water 
referred to air of room temperature and usual barometric pressure 
is 



7Water 

7Air 


= 800, 


w = '\/2 X 386 X 800 X h = ISO-y/h in. sec 
(velocity of air with water as manometer fluid). 


we have 
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A level difference of 0.01 in. water therefore corresponds to an 
air velocity of 6.5 ft/sec., which shows that for small air velocities 
the level difference has to be measured very accurately. 

With the usual U-tube mercury manometer without special 
optical appendages, level differences can be estimated down to 
about 0.004 in., whereas for water on account of capillary phenom- 
ena the reading cannot be trusted with any better accuracy than 
about 0.04 in. Therefore in all cases where accuracy is required, 
the water of the manometer is replaced by organic fat-dissolving 
fluids, like alcohol, toluol, etc. If 7 is the specific gravity of this 
manometer fluid as compared to water, the above formula for 
velocity has to be changed to 

w = ISOVhy. 


With these organic fluids, the accuracy is increased to about 
0,010 in. so that with this method air velocities down to about 
6 ft/sec can be measured. For still smaller velocities or pressures 
special sensitive manometers have to be used. 

129. Sensitive Pressure Gauges. — The sensitivity of fluid 
manometers is increased either by special optical devices for 
observing the meniscus or by inclining the 
^ legs of the gauge at an angle. A third 
method which is used rather seldom consists 
of replacing the air column by a fluid 
lighter than water and not miscible with 
it, as for instance kerosene or amyl acetate. 
The instrument has to be completely filled 
with liquid. In this manner only the 
difference in the specific gravities of the 
two fluids is acting; for water and kerosene 
this is about 0 . 2 . The method which is five 
times as sensitive (and could even be made 
more sensitive by a suitable choice of 
liquids) has the disadvantage that the 
meniscus between water, kerosene, and glass 
is not so distinct as between air, alcohol, 
and glass. 

With the usual sensitive manometers one of the legs of the 
U-tube is transformed into a basin of relatively large cross 
section (Figs. 197 and 198). This has the advantage that only 
one reading has to be made, since the change in level in the 


3i 




Fig. 197. — Micro- 
manometer where sen- 
sitivity is obtained by 
lens system for reading 
height of meniscus. 
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basin can b6 either neglected or subsequently corrected. This 
decreases the error of the procedure by 50 per cent. For instance, 
if the diameter of the basin is 4 in. and that of the other leg ^ o in., 
the fluid level in the basin sinks (l£/4)“, i.e.y one sixty-fourth part 
of the change in level in the other leg. The readings of the 
manometer in this example therefore have to be increased by 
one sixty-fourth to correct for the change in level in the basin. 

Modern constructions of inclined manometers are usually such 
that the inclined leg can be swiveled round its connection with 
the basin. By this device several ranges of the instrument and 
several regions of accuracy can be obtained. Let Ap be the pres- 
sure difference in inches of water, the angle of the inclined leg 



with respect to the horizontal, I the travel of the meniscus in 
inches, and 7 the specific gravity of the manometer fluid, then we 
have (see Fig. 198) 

Ap = ly sin a, 

if the level change in the basin is neglected. It is thus seen that 
the sensitivity becomes greater for smaller angles a. For 
inclinations down to about sin a = }25, this kind of manometer 
can be Ussed without any special precautions; for still smaller 
inclinations, however, the errors due to capillary action become 
more and more serious. These errors can be avoided only by 
very careful calibration. 

Assuming that a change in the meniscus can be observed with 
an accuracy of 0.01 in., this travel of the meniscus with an 
inclination of one twenty-fifth and alcohol as a manometer 
fluid (specific gravity 0.8) corresponds to a pressure 

Ap = 0.01 X 325 X 0.8 = 0.32 • 10“'^ in. (water). 

With this instrument therefore an air velocity as small as 
15 in. /sec can be measured. 

The calibration of inclined-leg pressure gauges is accomplished 
by putting a carefully weighed quantity Q of the manometer 
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fluid into the basin and observing the travel of the meniscus due 
to this. If A be the cross section of the basin, the amount Q 
increases the level by Q/yA and therefore is equivalent to an air 
pressure of Ap = A 7 = Q/A. By repeating this procedure a 
number of times a complete calibration curve p = f{l) can be 
obtained. 

For very small inclinations (under one twenty-fifth) this 
calibration has to be done in small steps for the individual parts 
of the entire capillary tube in order to determine the errors of 
the capillary tube itself. 

An improvement in this instrument giving still greater accuracy 
is due to Rosenmtiller.^ His apparatus is shown schematically 



in Fig. 199. Instead of determining the pressure difference 
from the travel of the meniscus (which includes all the errors 
of the capillary), the inclined capillary tube is swiveled until 
the original zero reading is established. The angle through 
which the capillary is turned can be read off a micrometer screw 
T. By suitable construction of the pitch of the screw, one 
division of T corresponds to 0.001-mm water pressure, which 
constitutes the sensitivity of the instrument. The advantages 
of this construction are that the irregularities of the capillary 
tube do not enter into the result and that the reading can be 
accomplished in a relatively short time (about 3 min) . 

If such a great sensitivity is not necessary and if a greater 
range of velocities is to be measured (up to about 12 in. water 
corresponding to about 230 ft/sec wind velocity), the precision 
manometer with vertical leg developed by the Aerodynamic 

^ Rosenmuller, M., New Measuring Apparatus of Air Velocities (Ger- 
man), Messtechnik, vol. 2, p. 343, 1926. 
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Institute of Gottingen is to be recommended.^ The sensitivity 
of this instrument is due to the fact that the meniscus can be 
observed very accurately. Parallel to the manometer tube there 
is a scaled guide carrying a vernier, a lens in front of the tube, and 
a concave mirror M behind it (Fig. 200). This mirror gives an 
inverted real image of the meniscus. The carriage is adjusted to 
such a position that the actual meniscus seen through the lens 



is just touching the inverted meniscus of the mirror, which 
can be done very accurately. In this position the vernier is read 
by means of a second lens which allows a determination of the 
position of the carriage to 0.002 in. close. For very rapidly 
varying pressures two different degrees of damping can be inserted 
by means of two capillary tubes T, Another precision manom- 
eter with a range of 4- to 6-in. water pressure with a sensitivity of 
0.0004 in. water has been brought on the market by the Askania 
Works, Berlin. 

^ Prandtl, L., Gottinger Brgehnisse, vol. I, p. 44, Munich, 1921. 
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For still greater sensitivities (to about 0.04 mil water) with 
a smaller range (about 2 in.) special manometers have been 
constructed. Among these the most important one is the 
Chattock gauge developed in England.^ The instrument, shown 
schematically in Fig. 201, consists of a glass U-tube of somewhat 

extraordinary shape which is 
attached to a metal frame that 
can be tilted round an axis. The 
two pressures are connected to 
the two reservoirs right and left, 
which are half filled with water (or 
with a salt solution of specific 
gravity 1.07). If the vessel in the 
middle would be filled with the 
same liquid, a flow of the salt solu- 
tion from the outer vessel of greater 
pressure to that of lower pressure 
could not be detected in the middle 
vessel. In order to show a displace- 
ment from the high-pressure side to 
the low-pressure side, the middle vessel is filled with castor oil, 
which does not mix with water. The glass tube connecting the left 
vessel to the middle reservoir protrudes into the castor oil, and the 
salt solution forms a very distinct meniscus with the oil on the top 
of the tube. This meniscus is viewed through a microscope with 
crossed wires. If a very small pressure difference occurs between 
the two extreme vessels, the shape of the meniscus between the 
salt solution and the castor oil deforms. This deformation is 
made to disappear by giving the proper inclination to the frame 
carrying the glass vessels, which is done by turning a micrometer 
screw from the reading of which the pressure difference can be 
calculated. The sensitivity of this micromanometer is 6 • in. 
of water according to Chattock. 

A similar manometer of the same sensitivity but with a range 
of 6 in. has been described by Douglas;- see also the paper by 

^ Chattock, A. P., Note on a Sensitive Pressure Gauge being an appendix 
to: On the Specific Velocities of Ions in the Discharge from Points, Phil, 
Mag., 1901, p. 79; see also J. R. Pannell, Experiments with a Tilting Manom- 
eter for Small Pressure Differences, Engineering, vol. 96, p. 343, 1913. 

“ Douglas, G. P., Note on a Large-range Manometer for Wind-tunnel 
Work, Repts. and Mem. Nat. Adv. Comyii. Aeronautics {London), vol, 1, p. 110, 
1919-1920. 
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Duncan.^ A manometer of very great sensitivity (about 4 • 10~"- 
in. water) has been described by Fry.- 

Another manometer of rather great sensitivity has been 
developed in the Aerodynamic Institute, Aachen.^ Two vessels 
V 1 and Fa of accurate cylindrical shape to which the pressures 
are connected contain two floats which are rigidly" attached to 
each other and carry a mirror between them. The pressure 
difference causes a difference in the water level between the 
vessels Vi and which turns the connection between the floats 
and consequently the mirror. This angular deviation of the 
mirror is observed with a telescope. The sensitivity of the instru- 
ment is about 10~'^ in. of water. A disadvantage of this manom- 
eter is that relatively large amounts of water have to be moved 
by very small forces so that it requires from 30 to 45 min to 
obtain one reading. 

Finally, we mention an air micromanometer made by Edel- 
mann & Sohn, Munich.^ In this instrument, the air from the 
spot where its pressure is to be measured is blown through a 
nozzle against a small mica vane attached to a torsion wire. The 
angle of torsion of the mica vane is measured by means of a 
mirror attached to the same wire. The sensitivity is said to be 
about 4 * 10”® in. of water. 

Recording manometers have been constructed on the principle 
of either the aneroid barometer or utilizing floats. Wiesels- 
berger® has constructed an aneroid barometer which has also 
been adapted® to the registration of the velocity of an airplane 
relative to the surrounding air. 

130. Vane-wheel Instruments. — Besides the Pitot tubes dis- 
cussed in Art. 126, there exist a number of instruments which 
require calibration before the}" can be used. 

The most important among these utilize wheels with vanes or 
buckets. For water measurements the usual rotary-disk water 

^ Duncan", W. J., On a Modification of the Chattock Gauge, Designed 
to Eliminate the Change of the Zero with Temperature, Tech. Rept. 1069, 
Aero. Research Coinm., 1927, p. 848, London, 1928. 

^ Fry, J. D., A New Micromanometer, Phil. Mag., vol. 25, p. 494, 1913. 

^ Ermish, H., Flow and Pressure Distribution of Obstacles as a Function 
of Reynolds’ Number (German), Abkatidl. Aero. Inst,^ Tech. Hochschide 
Aachen^ vol. 6, p. 21, Berlin, 1927. 

Z. Ohrenheilk., vol. 56, p. 344. 

^ Wieselsberger, C., Gottinger Ergch7iisse, vol. 2, p. 6, iMunich, 1923. 

® Wieselsberger, C., A Manometer for Recording Flying Speeds ^Ger- 
inan), Z. Flugtech. Motorluftschiffahrt, vol. 12, p. 1, 1921. 
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meters fall under this class, whereas for air-speed measurements 
the instruments are known as anemometers, among which we 
have to distinguish between vane- or wind-mill type anemometers 
and hemispherical-cup anemometers. The number of revolu- 
tions of the instrument is read off on a revolution counter, but 
there are also constructions where the wheel operates an electric 
bell after a certain number of revolutions. The time elapsed 
between two strokes on the bell is determined by means of a 
stop watch. The calibration of water meters of this type can 
be accomplished by towing them with a constant velocity through 
water at rest. The calibration of anemometers for small wind 
velocities up to 30 ft/sec is done mostly on the rotating arm 
(see Art. 140). The relative air velocity of the anemometer is 
equal to the arm velocity corrected by the wind which is caused 
^ by the moving arm. For large veloci- 



Fig. 202. — Constant- volt- 
age hot-wire anemometer; the 
bridge voltage is kept 
constant. 


ties (above 15 ft/sec) anemometers are 
usually calibrated in the artificial air 
stream of a wind tunnel and compared 
with the readings of a Pitot tube. 

Owing to the considerable inertia of 
the vanes, all instruments of this type 
indicate only the mean value of the 
velocity with respect to time. In wind 
of varying intensity the readings of the 
anemometer show a considerable phase 
lag with respect to the wind velocity.^ 
Gusts of wind of very short duration 
cannot be measured with this kind of 
apparatus. In case an anemometer is 
used for the determination of the veloci- 
it is to be considered 
that, owing to the volume which the 
instrument takes up in the pipe, the 
indicated velocities are higher than 


those in the undisturbed pipe. With the usual anemometer 


placed in a pipe of about 10 in. diameter this error amounts to 


about 3 per cent. 


^ ScHRENK, 0., On the Errors Due to Inertia in the Readings of Hemi- 
spherical Anemometers in Wind of Varying Intensity (German), Z, tech. 
Physik, vol. 10, p. 57, 1929. 
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131. Electrical Methods of Velocity Measurement. — Another 
method of measuring velocities is based on the fact that an 
electrically heated wire exposed to the air stream cools off and 
consequently changes its electric resistance. This method is 
especially valuable for moderately small air velocities. The 
hot wire which is usually very thin (0.5 to 5 mils diameter) is 
connected in a Wheatstone bridge circuit (Pig. 202), which 
makes the measurement of a small change in the resistance 
extremely accurate. This sort of instrument is usually calibrated 
on the rotating arm. 



Fig. 203. — Calibration curve of a constant-voltage hot-w'ire anemometer. 


Hot-wire anemometers are used in two kinds of circuits: 
(1) constant-voltage and (2) constant-resistance circuits. With 
the first method the voltage across the bridge is kept constant 
after having been adjusted to such a value that the galvanometer 
shows zero current when the hot wire is in still air. As soon 
as the air starts flowing, the hot wire cools off and the galva- 
nometer shows a reading which is related to the wind velocity in 
a manner determinable by calibration. This circuit was first 
suggested by Weber ^ and was developed further by King." It 
is useful only for very small air velocities, but in this range it 

^ Weber, L., Schriften 'tiaturwiss. Ver. Schleswig-Holstein, vol. 2, p. 
313, 1894. 

- King, R. O., Phil. Trans. Hoy. Soc. {London'), A, vol. 214, p. 373, 1914; 
Phil. Mag., vol. 29, p. 556, 1915; J. Prayiklin Inst., vol. 181, p. 1, 1916. 
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is extremely sensitive, the velocity being determinable down 
to 0.2 in./sec. ^ Since the very thin platinum wire, which 

is usually heated to a dull-red heat, 
is cooled off considerably by rather 
small air velocities, a further increase 
in the velocity results only in a rela- 
tively slight further cooling and con- 
sequent change in resistance. Owing 
to this fact, the method of constant 
voltage is not very sensitive for larger 
air velocities. Figure 203 shows the 
relation between air velocity and gal- 
vanometer reading for an instrument 
with 4-mils wire diameter. 

With the second method the resist- 
ance in the battery across the bridge 

Fig. 204 .-ConsVant-resist- increased to such a value that the 
anee hot-wire anemometer; the wire which WaS originally COOled off 
™ by the eip current is again brought 
kept constant by varying the up to its first temperature (Fig. 204). 
bridge voltage. temperature of the hot wire and 

consequently its resistance are kept constant by varying the 
bridge voltage so that the galvanometer reading remains zero. 
The current in the hot wire is read by means of a voltmeter which 
gives a measure for the air velocity. This method has been 
improved by Callendar (see King^) so that the calibration curve 
of the instrument is practically a straight line even for very small 
air velocities. The calibration curves for the various types of 
hot-wire anemometers are shown in Fig. 205. 

Another method for obtaining a practically straight-line 
characteristic is by using a compensating hot wire, as shown in 
Fig. 206.^ The compensating hot wire HiH^ is always kept in 
still air and the resistor is adjusted to such a value that if the 
main hot wire is also in still air the galvanometer reading is zero. 
When the air begins to flow, the galvanometer gives a certain 
reading which is practically proportional to the wind velocity, as 


^ Overbeck, A., Ann. Physik^ voL 56, 397, 1895; Dau, R., Dissertation, 
Kiel, 1912. 

King, R. O., The Measurement of Air Flow, Engineering, vol. 117, 
pp. 136, 249, 1924. 

3 Hugtjneard, Mognau, and Planiol, On a Compensated Hot-wire 
Anemometer (French), Compt. rend., vol, 176, p. 287, 1923. 
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shown by curve a, Fig. 207; curve h, for a constant-voltage 
hot-wire instrument, is shown for comparison. 



/n/71 Water ■ 

Fig. 205. — Various calibration curves: (a) constant- voltage anemometer: (6) 
constant-resistance anemometer; (c) dynamic-pressure curve. 



Fig. 206. — Hot-wire hook-up of 
Huguneard. 



Fig. 207 .'— Calibration curves (a) of 
Fig. 206 and (b) of Fig. 202. 


For the special purpose of investigating the structure of the 
wind the Siemens & Halske Company in Berlin has put on the 
market an ingenious hot-wire recording instrument designed 
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b3^ Gerdien.^ This instrument automatically records the wind 
velocity with its smallest and fastest variations as well as its 
horizontal direction and its vertical component. 

132. Velocity Measurements in Pipes and Channels. — In case 
the mean velocity of gas or water in pipe lines has to be deter- 
mined (with a view toward finding the transported volume), it is 
possible to determine the velocity in a good many points of the 
cross section by means of a Pitot tube or a hot-wire anemometer. 
This method is very laborious, especially for non-circular cross 
sections, and, moreover, its accuracy is not great on account of 
the rapid drop in velocity near the wall of the pipe. 

The method of finding the mean velocity by means of the 
pressure variations due to cross-sectional variations has been 
found more practical. Bernoulli’s equation states that the 

pressure po is decreased by an amount — Wo^) when the 

velocity is increased from wo to w: 

Vo - V = 

If the cross-sectional area drops from A to a, the continuity 
equation is 

a 

Wq = -^w, 

so that 



Owing to the non-uniform velocity distribution in the pipe above 
the location of the measurement, this velocity has to be corrected 
by a certain factor, the '' velocity coefficient,” which is to be 
determined by calibration for each shape of pipe. 

133. Venturi Meter. — Certain difficulties are encountered 
in attempting to restore the original pressure by decreasing the 
velocity to its original value. In order to do this, it is necessary 
to increase the cross section very gradually from the narrowest 
section to the original cross section. This type of arrangement, 
shown in Fig. 208, is called a Venturi meter. HerscheP first 

^ Gekdien, H., The Anemoklinograph, an Apparatus for the Investiga- 
tion of the Structure of the Wind (German), Jahrh. wiss. Gesdhch. Flugtech., 
vol. 2, 1913-1914. 

2 Hekschel, Cl., The Venturi Meter, j)uper read before the Am. Soc. 
Civil Eng., December, 1887. 
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suggested its use for the measurement of delivered volume in 
pipe lines. In order to find the relation betwesen the pressure 
difference and the mean velocity 
in the pipe a calibration curve 
of a geometrically similar 
Venturi meter has to be known, 
and in cases where the velocity 
of approach is not very small 
with respect to the velocity in 

the throat this geometrical sim- Fig. 2O8. — Flow through Venturi 

tube; the full line gives the pressure 
distribution along the center line; the 
approach as well. For Venturi dashed curve along the wall. 

tubes of the ^hape shown in 

Fig. 208 the velocity coefficient is approximately 1.00. 

134, Orifices. — In spite of the fact that with a Venturi meter 
the pressure drop is very small (about 15 to 20 per cent of the 




Fig. 209. — Flow through rounded-approach orifice, full and dashed lines as in 

Fig. 208- 

pressure drop in the throat), its practical application is limited 
by its large size. Therefore standardized orifices as shown in 
Figs. 209 and 210 are used more frequently. The pressure 



Fig. 210. — Sharp-edged orifice; full and dashed lines as in Fig. 208. 

diagrams in these two figures show that with this kind of appara- 
tus the loss in pressure is from 60 to 70 per cent of the pressure 
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Pig. 211. — Flow over weir. 


drop in the orifice. The velocity coefficient a has been found to 
be 0.96 to 0.98 with the standardized (German) rounded-approach 
orifice (Fig. 209). For the sharp-edged orifice shown in Fig. 210 
the coefficient depends very much upon the ratio of the cross 
sections a/ A, For instance, for a/ A = 0.15, we have a = 0.61, 
whereas for a/ A = 0.75, the velocity coefficient is oi = 0.91.^ 

135. Weirs. — For the measurements of velocity in open chan- 
nels, weirs are used most frequently. The height h of the undis- 
turbed water level above the crest of 
the weir is a measure for the discharge 
per unit of time (Fig. 211). It is 
necessary to ventilate the weir, i.e., to 
let air pass freely under the jet. In 
the absence of this precaution a 
vacuum will be created under the jet, 

which will pull the jet down and increase the discharge. With 
ventilated weirs an accuracy of 99.5 per cent can be obtained.^ 

Since the difference in height between the water level and the 
crest of the weir in general is small, its measurement has to be 
carried out with precision. The usual method is to have a 
micrometer screw with a sharp conical point entirely submerged 
in the water. This point is screwed up until it touches the 
water surface, which can be observed very accurately since at 
that moment the point itself and its reflected image coincide on 
the surface. The observation is made from below through a 
glass window in the side of the tank. 

136. Other Methods for Volume Measurement. — For small 
volumes of either water or gas, the method of direct weighing is 
useful. The amount discharged from the pipe is collected in a 
suitable vessel during a definite interval of time and then either 
the volume or the weight is accurately determined. For gases 
the possible error due to temperature changes has to be 
considered. 

Besides the method of direct weighing, volumes in small 
quantities can be measured by ordinary domestic water or gas 
meters as well as by the method of salt titration. 


^ Volume Measurement with Standardized Orifices (German), V. D. L, 
Berlin, 1930; Muellek, H., and H. Peters, Correction Factors for Standard- 
ized Orifices (German), Z. V. D. vol. 73, 1929. 

^ Rehbock, Th., Discharge Measurements with Sharp-crested Weirs (Ger- 
man), Z. V. D. I., vol. 73, p. 817, 1929; de Thierry, G., and C. Matschoss, 
‘ ‘ The Hydraulic Laboratories of Europe ” (German), p. 104, Berlin, 1926. 
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B. DRAG MEASUREMENTS 

137. The Various Methods. — Because of the fact that the drag 
on a body is the same whether the body is at rest and the air 
is moving or whether the body is moving and the air is at rest, 
there are two different methods of drag measurement. 

The first method, where the fluid is at rest, again has several 
modifications.^ 

The body may be attached to a carriage running on rails and 
towed through the fluid, or it may be permitted to fall down 
freely, guided only by a vertical guide wire, or again it may be 
mounted on the extremity of an arm which is rotated through 
still air. 

138. Towing Tests. — The method of towing the test specimen 
is restricted practically to water, as experience has shown it to 
be impractical for air. This is due to the fact that the carriage 
on which the body is mounted is also moving through the air 
and generally creates considerable disturbance in it. In case 
the experiment is conducted in the open, the irregularities of the 
free outside atmosphere are also very disturbing. Moreover, it is 
difficult to move the carriage with an accurately constant velocity. 
Any deviation from constant velocity will cause inertia forces 
in the test specimens, which may become of the same order 
of magnitude as the wind reactions. For a practical realization 
of this method the test track has to be very long, which makes the 
construction as well as the operation of such apparatus expensive. 

However, for drag measurements in water the method has been 
used very successfully, primarily of course in connection with. 
the problem of ship resistance. Experimental tanks for this 
purpose can be found in many laboratories all over the world. 

139. The Method of Free Falling. — This procedure has been 
worked out only for air. The first experiments in this direction 
we owe to Piobert, Morin, and Didion (1835), ^ who reached 
velocities up to 30 ft/sec. They had an apparatus for recording 
the velocity. As soon as the velocity had become uniform, the 
drag was equal to the weight. The method was greatly improved 
by Cailletet and Colardeau (1892) They dropped plane sur- 

^ The various methods used prior to 1910 are described in detail by G. 
Eiffel, “The Resistance of the Air” (French), Paris, 1910. 

- Memoirs on the Laws of Air Resistance (French), M eniorial de VArtillerie, 
No. 5, 1842. 

3 Compt. rend., vol. 115, p, 13, 1892. 
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faces of various shapes down from the Eiffel Tower and measured 
the relation between the time required and the height of fall. 
They reached velocities up to 90 ft/sec. EiffeT brought this 
method to complete development (1905) and made an elaborate 
series of tests on various bodies with velocities up to 130 ft/sec. 

His apparatus is shown schemati- 
cally in Fig. 212. The whole appa- 
ratus is sliding down freely on two 
bearings along a tightly ’stretched 
vertical wire. The object under 
test, Dj is attached to two springs 
SS, which expand proportionally to 
the drag of D. The extension of the 
springs is recorded on a rotating drum 
by means of a tuning fork. The 
drive of this drum is by means of a 
worm W and a friction wheel F. 
Owing to the vibrations of the tuning 
fork, the record is not a smooth 
curve but has little ripples on it 
which indicate the time. The 
abscissa of the drum record is pro- 
portional to the height of the fall 
and the ordinate is proportional to 
the drag. At the end of the fall 
the guiding wire becomes thicker so 
that the apparatus is brought to a 
stop. The entire mechanism is 
balanced by means of a body of small 

Fig. 212.— Apparatus of Eiffel for resistance C, which is drawn in the 
falling experiments. 

sketch in dotted lines but really is 
situated on the other side of the wire. If Q is the weight of the 
test specimen and of all moving parts attached to it (tuning fork), 
w the velocity, and / the spring force, the drag D is 





since the product of mass and acceleration of the specimen D 
must be equal to the sum of all forces acting on it. The values 

1 Eiffel, G., “Experimental Researches on Air Resistance Conducted 
at the Eiffel Tower” (French), Paris, 1907. 
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of / and of dwfdt can be read from the diagram. The disadvan- 
tage of all fall methods in general is that the recording apparatus 
has to move with the specimen. This is bound to affect the 
flow conditions behind the obstacle, which, as we know, are of 
great importance. 

14:0, Rotating-arm Measurements. — The method of drag 
measurement by the revolving arm has been used by various 
investigators, especially during the last century. The pioneer 
of aeronautics, O. Lilienthal,^ made his fundamental experiments 
(1870) in this manner on flat and curved plates. Figure 213 
shows the apparatus used by him, which was also capable of 



Fxg. 213. — Rotating-arm apparatus of Lilienthal. 

measuring the lift. The drive by means of falling weights 
is primitive in comparison with the later constructions of 
Langley^ and Dines this was due, however, to the fact that 
Lilienthal had hardly any money for conducting his experiments, 
on which account he deserves all the more credit for his funda- 
mental researches. 

The main disadvantage of the rotating-arm method is that 
after one-half revolution the plate or obstacle does not pass any 
more through still air but through the wake of the other plate, 
which generally consists of very turbulent air. Moreover, owing 
to the rotation of the arms, the air is gradually put into rotation 
itself. This additional air velocity was recognized by Lilienthal 
but not considered in his calculations. It would be necessary 

L, O., “The Flight of Birds as the Foundation of the Art of 
Flying (German), Berlin, 1889. 

2 Langley, S. P., The Internal Work of the Wind, Phil. Mag., vol. 37, 
p. 425, 1897. 

3 Dines, W. H., Some Experiments Made to Investigate the Connection 
between the Pressure and Velocity of the Wind, Quart. J. Meteorolog. Soc., 
vol. 15, 1889. 
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to measure this relative velocity by means of very sensitive 
vane- wheel or hot-wire anemometers. Another difficulty of 
this method is to take care of theiaction of centrifugal acceleration 
on the flow. Because of all these factors combined, the drag 
measurements with the rotating arm show serious errors and 
therefore the method is now hardly ever used. 

Another method which has become obsolete utilizes a pendulum 
and is associated with the names of Borda, Hergesell, and 
Frank. In this case the motion naturally is accelerated or 
decelerated all the time, and the velocities involved are very 
small. It has the same disadvantages as the rotating-arm 
method, namely, that the test specimen is moving through the 
turbulent air of its own wake. 




Fig. 214. — ^Lift- and drag-measuring apparatus of Lilienthal. 

Now we shall proceed to discuss the second general method of 
drag measurement, where the test specimen is at rest and the air 
is streaming with respect to it. 

141. Drag Measurement in the Natural Wind. — At first 
thought the simplest way of measuring the drag of a test specimen 
seems to be to subject it to the action of the natural wind, the 
velocity of which can be measured by means of one of the methods 
discussed before. In fact, this is the oldest procedure known. 
Besides his measurements on the rotating-arm apparatus, 
O. Lilienthal has made lift and drag determinations on planes 
inclined slightly with respect to the natural wind. The apparatus 
used by him is shown schematically in Fig. 214. He found that 
the drag values obtained in this manner were considerably 
different from those obtained by means of the rotating arm. 
Several commentators on LilienthaFs work concluded from this 
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discrepancy that it made a difference whether the test specimen 
was moved with respect to the surrounding air or whether the 
air was moved with respect to the object. However, the matter 
can be easily explained by the fact that both methods are 
inherently very inaccurate. 

The drag measurement in a natural wind differs in two funda- 
mental points from the method of towing or of free falling. The 
free wind is always more or less turbulent, whereas an object 
towed through still air experiences a laminar flow at least at its 
front side. The other fundamental difference lies in the fact 
that the wind intensity depends very much on the distance from 
the ground. Exactly at the surface of the ground the wind 
velocity is zero, from which value it increases rapidly with the 
height above the ground. Very small hills or other unevennesses 
of the ground are capable of upsetting the test results completely. 
The natural wind, moreover, is seldom very steady in its magni- 
tude but is always more or less gusty. 

142 . Advantages of Drag Measurement in an Artificial Air 
Stream. — In order to avoid the various difficulties of the free 
atmospheric wind, it has become customary to create artificial 
air streams by means of blowers and to study their action on the 
models. The advantages of this method are obvious. In the 
first place the various components of the force acting on the test 
model can be measured by means of sensitive scales, one after the 
other. For these measurements plenty of time can be taken, 
which improves their accuracy, whereas in the free wind all 
results have to be taken from recording instruments which are 
inherently less accurate. An advantage over the falling method is 
that all difficulties relating to inertia forces due to the necessary 
acceleration period are avoided. Furthermore it is possible to 
locate all measuring instruments outside the air stream, while the 
test model itself is held in place in* the stream by means of thin 
wires or struts. For this reason, the errors arising from the 
fact that the air stream is affected not only by the test specimen 
but also by its supports are reduced to a minimum. 

With any measurement employing artificial air streams, it is 
of great importance, however, that the stream reach the model 
in as uniform a state as possible. We shall now proceed to a 
discussion of the various test set-ups in existence and shall 
examine to what extent the requirement of non-turbulence of the 
stream is satisfied. 
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C. WIND TUNNELS 

143. The First Open Wind Tunnels of Stanton and Riabou- 
chinsky. — The first wind tunnel was built by Stanton^ in the 

National Physical Laboratory in 
London in 1903 (Fig. 215). The 
air was sucked by a ventilator B 
through an intake tube P and then 
flowed past the test model M, At 
this point the tube widened out to a 
box in which a very sensitive scale 
was mounted. The model was 
attached to one arm of the scale by 
means of a very thin strut. The 
maximum air velocity was 30 ft/sec; 
the diameter of the air stream 2 ft. 
Stanton and, after him, Riabou- 
chinsky found that even for small 
test specimens the drag is affected 
by the walls of the tube. For 
Tig. 215.— Wind tunnel of T. E. plates of more than 2 in. width 
Stanton (1903). about 8 per cent of the tube 

diameter), the drag per unit area increased rapidly with the 
width of the plate. 

On suggestions from Joukowsky a very elaborate experimental 
laboratory was built in 1906 in Moscow by Riabouchinsky . - 
The tunnel had a diameter of 4 ft and a length of about 45 ft. 
The model was suspended in the middle of this tunnel, where the 
cylindrical walls were made of glass so that the model could be 
observed during the test. The vorticity of the air was diminished 
by arranging a rather large intake noz^ile at the entrance of the 
tunnel and also by installing a number of honeycomb grids, with 
the result that the air velocity had variations less than 4 per cent 
of the mean. The wind velocity could be varied from 3 ft/sec to 
20 ft/sec. As in Stanton's tunnel, the air was also sucked in by 
a blower since it had been shown by previous experiments that 
an air stream of this kind is far less turbulent than one blown into 
the tunnel. 

^ Stantox, T. E., On the Resistance of Plane Surfaces in a Uniform Cur- 
rent of Air, Ptoc. Inst. Civil Eng., vol. 156, London, 1903-1904. 

2 Riabouchinsky, D.: Bull. Inst, aerodynamique de Koutchino, vols. I, 
II, and III, Moscow, 1906, 1909. 
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144, The First Closed Wind Tunnels in Gottingen and Lon- 
don. — Prandtl in Gottingen (1907-1909) and Stanton in the 
National Physical Laboratory in London (1910) constructed 
closed wind tunnels where the air discharged by the ventilator is 
guided through a closed circuit and after having been freed from 
vorticity is led back to the test model. The Gottingen tunnel of 
1909^ was intended to be a temporary one in order to obtain 
experience for a subsequent larger construction. It was demol- 
ished in 1918 and reconstructed in a somewhat modified form.- 



Fig. 216. — First closed wind tunnel of Prandtl (1907-1909). 

The old tunnel had a cross section of 6 by 6 ft. The wind 
velocity could be varied up to 30 ft/sec (Fig. 216). In order to 
guide the air four times through a right angle, special guide vanes 
were built in. The apparatus for smoothing out the air after leav- 
ing the ventilator consisted of two honeycomb rectifiers H i and H o, 
coarse and fine, respectively, and of a sieve S of 0.1-in. opening. 
After having passed through these, the air struck the test model, 
which was supported by means of thin wires on the aerodynamic 
balance. Near the model the wall of the tunnel had windows 
so that observations could be made during the test. It was 
found that the rectifiers and the sieve did not insure sufficient 
uniformity of the velocity across the section of the tunnel and, 

^ Peandtl, L., The Importance of Model Experiments for Aeronautics 
Mild the Apparatus for Such Tests in Gottingen (German), Z. V. D. voL 53, 
p. 1711, 1909. 

Gottinger Ergebriiane, vol. 2, p. 1, Munich, 1923. 
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in order to secure this uniformity, a process of correction, con- 
sisting of widening or narrowing some of the openings, was 
applied to both rectifiers. A uniformity of the air velocity 
within ± 1 per cent was thus obtained. When discussing the 
larger wind tunnel in Gottingen, Art. 147, it will be seen that 
there are better methods of obtaining uniformity in the air 
velocity with simpler means. 

The wind tunnel built by Stanton^ in 1910 is shown schemat- 
ically in Fig. 217. The air is sucked through the inside channel 
by a blower B. It then passes through the outside channel 
and returns to the inside one, in which the test models are 
suspended. At the entrance of this test tunnel, which has a 
cross section of 4 by 4 ft, a honeycomb is provided in order to 



Fig. 217. — Closed wind tunnel of T. E. Stanton (1910). 


smooth out the air stream. The attachment of the models to 
the balance is by means of a thin strut, such as was used on the 
previous English construction (Fig. 215). 

145. The First Wind Tunnel of Eiffel with a Free Jet. — The 
construction of a free-jet wind tunnel, first introduced by EiffeF 
in 1909, constitutes a definite improvement. The walls of a 
wind tunnel prevent the air from flowing freely around an 
object of somewhat large size. In order to avoid this effect, 
Eiffel replaced the tunnel walls for a short stretch near the test 
model by a large air-tight chamber (Fig. 218). This construc- 
tion has the added advantage that the models can be approached 
without difficulty at any time. 

Another advantage of the free jet over the closed channel is 
that the pressure along the length of the jet is practically con- 
stant, equal to the pressure of the surrounding air, which con- 

^ Stanton, T. E., Keport on the Experimental Equipment of the Aero- 
nautical Department of the National Physical Laboratory, Rept. Adv. 
Co-rnrn, Aeronautics, 1909-1910, London, 1910. 

2 Eiffel, G.. ^'The Resistance of Air and Aviation^' (French), Paris, 1910. 
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sequently makes the air velocity in the jet constant (with the 
exception of the narrow range near the boundary, where mixing 
with the outside air takes place). With a channel, on the other 
hand, the boundary layer increases in thickness along it in 
the direction of the flow. This tapers the cross section for the 
undisturbed air stream down to a smaller diameter, which leads 
to an increased velocity along the stream. The air is sucked 
from the hall H through a nozzle Nj a sieve, the test chamber T, 
and a receiving nozzle by means of a ventilator B. The air is 
then pushed through a channel of widening cross section D back 
into the hall H. The model is suspended in the test chamber 



Fig. 218. — The first wind tunnel with free jet of Eiffel (1909). 

about 3 ft distant from the sieve. The velocity of the air stream 
can be varied between 15 and 70 ft/sec approximately. Since the 
air in the hall H has atmospheric pressure, the pressure in the test 
chamber is lower; according to Bernoulli's law, this difference is 
about 1 in. water for 70 ft/sec wind velocity. Since the jet flows 
rectilinearly through the test chamber T, the same partial 
vacuum exists in it so that it has to be closed off air-tight. Dur- 
ing the test the chamber can be entered only through a double 
set of doors. Eiffel^ built another larger wind-tunnel installation 
in 1914, which, however, does not differ fundamentally from the 
one just described. It uses a different type of blower and a 
long diffuser or gradually widening channel instead of the intake 
nozzle of Fig. 218. The diameter of the jet is nearly 7 ft, and 
the maximum wind velocity is about 130 ft/sec. 

Another installation utilizing a free jet is the one in the Aero- 
dynamic Laboratory at Vienna built between 1911 and 1914 by 

^ Eiffel, G., ‘'New Eesearches on the Resistance of Air and Aviation” 
(French), Paris, 1914. 
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R. Knoller. Besides having a vertical jet, it differs from Eiffel's 
tunnel mainly in the construction of the intake nozzle. 

146 Modem English Tunnels. — The tunnel of 1910 (Fig. 217) 



had the disadvantage of pulsations in the 
air velocity- Elaborate researches^ into 
the cause of this phenomenon led to the 
construction of another type which is 
used to a great extent in England^ (Fig. 
219). The entire structure is set up in a 
large hall about 6 ft above the floor. The 
channel has a square cross section of 4 by 
4 ft and is 25 ft long. On the intake side, 
it is rounded (A), and the blower B is 
built in a somewhat wider section. Up 
to this point the construction is very much 
similar to the one of Riabouchinsky. The 
improvement on this construction, however, 
consists in the fact that the air is not 
blown directly into the room but into a 
long channel L having a great number of 
small openings from which the air escapes 
at a reasonably slow velocity. Because of 
this, the state of turbulence of the air in 
the hall outside the wind channel, is con- 
siderably less. Without the mufSer L the 
non-uniformity of the velocity in the 
channel would amount to ±5 per cent, 
whereas the muffler reduced it to ±1 per 
cent. The models can be observed through 
a glass door placed at about 15 ft from 
the entrance of the channel. 

In 1919 another larger wind tunnel of 7- 
by 7-ft cross section was built on the same 
general principles.^ In this construction 


the wind channel itself was made to widen out gradually behind 


^ Bairstow, L., and H. Booth, An Investigation into the Steadiness of 
Wind Channels, Rept. Nat, Adv. Comm. Aeronautics^ 1912-1913, p. 48, Lon- 
don, 1913. 

“ Bairstow, L., J. H. Hyde, and H. Booth, The New Four-foot Wind 
Tunnel, Rept, Nat. Adv. Comm. Aeronaidics, 1912-1913, p. 59, London, 1913. 

^ Rept. Nat. Adv. Comm. Aeronautics^ voL 1, p. 151, 1918-1919; and 
vol. 1, p. 283, 1922-1923. 
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the models. This makes the velocities in the blower somewhat 
smaller and also recovers part of the kinetic energy of the air at 
the model by converting it into pressure. Instead of using a 
muffler of the construction of Fig. 219, the air was forced by the 
blower through a very coarse sieve of brick work into another 
room, from which it entered into the main hall again through 
another part of the same sieve. 

147. The Large Wind Tunnel in Gottingen. — For the large 
installation built in Gottingen in 1916-1917 by Prandtl, a free- 
jet construction was chosen rather than a closed channel. The 
older Gottingen tunnel (Fig. 216) having a closed channel had 
shown that in many cases the walls were responsible for errors in 



SecNor? A -A SecHon B-B 

Fig. 221. — Sections of Gottingen tunnel (1916-1917). 


the test results. The reason for such errors, as was dis- 
cussed before, is that for large test objects the constriction 
of the jet by the solid walls increases the wind velocity at the 
model. 

The construction differed from EiffePs tunnel in so far as the 
free jet Tvas made at atmospheric pressure and not at a partial 
vacuum. Because of this, the test place could be kept entirely 
open, so that its accessibility was not impeded in any way. 
EiifePs tunnel has the disadvantage that the air discharge of 
the blower into the free atmosphere becomes very turbulent 
and has to be smoothed out again by special means. This was 
avoided in the Gottingen construction by inserting a diffuser 
between the model and the blower. As shown in Figs. 220 and 
221, the air discharging from the blower B first passes through 
some stationary blades V which serve the purpose of annihilating 
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the rotation of the stream imparted to it by the propeller. The 
air stream is then deflected downward through an angle of 90 deg. 
by means of a series of blades of special construction. After 
another turn of 90 deg., it enters into a square cross-sectional 
channel in the basement of the building. From there it finally 
enters through a rectifier or sieve H into the nozzle chamber 
having a cross section of 15 by 15 ft. It is then accelerated into 
the nozzle, which is of circular cross section with a smallest 
diameter of ft, causing the velocity to be five times as great. 
From the nozzle it flows through the model space as a free jet. 

The main advantage of this construction lies in the fact that 
the smoothing out of the air by means of a sieve takes place in 
the largest channel cross section, which results not only in a 
smaller power loss but also in a much more efficient smoothing 
process. As was stated before, the velocity in the jet is five times 
as great as the velocity in the nozzle chamber so that an air 
particle in the jet has twenty-five times as much kinetic energy as 
one at the sieve. After smoothing out the air stream, the devia- 
tions from the ideal state have only one twenty-fifth of the kinetic 
energy of the jet so that of each air particle ^ fifths of the energy 
is transmitted to the nozzle. Even if it were possible to reduce 
in the sieve the error in the kinetic energy to only 50 per cent, 
this would result in an energy variation of 2 per cent in the jet 
itselL z.e.j a velocity variation in the direction of the jet of only 
1 per cent. 

148. Wind Tunnels in Other Countries. — A wind tunnel of 
considerably larger dimensions was built in 1927 at Langley 
Field, Va., the center of aeronautic research in the United States.^ 
The channel is of the closed type shown schematically in Fig. 222. 
The jet has a cross section of over 300 sq ft. A still larger wind 
tunnel of similar construction was completed in 1932 having a jet 
cross section of about 1300 sq ft. Another wind tunnel w’orthy of 
mention in the United States is the one designed by von Karman 
in Pasadena, Calif., which is remarkable for its freedom from 
turbulence and its great over-all efficiency. 

It is not necessary to go into details regarding installations in 
other countries since the constructions are all more or less of the 

^ Weick, F. E., and D. H. Wood, The Twenty-foot Propeller Research 
Tunnel of the N. A. C. A., Rept. 300, Nat, Adv. Comm. Aeronautics, Washing- 
ton, 1928. 



260 


APPLIED HYDRO- AND AEROMECHANICS 


described types. Regarding the wind tunnels in Japan^ and in 
Russia, 2 reference is made to the literature. 

The development in. the construction of wind tunnels has 
been guided by the quest for two properties: first, to obtain an air 



I 


stream of great uniformity;^ and, second, to carry out the tests 
with high Reynolds’ numbers in order to obtain dynamic similar- 
ity with the actual conditions. This second desideratum has 
led to the very large dimensions now in use, especially in 
England and the United States, and to the very large wind veloc- 
ities (Gottingen 180 ft/sec, Moscow 260 ft/sec). A completely 

^ The Resistance of Airship Models Measured in the Wind Tunnels of 
Japan (English), Repi. Aero. Research Inst.., Tokio Imperial Univ., No. 15, 
March, 1926, The Wind-tunnel Committee of the* Aeronautical Council of 
Japan. 

- OzEROFF, G. A., The Central Aero-hydrodynamical Institute, U. S. S. R. 
Set. Tech. Dept., No. 183, Supreme Council of National Economy (Russian), 
Moscow, 1927. 

^ WiESELSBERGER, C., Ou the Improvement of the Flow in Wind Tunnels 
(German), paper read before the 108th meeting of the Japan. Soc. Mech. 
Eng., 1925. 
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different method of attack was proposed by Munk,^ who used 
moderate dimensions and velocities but reached high Reynolds^ 
numbers by making the kinematic viscosity v = im/p very small. 
This was done by compressing the air to about twenty times 
atmospheric pressure which diminishes the kinematic viscosity 
to about one-twentieth its original value, so that the Reynolds’ 
number becomes twenty times as large. The method naturally 
involves great structural difficulties since the entire installation 
has to be able to withstand an internal pressure of 20 atmospheres. 
The outside shell is made of steel plates of 2-in. thickness. A 
sketch of the construction actually carried out in the United 
States is shown in Tig. 223. The entrance to the tunnel is 
through the door T. The various forces are measured auto- 



Fig. 223. — High-pressure wind tunnel designed by M. Munk. 


matically by recording instruments or by small servo-motors 
electrically controlled from the outside to change the load on the 
various balances, which can be observed from the outside through 
small windows. Recently another larger tunnel on the same 
principle was built in England. 

149. Suspension of the Models and Measurement of the 
Forces. — Of importance for the suspension of the models in the 
air stream is the knowledge of the forces exerted by the stream 
on the suspension wires or struts. It is evident that these forces 
have to be made as small as possible. If a suspension by means 
of a strut is employed, the strut is preferably attached to the 
model in a location where the air would be in a turbulent state 
without the strut (with a sphere, for instance^ on the rear side). 
This reduces the errors introduced by the strut to a minimum. 

It is further desirable that the suspension be made such that 

1 Munk, M., and E. W. Miller, The Variable-density Wind Tunnel of 
the N. A. C. A.. Repts. 227 and 228, Nat. Adv. Cormn, Aeronautics, Washing- 
ton, 1925. 
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224. — Forces act- 
ing on. airplane. 


the various components of the air forces on the model can be 
measured conveniently. A free body in space has six degrees of 
freedom so that six quantities have to be measured (Fig. 224) : 

1. The drag D, 

2. The lift L. 

3. The lateral force Y. 

4. The pitching moment M, i.e,, the moment round Y as axis. 

5. The rolling moment L, i,e,, the moment round D as axis. 

6. The yawing moment N, i.e., the moment round L as axis. 

In most cases, however, the object under test is symmetrical 

and is situated symmetrically with respect to the flow: for 
instance, an airplane in forward flight. In 
such cases, the resultant air force lies in the 
plane of symmetry and consequently is 
determined by three components. The 
lateral force Y as well as the rolling and 
yawing moments is zero, so that it is neces- 
sary to measure only the drag, the lift, and 
the pitching moment. 

The construction of the various balances for measuring these 
forces differs in various countries. They are discussed in a fairly 
extended manner in the literature quoted before on the various 
wind tunnels so that it is not necessary to dwell upon them in 
this book. 

Only two special constructions will be considered here, namely, 
the three-component balance at Gottingen and the balance 
employed by Eiffel. The suspension in Gottingen is by means of 
thin wires, whereas Eiffel employs a strut of streamlined shape. 

150. The Three-component Balance in Gottingen. — The object 
under test, in this case an airfoil (Fig. 225), is attached by wires 
in the three points a, 5, and c to various points on the arms Li 
and Z /2 of the two balances. From the point a two wires in 
V-shape connect to the balance Lij similarly two wires connect 
c to Z/ 2 . The point 6, however, is connected with a single vertical 
wire to Li. The V-wires at a and c are for the purpose of pre- 
venting a side sway of the model. 

When lift forces are to be measured, the models are usually 
suspended upside down so that the lift is pointing downward 
and can be measured by a wdre in tension from the model upward. 
However, with negative angles of attack the models sometimes 
are subjected to negative lift forces, and, in order to take these, 
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it is necessary to give the measuring wires some initial ten- 
sion by means of small weights TFi and Wo. In order not to 
subject the test model itself to stresses, these compensating 
weights have been attached to the points a, b. First the various 
balances are put in equilibrium when no wind is blowing, 
in order to take care of the effect of the compensating weights 
as well as of the weight of the model itself. If then the 
model is subjected to the air stream causing a lift, this lift is 
measured by the sum of the forces exerted on Li and La. The 



Fig. 225. — Three-component aerodynamic balance at Gottingen. 

pitching moment is determined by the force measured by Lo. 
For the measurement of the drag a wire is stretched from the 
middle of the model to the point K whence one wire goes up 
vertically to the drag balance D and another wire under 45 deg. 
down to a fixed point P. A decomposition of the drag force in 
these directions causes it to be measured on the balance D, as is 
shown by the force diagram of Fig. 225. The drag wire is also 
given initial tension by means of a small counterweight W 3 . The 
drag of the suspension wires is measured separately by replacing 
the model by another object of very simple shape whose resist- 
ance can be calculated. The drag of the original model finally 
is the difference between the measured drag of it and the drag 
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of the suspension. In all airfoil and airplane measurements 
it is of importance to know the air forces for various angles 
of attack, hence it is convenient to have an apparatus for varying 
the angle of attack without changing the suspension of the model 
itself. In order to do this, the balance Li can be lowered or 
raised round the axis A by means of a lever H. This causes the 
model to turn about the axis ah so that various angles of attack 
can be obtained. To be sure that the suspension wires at c 
remain exactly vertical after rotation, it is necessary that the 
horizontal distance between ah and c be exactly equal to the 



horizontal distance between the balance L 2 and the axis A. 
Further details regarding the balance, its calibration, and sources 
of error are described in the literature.^ 

151. The Aerodynamic Balance of Eiffel. ^ — A T-shaped bal- 
ancing arm T has knife-edges at its ends I and II (Fig. 226). 
The test model is attached to T by means of the streamlined 
strut S. The arm Z of the balance can be lengthened or short- 
ened by means of the eccentric E so that the horizontal arm of 
T can be raised or lowered and either one of the two knife-edges 
I or II can be made to touch its support. In the first case the 
balance measures the moment about I and in the second case 
the moment about II, 

^ Gottinger Ergebnisse (German), voL 1, Munich, 1921. 

“ See footnote, p. 255. 
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Let the resultant air force exerted on the model be given in 
magnitude and position by the vector R. This vector R is 
decomposed into a lift vector L and a drag vector £) in the figure, 
both passing through the point 0 which is taken to be vertical 
under the knife-edge I. The moments about I and II are 
respectively, 

■^i = -Dy, 

= L6 - D{y - c). 

A third measurement is needed. For this we take the moment 
round the hypothetical point C, which is the mirror image of I 
about S as an axis. The measurement about C is carried out by 
inverting the model and measuring the moments about I, gi\dng 

Mo = D{2a - y). 

From these three equations the three quantities D, L, and y can 
be calculated to be 


Drag = D 


_ Me - Ml 

.2a 


Lift = L= ^(Mu - Ml) -h - Ml), 


y = -2a-. 


Ml 


Me - Ml 


D. VISUALIZING FLOW PHENOMENA 

162. Fundamental Difficulties. — Since the liquids or gases 
studied are always homogeneous, and since consequently the indi- 
vidual particles in them cannot be distinguished from each other, 
it is fundamentally impossible to observe the motion in a liquid or 
gas without using special means. 

One way of approaching the problem is to measure the pressure 
and the velocity at many points of the flow by means of Pitot 
tubes or similar apparatus. This, however, gives only an average 
value of the velocity in space as well as in time, and in general 
the method is too rough to give a complete picture of the entire 
flow. 

The only manner in which a flow phenomenon can be made 
visible is by inserting very small particles into the fluid which 
distinguish the elements from each other without changing 
the density or other properties of the fluid. For a liquid it is 
usual to mix certain parts of it with a dye, taking care that the 
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density of the colored liquid is not different from that of the 
uncolored liquid. For the flow in air, a convenient method is to 
mix smoke with certain parts of the air stream, but care has to be 
taken that in feeding in the smoke no additional velocity is 
imparted to the general stream. Another fairly simple way 
to obtain a rough picture of the flow of gas (air) is by the use of 
very thin and light threads of silk. For a steady-state flow these 
threads show the direction of the velocity at the points where 
they are located. A fairly complete picture of the flow can be 
obtained by scanning the field with such a thread. 

153 . Mixing Smoke in Air Streams. — The usual manner of 
feeding smoke into a gas or air stream is by means of a number of 
nozzles which are held stationary in the stream. Figures 34 and 
35, Plate 14, show photographs taken in this manner. Several 
good methods of producing smoke exist, of which the most 
convenient one consists of permitting air saturated with hydro- 
chloric acid to come into contact with the fumes of ammonia. 
This leads to a white, fog-like smoke which shows a good con- 
trast against a black background. Other methods for producing 
smoke photographs are described in the literature.^ 

Vortex rings especially are suitable objects for being shown by 
means of the smoke method. A box closed on all sides has on one 
side a taut rubber membrane, and on the opposite side it has a 
circular hole. The box is filled with smoke and then a light tap 
is given on the membrane. A well-formed smoky vortex ring 
escapes from the opening and remains intact for a long time in 
still air since such a vortex structure is in a very stable state of 
equilibrium. By tapping the membrane a number of times in 
succession several smoke rings can be produced and the mutual 
reaction of them can be demonstrated. 

154 . Motions in the Boundary Layer. — In an investigation of 
the flow in the w^ake of a body where there is considerable tur- 
bulence, the smoke method is unsuitable since the various smoke 
threads will become completely mixed with each other. In 
order to avoid this difficulty, Riabouchinsky*^ used the following 

1 Gottinger Ergebniaae, vol. 2, Munich, 1923. Marey, On the Movements 
of Air Flowing round Various Obstacles (French), Cornpt. rand., vol. 
131, p. 160, 1900; Changes in the Direction and Velocity of an Air Stream 
(French), Compi. rend., vol. 131, p. 1291, 1901. 

2 HiABOucHiNSKY, D., Bull. iust. aGTO, Koutchino (French), vol. 3, p. 59, 
Moscow, 1909. 
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method for the investigation of a two-dimensional flow: The 
models were cylinders of various cross sections mounted with 
their bases on very thin blackened steel plates on which a 
light-yellow powder (lycopodium) had been deposited. The 
model was then subjected to a horizontal air stream parallel to 
the plate, and the plate at the same time was put into vibration 
by means of light hammer taps. The picture of the powder 
on the black background then indicated the streamline pattern. 
A serious objection to this method is that the air flow is recorded 
not in the free air but rather in the region of the boundary layer 
on the plate. 

The same objection can be raised against another method for 
visualizing air flows, originated by Tales. ^ He wanted to 
investigate the angle of attack at which the flow round an airfoil 
would break away. His airfoil model was of white color and 
in the middle a disk was attached to it perpendicularly. Both 
the airfoil and the disk were coated with a suspension of lamp- 
black in kerosene. Owing to the action of the wind, the kerosene 
flowed along the model as well as along the disk and showed 
the flow as white lines on a black background. 

The various methods for visualizing flow phenomena in water 
can be divided into two groups, depending on whether it is 
desired to study the flow in the interior of the fluid or only on its 
surface. 

155. Three-dimensional Fluid Motions. — In the case of a 
three-dimensional fluid motion, it is necessary to study the flow 
not only on the surface but also in the interior of the fluid. The 
flow can be shown in such cases by inserting colored water of the 
same specific gravity through a number of nozzles, but care has 
to be taken that the velocity of efflux at the nozzle is equal to the 
velocity of the surrounding fluid. For water a suitable coloring 
is potassium permanganate or certain kinds of anilin dyes dis- 
solved in a small amount of alcohol and then distributed into a 
large volume of water. If great accuracy is necessary, these 
dyes can be given the same specific gravity as water by adding to 
them other liquids of suitable specific gravity before mixing them 
with the water. If it is intended to make photographs of the 
flow instead of making visual observations only, the choice of 
color is determined by somewhat different considerations. Then 

1 Fales, E- N., Visible Study of Flow, McCook Field Report, Serial No 
2635, Published by the Chief of Air Service, Washington, 1926. 
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it is desirable to choose a color that would make hardly any 
impression on the photographic plate, for instance, certain 
red dyes usually employed for coloring the glass in photographic 
darkrooms. In cases when there is a dark background, skimmed 
milk is a suitable coloring agent. Another method of showing the 
flow is to use a suspension of extremely small aluminum particles 
in the water, which on account of their size remain floating for a 
very long time. Such a suspension can be made by first wetting 
the aluminum powder with alcohol and then pouring it into a 
bottle of water which is shaken violently. An advantage of this 
procedure over the color method is that the aluminum suspension 
is still capable of showing details of the flow in a turbulent region 
where a colored jet becomes completely mixed up. ^ 

A method of showing motions in the boundary layer near to a 
body immersed in water consists of coating the body with a color 
which can be dissolved easily in water or of painting it with 
condensed milk. In this connection it is of interest to mention 
the method of Thoma,^ who uses a precipitate which is formed 
by the chemical action of the air on a substance painted on the 
surface of the body and which evaporates and comes into contact 
with the air by diffusion. Since diffusion is subject to the same 
laws as the change in velocity due to internal friction, this 
method gives a coloring of the boundary layers and of the 
turbulent regions. Thoma wrapped the body in blotting paper 
saturated with hydrochloric acid. The air was mixed with 
ammonia vapor, causing a white fog in the region of diffusion. 

Another method for making boundary-layer motion visible 
is that of Simmons and Dewey.^ The model in this case is 
painted with titanium tetrachloride (TiCU), which evaporates 
as a white fog. 

It is also possible to mix the entire fluid with a suspension of 
very small aluminum particles ; the concentration of the particles 
has to be made rather small in order to make it possible to 
look sufficiently far into the fluid. In case only certain path 

^ Ermisch, H., Flow Pattern and Pressure Distribution on Various 
Objects as a Function of the Reynolds' Number (German), Ahhcmdl. Aero. 
Inst., Tech. Hochschule Aachen, vol. 6, p. 21, Berlin, 1927. 

^ Thoma, H., Highly Efficient Boilers (German), Berlin, 1921. 

^ SiMMOXS, L. F. G., and N. S. Dewey, Wind-tunnel Experiments with 
Circular Disks, Repts. a7id Mem. Nat. Adv. Comm.. Aeronautics, No. 1334, 
London, 1931; Photographic Records of Flow in the Boundary Layer, 
Repts. and Mem. Nat. Adv. Comm. Aeronautics, No. 1335, London, 1931. 



EXPERIMENTAL METHODS AND APPARATUS 269 

lines are wanted, it is practical to take a smaller number of larger 
suspended particles. A method for the making of spheres of 
the same specific gravity as water for this purpose has been given 
by Marey.^ These spheres are made of a mixture of -wax of 
specific gravity 0.96 and rosin of specific gravity 1.07. The 
spheres so obtained are silvered like pills in the pharmacy. 
They are made a trifle heavier than water so that they sink 
down slowly; then some salt is mixed with the water until the 
point of perfect equilibrium is reached. Another method which 
is often used in England consists of injecting oil into the fluid 
by means of an atomizer. The resulting droplets are then 
illuminated sharply by means of a thin sheet of light.- Satis- 
factory results have been obtained by drops made of a mixture 
of olive oil and nitrobenzol or of a mixture of tetracarbonchloride 
and xylol. 

156. Two-dimensional Fluid Motions. — In case the flow is a 
two-dimensional one, it can be visualized in a much simpler 
manner since it is usually necessary to observe only the motions 
on the water surface in a tank. As an example, let the model be a 
cylinder of which the base sits on the bottom of the tank and of 
which the top just protrudes from the surface of the water. In 
such a case, the flow is completely two dimensional, the same 
in all planes parallel to the surface. Care has to be taken that 
no capillary effects come in, by keeping the surface of the water 
meticulously clean. Even the dipping in of a clean hand, or a few 
hours^ contact of the water surface with the atmosphere, makes 
the surface useless for this purpose. To be certain that the condi- 
tion of the surface is satisfactory, the following simple test can be 
made. Sprinkle some aluminum powder on the water and then 
blow vertically down on it with the mouth. This spreads the 
aluminum particles in all directions and clears a circular area of 
the surface. If, after the blowing, the aluminum particles 
remain where they are, the surface is clean; if, how’ever, the circle 
closes up by itself, the surface is contaminated and has to be 
renewed. This can be done in the simplest w\ay by using an 

1 Marey, Experimental Hydrodynamics (French), Compt. rend., voL 
116, p. 913, 1893. 

2 Eden, C. G., Investigation by Visual and Photographic Methods of the 
Flow past Plates and Models, Rept. Nat. Adv. Comm. Aeronautics, 1911—1912, 
p. 97, London, 1912; Redf, E. E., Photographic Investigations of the Flow 
round a Model Airfoil, Rcpt Nat. Adv. Comm. Aeronautics, 1912-1913, 
p. 133, London, 1913. 
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overflow. Given a clean surface the flow can be shown very 
satisfactorily by means of aluminum powder or lycopodium 
powder. The first experiments of this sort were made in 1900 
Ahlborn.^ Later Rubach^ photographed the motion of a vor- 
tex pair behind cylindrical bodies in motion. Most of the 
photographs shown at the end of this book have been made in this 
manner by the author. To prevent the aluminum particles from 
running away from the model under the influence of the capillary 
angle between the water surface and the model it is helpful to coat 
the latter with a thin layer of paraffin. By means of this pro- 
cedure it is possible to prevent the capillary action so that the 
fluid surface remains completely horizontal at the model. It is 
even possible to create a negative capillary angle by lowering 
the model somewhat, which may be useful for showing the history 
of the boundary-layer particles. Under the influence of a nega- 
tive capillary angle the aluminum particles are crowded round 
the model, and after a short time of motion it can be seen clearly 
where these boundary-layer particles move (see Fig. 7, Plate 4). 

Another method of visualizing the motion of water is due 
to Prandtl (1904).^ He suspended very small flakes of mica 
in the water. Certain regular motions, especially vortices, 
could be seen clearly because a great number of these flakes then 
had the same orientation. 

A serious disadvantage of the method of observing the surface 
of the fluid is that at relatively small velocities capillary waves 
are formed. For water this critical velocity is about 10 in. /sec. 
A circular cylinder moving through the water with a certain 
velocity shows approximately twice this velocity at some local 
points so that it cannot be moved at a speed greater than 
5 in. /sec if capillary waves are to be avoided. 

If greater velocities are desired, it is necessary to mo\^e the 
model entirely under water and to photograph the motion not of 
the top surface but of a plane parallel to it in the v/ater. The 
technical difficulties of such a procedure, however, are great. 
The best method is to mix the water with drops of a mixture 

^ Ahlborn, F., On the Mechanism of Hydrodyrniniic Drag (Gorman ), 
Abhandl. Gehiete Naturwiss., vol. 17, Hamburg, 1902; or Jahrh. Schiffhautechn. 
Gesellsch., 1904, 1905, and 1909. 

- Rubach, H., On the Generation and Motion of the Vortex Pair behind 
Cylindrical Bodies (German), Dissertation, Gottingen, 1914; or For.sT/iimg?.s- 
arbeiten V. D. voL 185, 1916. 

^ See footnote, p. 58. 
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of olive oil and nitrobenzol and then illuminate onl^^ a plane 
sheet of the water under the surface. Because the oil drops are 
illuminated under an angle of 90 deg. with respect to the direction 
of motion they are very clearly visible, whereas the drops in the 
fluid above the illuminated surface do not impede vision to a 
great extent. This latter property makes oil drops more prac- 
tical than the spheres of wax and rosin discussed before. 

157. Advantage of Photographs over Visual Observations. — 
Aside from the fact that photographs are far more convincing 
to an outsider than a mere description of the observations of an 
experimenter, a photograhic record of a flow will disclose many 
facts which cannot be obtained by visual observation. It has 
been shown in Art. 37, Fundamentals,^^ ^ that the shape of the 
streamlines depends very much on the choice of the coordinate 
system. For instance, if an airfoil model is moved through water 
the streamlines obtained by photographing the aluminum powder 
with the camera standing still with respect to the water are 
different from those taken with the camera at rest with respect 
to the model. In the first case the streamline picture has the 
appearance of Fig. 52, Plate 21, whereas in the second case Fig. 
50, Plate 20, is obtained. An observer without special training 
sees only the pictures of the second kind since the eye has the 
tendency to follow the model in its motion. 

Moreover, the element of time is very important. Whereas a 
photograph can be studied at leisure, and many details can be 
found in this manner, the visual observer has to digest all his 
information in a few seconds. Another advantage of photo- 
graphic records, especially moving pictures, is that they can be 
shown repeatedly, which -is very instructive. 

158. Streamlines and Path Lines. — The photographs obtained 
do not give the streamlines with mathematical accuracy. The 
picture consists of short stretches of curve of various length due to 
the motion of the individual aluminum particles during the time 
of exposure of the plate. Therefore these little stretches are parts 
of path lines. On the other hand, during a short interval the 
path lines and streamlines have the same tangent so that the 
picture made of the various stretches of path line put together 
gives the appearance of a field of streamlines. Therefore 
streamlines appear the more exact the shorter the time of expo- 
sure is. 

1 See footnote, p. 3. 
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If the velocity field is independent of time (steady flow), it 
was seen in Art. 35, Fundamentals,^’^ that streamlines and path 
lines are identical. In such a case, streamlines could be obtained 
also with a long exposure (Fig. 50, Plate 20). For non-steady 
motions (Fig. 52, Plate 21), the streamline picture changes with 
the time; only short exposures show approximately the instan- 
taneous stream geometry, whereas a long exposure gives path 
lines which in general give a very irregular and useless picture. 
An analysis of a number of consecutive streamline pictures follows 
the procedure of Euler, whereas an analysis of path lines requires 
the use of Lagrange’s method (see Art. 34, ^^Fundamentals” i). 
In the case of three-dimensional flow phenomena it is useful and 
sometimes necessary to make stereoscopic photographs. 

159. Slow and Fast. Moving Pictures. — In case the actual 
phenomena occur at a very fast rate, it is useful to take a great 
number of exposures during a short time and reproduce them 
later at a slower rate, which has the effect of slowing up the 
motion- With the usual motion-pic1?ure camera 16 to 20 pic- 
tures per second are made and the reproduction on the screen 
is at the same rate. With special cameras, up to 2,000 pictures 
per second can be taken. ^ 

For instance, if a phenomenon has been photographed 320 
times per second and is reproduced at the rate of 16 pictures per 
second, the motion appears twenty times as slow^ as in the actual 
case. For motions of great rapidity for which this is not suffi- 
cient (flying bullets, explosions, cavitation), the number of 
exposures per second has to be even greater. For this purpose 
ballistic engineers have constructed cameras with intermittent 
illumination by means of electric sparks, which are capable of 
taking 40,000 pictures per second.^ By the use of several lenses 


^ See footnote, p. 3. 

-Thun, R, Application and Theory of the '‘Time Stretcher'' (German), 
Z. F. P. p. 1353, 1926. 

^ The upper limit of the number of pictures per second is not caus(;d by 
the frequency of the sparks, which can easily l)e increased to 100,000, but is 
rather due to the strength of the film which moves witli very jj;reat velocity 
in order to obtain sufficiently large pictures. For instance, for 6,000 pic- 
tures per second at Jl-in. width each, the film has to move at a speed of 
250 It /sec. See paper by Terazawa, Kinematographic Study of /Aeronau- 
tics (English), Rept. Aero. Research InsL, Tokio Imperial Univ.^ vol. 1, p- 8, 
1924. 
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the frequency of the pictures can be increased still further, up 
to about 300,000 per second.^ 

The opposite procedure of taking a smaller number of pictures 
than are reproduced later has also been used.^ This is useful 
for reproducing very slow motions; for instance, if the motion of a 
cloud during 50 min has to be shown, it is of advantage to take 
one picture every 5 sec and to reproduce it at the usual rate of 
20 pictures per second. The whole phenomenon then takes 
place in 3^ min, which reveals the characteristic motions of the 
cloud in a very striking manner. 

160. Long -exposure Moving Pictures. — Since in a usual mov- 
ing picture the exposure is about Ko sec, a single picture does not 
show anything about the state of flow. Tor instance, a picture 
taken of the water tank with aluminum powder will show the 
various aluminum particles as dots only. If the cranking of the 
moving camera is slowed down so that only two exposures per 
second are made, the illumination is about 34 for each picture. 
Then the particles show as short lines so that one single photo- 
graph in itself gives a clear idea of the flow. If a print were 
made on transparent paper and several consecutive pictures were 
put on top of each other, the various images of the same aluminum 
particle would form a dashed line. The various dashes show the 
exposures, whereas the gaps between the dashes are due to the 
closing of the lens during the transportation of the film to its 
next position. The lengths of the dashes as well as of the gaps 
are a measure of the instantaneous velocity of the particular 
particle under consideration. 

In order to shorten the time of non-exposure and thus to 
improve the possibility of interpolation, Prandtl has suggested 
a modification of the usual motion-picture camera® in which, 
by means of the insertion of a '^maltese cross'’ into the drive, the 
time necessary for transportation of the film is reduced to about 
one-twelfth of the time of exposure. Figures 7, 8, and 9 on 
Plates 4, 5, and 6 show a number of films taken by the author 
with this apparatus. 


1 Cranz, C., and H. Schardin, Kinematography on a Non-moving Film 
with Extremely High Frequency (German), Z. Physik, vol. 56, p. 147, 1929. 

2 Neumann, H., Time-condensing Pictures (German), Kinotechnik, vol. 9, 
p. 173, 1927. 

3 Prandtl, L,, and O. Tietjens, Kinematographic Flow Pictures (Ger- 
man), N aturwissenschafien, vol. 13, p. 1050, 1925. 
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It is mentioned in passing that it has been found useful in 
many cases to photograph not only the flow but also a clock, a 
scale, etc., in order to record the time, velocities, and distances 
immediately on the film itself. 

161. Technical Details. — Since it is desired to obtain the 
greatest possible contrast in the flow photographs, it is of impor- 
tance to make the background as black as possible. For this 
purpose, black velvet is very useful since it reflects less than 1 per 
cent of the incident light, whereas from dull-black metal surfaces- 
or black paper about 10 per cent of the light is reflected. In 
order to get the maximum contrast in the pictures, it is generally 
better to use intense illumination and good lenses than sensitive 
plates or fikns. The best plates or films available are relatively 
non-sensitive ones, since with them the curve giving the relation 
of the blackening as a function of the intensity of illumination 
is much steeper than with hypersensitive plates or films. Another 
advantage of the less sensitive plates is that the grain is much 
finer. If the sensitivity of an ordinary fine-grained plate is not 
sufficient for the purpose in hand, it can be raised about thirty 
or forty times by suitable baths without increasing the size. of 
grain. ^ If there exists danger of underexposure, it is well to 
raise the sensitivity threshold of the film by previously exposing 
it to a very weak source of light in the dark room, such that 
the plate remains clear but is just on the point of blackening. 

The choice of lens is not of particular importance since very 
little depth focusing is required in the picture. Any powerful 
lens of short focal length serves the purpose, for instance, a 
well-corrected doubly anastigmatic lens. 

Regarding illumination, it has to be borne in mind that it is 
desired to make an impression on the photographic plate and not 
on the eye. For the usual non-sensitized plates the maximum 
sensitivity is for light of about X == 400 A. Therefore lamps with 
much ultra-violet light like mercury-arc or carbon-arc lamps are 
better suited than the usual incandescents. Among arc lamps 
the enclosed types are better than the open-arc ones, since for the 
same watt consumption they give three to four times as much 
actinic light. For short exposures (Ho flash-light powder 

^ Guilleminot, P., Hypersensitizing and Uitrasensitizing (French), 
Rev. /rang, de photog. ei cinematog., vol. 8, No. 181, 1927; Sheppard, S. E., 
Increasing the Sensitivity of Silver Emulsions (German), Die Photographische 
Industrie, p. 1032, 1925. 
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is useful. In order to increase the length of time of the flash 
which is necessary for flow photographs, a mixture of magnesia 
powder and some inert powder is used. 

In choosing the developing and fixing baths it is to be remem- 
bered that for ordinary snapshots it is desirable to have the 
various shades of darkness merge into each other gradually, 
while here sharp contrasts are wanted. Therefore hydrochinon 
is useful as a developer since it makes very black pictures. 
Special developers made for titles in moving pictures are also 
suitable. 

If the film is underexposed it is desirable to overdevelop it, so 
that the unexpos'ed parts start to blacken. This blackening is 
then removed by means of a reducing bath (Farman reducer) 
and the film is then intensified in a uranium bath. Though for 
ordinary pictures the uranium, intensifier is capricious, it is very 
suitable for obtaining negatives of great contrast. 

The best paper for making prints is non-sensitive extra-glossy 
‘'developing-out’’ paper, having a steep blackening curve.^ 
In order to get a still better gloss the paper may be dried on 
plate glass, which gives pictures that are very suitable for 
reproduction in print. 

1 Goldberg, E., The Composition of the Photographic Picture (German), 
vol. I, Halle, 1925. 





The flow photographs are made at the Kaiser Wilhelm Insti- 
tute for Flow Research (Gottingen, Germany) with an experi- 
mental equipment developed by the author. 



PI.ATE3 1.1 



Pig. 1. — Plow round cylinder im- Pig. 2. — Backward flow in the 
mediately after starting (potential boundary layer behind the cylinder; 
flow). accumulation of boundary layer 

material. 


Plate 2. 



Fig. 3. — Formation of two vortices; Pig. 4. — The eddies increase in size, 

flow breaking loose from cylinder. 


Plate 3. 



more; finally the picture becomes time after starting, 

unsymmetrical and disintegrates. 


1 The direction of flow in all photographs is from left to right. 
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Plate 4. 



Pro. 7,— r, Consecutive pictures of the flow round a cylinder. Between the third 
and fourth, vertical column a number of pictures is missing. The fourth 
eoluinh shows the disintegration of the symmetrical vortices ending in a picture 
like that of Fig. 6. 
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Plate o. 



Fig. 8. — Consecutive pictures of the flow round a rotating cylinder starting 
from rest. The ratio of peripheral velocity of rotation u to the forward velocity 
V is u/v =* 4. 
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Plate 6. 



• Pig. 9. — The same as Fig. 8, except that u/v =6. 
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Plate 8. 






Plate 9. 



Fig. 17. — -u/r = oo . This picture was taken by moving the rotating cylinder 
with the camera through the water, stopping both and immediately afterward 
exposing the plate. 
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Plate 1 1 . 





Fig, 21. — u/tj — 3. 


Fig. 22, — i 


/v = 3. 


Fig. 23. — uf-Q — 3. 

Figs. 21—23. — Consecutive stages of development of the flow for u/v = 
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Fi-ate 12. 



Fig. 25. 

Figs. 24-33. — -Flow along rear end of blunt body. 
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Plate 12. — (^Continued) 



Fig. 27. 
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Plate 13 . 






Plate 13. — iContinue< 



Fig. 31. 
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Plate 14 . 



Fia. 32 . 



Fig. 33. 
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Plate 14. — {Continued) 



Fig. 34. — Flow round sphere below critical point. iWieselsberger,) 



Fig, 35. — Owing to a thin -wire ring round the sphere, the flow becomes of the 
other type with turbulent boundary layer. {Wieselsberger.) 
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Plate 16. 




Fig. 39 . — Turbulent flow in an open 
channel: the speed of the camera is 
about equal to the speed of the water 
near the walls. 


Fig. 40. — As before, but here the 
camera speed is that of the water in 
the center. 



Fig. 41.— Flow round a knife edge. 
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Figs. 42-44. — Consecutive stages of flow round airfoil starting from rest. 
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Plate 18. 



Figs. 45-47. — Continuation of Figs. 42—44. 
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Plate 19. 



Fig. 48. — Streamlines round an airfoil the very first moment after starting 


Fig. 49. — Formation of the starting vortex which is washed away with the fluid. 
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Plate 20. 






Plate 21. 



Fig. 52.— Like Fig. 49; but the camera is at rest with respect to the undisturbed 

fluid. 



Fig. 53. — Like Fig, 51, but with camera at rest. 
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Plate 22. 



Fig. 54. — ^Like Fig. 52, but with greater angle of attack and consequently 
stronger starting vortex. Also shorter exposure of plate. 



Fig. 55. — After formation of the starting vortex the airfoil was stopped and then 

the picture was taken. 
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Plate 23- 



PiG. 58. 'wd/v = 9. 

Figs. 56—58. Flow round cylinder at small Reynolds’ numbers- 
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59. — Kdrm^n trail; wdfv — 250. The camera is at rest with respect to 
the cylinder. 



Fig. 60. — Kdrmda trail; wdjv = 250. The camera is at rest with respect to 
the undisturbed fluid. 
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Plate 25. 



Pro. 63. — whfv = 250- 

Pigs. 61—63. Plow round sharp plate of width h. 
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Pig. 66. ivb/v ~ 250. 

Pigs. 64—66. Plow round elliptic cylinder wdtii major axis b. 
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Fig. 67. — Flow round elliptic cylinder of minor axis d at wd/v 


Fig. 6S. — Flow round thin plate of length. L wlfv = 3 
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INDEX 


A 

Acceleration, longitudinal, substan- 
tial, 2 

resistance due to, 107 
Aerodynamic balance, 262 
Airfoil, with- finite tail angle, 182 
Joukowsky profile, 180 
pressure distribution on, 156 
slotted, 154 

sucking boundary layer from, 155 
theory of finite, 185 
theory of infinite, 158 
Airplane, transfer of weight to 
ground, 186 
Anemometer, 239 
Angle of attack, 146 
Aspect ratio influence of, on drag, 
145 

B 

Backflow in boundary layer, 69 
Balance, aerodynamic, 262 
Bernoulli’s constant, 3 
Bernoulli’s equation, 3 
Biplane, theory of staggered, 213 
theory of unstaggered, 210 
Boundary layer, backflow in, 69 
definition of thickness of, 64, 67, 
76 

differential equation of, 62 
for fiat plate, 66 
order of magnitude of, 61 
sucking of material from, 81 
velocity distribution in laminar, 
68 

in turbulent, 70 
visualizing motion in, 266 


C 

Circulation, definition of, 160 
generation of, 167 
Colored line, criterion for turbulence, 
34 

Conformal mapping, 173 
Continuity equation, 1 
Convergent flow, 52 
Conversion formulas, 206 
Correction term for kinetic energy, 
24 

Critical Reynolds’ number, -32 
D 

Deformation resistance, 88 
Differential coefficient, convective, 2 
local, 2 
substantial, 2 

Differential equation of Navier- 
Stokes, 5 

Dimensional analysis, 12 
Dirichlet’s paradox, 108 
Discontinuity, surface of, 191 
Divergent flow, 52 
Downward velocity, induced, 197 
Drag, of airfoil, 147 
determination from wake meas- 
urements, 126 

with discontinuous potential flow’, 
110 

of half body, 118 
induced, 198 

measurement of, in natural wind, 
250 

in wind tunnel, 251 
momentum theory of, 123 
with potential flow, 104 
self -induced, 210 
starting, 169 
Drag coefficient, 92 
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E 

'Eddy* (see V'ortex) 

Electric velocity measurement, 241 
Euler^s equation, for one-dimen- 
sional flow, 2 

for three-dimensional flow, 4 
E 

Falling, free, drag measuring meth- 
ods by, 247 
Flettner rotor, 82 
Fluid resistance, 86 
Flying characteristics of airfoils, 149 
Friction, internal, 4 
(See also Skin) 

Froude's number, 10 

G 

Gliding angle, 144 

H 

Hagen-Poiseuille, law of, 17 
Half body, 118 
Hot-wire anemometer, 241 
Hydraulic radius, 43 

I 

Image method, 166 
Induced drag, approximate calcula- 
tion of, 189 
minimum of, 204 
of staggered biplane, 213 
of unstaggered biplane, 210 
Induced downward velocity, 197 
Inertia effect on still-air drag 
measurement, 251 
Inertia force, 7 
Intermittent turbulence, 36 

J 

Joukowsky’s profiles, 180 
K 

Kdrmdn trail, 133 
Kinematic viscosity, 9 
Kutta-Joukowsky^s lift theorem, 162 


Laminar boundary layer inside tur- 
bulent one, 78 
Laminar flow, 14 
Lanchester, 159 
Lift, of airfoils, 144 
and circulation, 158 
Kutta-Joukowsky’s theorem, 162 
Lift coefficient, 146 

M 

Magnus effect, 82 
Manometer, 232 

Mean velocity of turbulent flow, 46 
Micromanometers, 234 
Minimum theorem for multiplanes, 
219 

Mirrored image method, 166 
Moment coefficient, 148 
Moment diagram of airfoil, 147 
Momentum of a source, 121 
Momentum analysis of drag, 123 
Momentum integral of airfoil, 164 
Momentum theorem, 108 

N 

Navier-Stokes, equation of, 5 
Newton's law, of resistance, 86 
of viscous friction, 4 
Nozzle, 245 

O 

Orifice, 245 

P 

Path lines, visualizing of, 271 
Photography of fluid motion, 274 
Pitot static tube, 229 
Pitot tube, 228 
Poiseuille, Hagen, law of, 17 
Polar diagram, 147 
Potential flow, with circulation, 177 
drag due to, 104 

Potential jump behind airfoil, 191 
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Pressure, stagnation, 228 
static, 226 

Pressure distribution on airfoils, 156 
on streamlined bodies, 137 
Pressure drag, 137 
of half body, 119 

Pressure drop, due to contraction, 
52, 245 

in entrance region, laminar, 23 
turbulent, 51 
laminar flow in pipes, 20 
turbulent flow in pipes, 42 
Pressure integral of airfoil, 165 
Pressure measurements, 226 
Pressure variations between turbu- 
lent and laminar flow, 38 
Profile drag, 150 

R 

Resistance {see Drag) • 

Reynolds' number, 9 
critical, 32 
Rotating arm, 249 
Rotating cylinder, 82 
Rotor, Flettner, 82 
Roughness, wall, 44 

S 

Separation, surface of, 191 
Seventh-root law, 70 
Shear stress in laminar boundary 
layer, 71 

in turbulent boundary layer, 74 
Ship resistance, 101 
Similarity laws, 6 
Skin friction, 64 
of flat plate, 77 

with laminar boundary layer, 67 
of rotating disc, 77 
with turbulent boundary layer, 76 
Slotted wing, 153 
Smoke, 266 

Source, momeiituni of, 121 
Source-sink method, 137 
Speed {see Velocity) 

Stagger theorem, 213 
Stagnation pressure, 228 
Starting drag, 169 


Static pressure, 226 
Static tube, 226 
Steady motion, 3 
Stokes's resistance law, 113 
Stream tube, 1 
Streamline, 1 

visualizing of, 271 
Streamlined body, 136 
Sucking of boundary layer material 
81 

T 

Tip vortices, 185 
Total pressure, 228 
Towing method for drag measure- 
ment, 247 

Turbulence, intermittent, 36 

Turbulent flow, 40 

Turbulent velocity distribution, 48 

V 

Vane wheel instruments, 239 
Velocity, critical, 32 
Velocity coefficient, 244 
Velocity distribution, in laminar 
boundary layer, 68 
in laminar pipe flow, 27 
in turbulent boundary layer, 70 
in turbulent pipe flow, 48 
Velocity field round airfoil, 170 
Velocity measurement, 229 
electrical, 241 
Venturi meter, 244 
Viscosity, definition of, 4 
Vortex, bound, 163 
Karin an, 133 
starting, 168 
Vortex band, 196 

W 

Wall, roughness, 44 
waviness, 44 

Wuiko, drag determination in, 126 

Whive resistance, 101 

W^eir, 246 

Wflnd tunnel, 252 

Wing, slotted, 153 



